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PREFACE 


God created man 
And man created numbers 


And F. Smarandache created, literally an infinite array of problems, known after him. 


It was in mid-nineties of the last century when I received a letter from Professor Ion Patrascu of 
the Fratii Buzesti College, Craiova, Romania, with lots of enclosures, introducing me with this 
new branch of Mathematics. Though my basic undergraduate degree is in Mathematics, my 
research field at that time was Operations Research and Mathematical Programming. 


But soon the materials sent by Professor Ion Patrascu caught my interest. And as I collected 
more materials from the on-line journal on Smarandache Notions, I got more and more 
fascinated by the simplicity of the problems. Some of the problems are simple and 
straight-forward, some are really challenging, and the rest are thought-provoking. Now, we have 
Smarandache sequences, Smarandache functions,Smarandache Fuzzy, Smarandache Anti- 
Geometry, Smarandache Groupoid, Quantum Smarandache Paradoxes, Smarandache 
Philosophy, and what not. And more importantly, mathematicians throughout the world are 
contributing continuously to this new field of research, enriching and diversifying it in many 
different directions. 


At the request of Professor Jon Patrascu, I spent some time on the Smarandache Prime Product 
Sequence, and my first paper was published in 1998 in Smarandache Notions Journal, but the 
second one took a long gap till 2004. But since then, I became a regular contributor to the new 
journal Scientia Magna. 


Then some time in 2008, Professor Ion Patrascu requested me to write a book on the 
Smarandache Notions. The present book is an effort to respond to the request of him. 


In writing the book, the first problem I faced is to choose the contents of the book. Today the 
Smarandache Notions is so vast and diversified that it is indeed difficult to choose the materials. 
Then, I fixed on five topics, namely, Some Smarandache Sequences, Smarandache Determinant 
Sequences, the Smarandache Function and its generalizations, the Pseudo Smarandache 
Function and its generalizations, and Smarandache Number Related Triangles. Most of the 
results appeared before, but some results, particularly in Chapter 5, are new. In writing the book, 
I took the freedom of including the more recent results, found by other researchers till 2009, to 
keep the expositions up-to-date. At the end of Chapter 1, Chapter 3, Chapter 4 and Chapter 5, 
some open problems are given in the form of conjectures and questions. 


I would like to take this opportunity to thank Dr. Perez for his keen interest in publishing the 
book. 


A.A.K. Majumdar 
Ritsumeikan Asia-Pacific University, Japan 


To 


Yumiko 


for her constant encouragement and enthusiasm during the preparation of the manuscript 
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Chapter 0 ‘Introduction 


When we talk of Smarandache sequences, they are literally innumerable in number. For our 
book, we have chosen ten Smarandache sequences. They are : (1) Smarandache odd sequence, 
(2) Smarandache even sequence, (3) Smarandache prime product sequence, (4) Smarandache 
square product sequences, (5) Smarandache higher power product sequences, (6) Smarandache 
permutation sequence, (7) Smarandache circular sequence, (8) Smarandache reverse sequence, 
(9) Smarandache symmetric sequence, and (10) Smarandache pierced chain sequence. All of 
these sequences share the common characteristic that they are all recurrence type, that is, in 
each case, the n—th term can be expressed in terms of one or more of the preceding terms. Some 
of the properties of these ten recurrence type Smarandache sequences are studied in Chapter 1. 
In case of the Smarandache odd, even, circular and symmetric sequences, we show that none of 
these sequences satisfies the recurrence relationship for Fibonacci or Lucas numbers. We prove 
further that none of the Smarandache prime product and reverse sequences contains Fibonacci 
or Lucas numbers (in a consecutive row of three or more). For the Smarandache even, prime 
product, permutation and square product sequences, the question is : Are there any perfect 
powers in each of these sequences? We have a partial answer for the first of these sequences, 
while for each of the remaining sequences, we prove that no number can be expressed as a 
perfect power. We also prove that no number of the Smarandache higher power product 
sequences is square of a natural number. 


In Chapter 2, we consider four Smarandache determinant sequences, namely, the 
Smarandache (a) cyclic determinant natural sequence, (b) cyclic arithmetic determinant 
sequence, (c) bisymmetric determinant natural sequence, and (d) bisymmetric arithmetic 
determinant sequence. Actually, the sequence (a) is a particular case of the sequence (b), and 
(c) is a special case of (d). In each case, we derive the explicit forms of the n-th term. We also 
find the sequences of the n—th partial sums for the sequences (c) and (d). 


Two of the most widely studied Smarandache arithmetical functions, namely, the 
Smarandache function S(n) and the pseudo Smarandache function Z(n), are the subject matters 
of Chapter 3 and Chapter 4 respectively, where we give some elementary properties of these 
two functions and their generalizations. 


Chapter 5 deals with the Smarandache number related triangles. Besides the Smarandache 
number related dissimilar Pythagorean triangles, detailed analysis on the Smarandache number 
related dissimilar 60° and 120° triangles is provided. 


We may recall that an arithmetic function f(n) has, as its domain, the set of all positive 
integers n. In the classical Theory of Numbers, the most commonly encountered arithmetical 
functions are d(n), o(n) and o(n). Recently, the researchers are getting interested in studying 
equations involving S(n) or Z(n) and one or more of the classical arithmetical functions. With 
this in mind, we review below the relevant definitions and theorems. The classic book, “An 
Introduction to the Theory of Numbers”, by G.H. Hardy and E.M. Wright (Clarendon Press, 
Oxford, UK, 5" Edition (2002)), is recommended for the definitions and the corresponding 
formulas. 
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Definition 0.1 : Given an integer n>1, the divisor function d(n) is the number of all divisors 
of n, including 1 and n itself. 


Theorem 0.1 : Let 


a, OG, OQ, Win a, 0.1 
N=p,; Po «Pi Piss ++ By a) 
be the representation of n in terms of its prime factors pj, po, ..., py. Then, 


d(n) =(0,+1)(a24+1) ... (@, +1). 


Definition 0.2 : Given an integer n>1, the Euler phi function, denoted by (n), is the 
number of positive integers not exceeding n, which are prime to n. 


Theorem 0.2 : Let n have the prime factor representation of the form (0.1). Then, 


wed fid) 2) 


Definition 0.3 : Given an integer n>1, o(n) is the sum of all divisors of n (including | and n 
itself). 





Theorem 0.3 : Let n have the prime factor representation of the form (0.1). Then, 
Oy) +1 OT pel 
Py —! Pp zi Px = 


o(n) = F SoS 
) p, -1 p, -1 p, -1 


Definition 0.4 ; An integer n=>1 is called perfect if and only if it is the sum of all its proper 
divisors (that is, all divisors including 1 but excluding n itself). Thus, n is perfect if and only 
if 2n=o(n). 


Theorem 0.4 : Any even perfect number n is of the form 
n= 2 (2°21); 
where the integer k>1 is such that 2“*'—1 is prime. 


Definition 0.5 : An arithmetic function f(.) is called multiplicative if and only if 
f(mn) = f(m)f(n) for all integers m and n with (m,n)=1. 


Theorem 0.5 : The functions d(n), b(n) and o(n) are multiplicative. 
Definition 0.6 : An integer n>0 is called (perfect if 


k 
n= >) f(d,), 
i=l 
where d= 1, do, ..., d, are the proper divisors of n, and f(.) is an arithmetical function. 


Chapter 1, Chapter 2, Chapter 4 and Chapter 5 are based on our previous papers, published 
in different journals. In the meantime, some new results have been found, and those results are 
also included in this book. Moreover, to keep the book up-to-date, we did not hesitate to include 
the results of other researchers as well, very frequently with simplified proofs. 
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Chapter 1 Some Smarandache Sequences 


For this chapter, we have chosen the following ten Smarandache sequences : 


(1) Smarandache odd sequence 

(2) Smarandache even sequence 

(3) Smarandache prime product sequence 

(4) Smarandache square product sequences 

(5) Smarandache higher power product sequences 
(6) Smarandache permutation sequence 

(7) Smarandache circular sequence 

(8) Smarandache reverse sequence 

(9) Smarandache symmetric sequence 

(10) Smarandache pierced chain sequence. 


The above ten sequences have one property in common : They are all recurrence type. 


It is conjectured that there are no Fibonacci or Lucas numbers in any of the Smarandache 
odd, even, circular and symmetric sequences. We confirm the conjectures by showing that none 
of these sequences satisfies the recurrence relationship for Fibonacci or Lucas numbers. We 
prove further that none of the Smarandache prime product and reverse sequences contains 
Fibonacci or Lucas numbers (in a consecutive row of three or more). 


ee) 


We recall that the sequence of Fibonacci numbers, {F(n)}*,, and the sequence of Lucas 


n=l? 


numbers {Lin)}*., , are defined through the recurrence relations satisfied by their terms : 





F()=1, FQ)=1; Fm+2)=Fm+l)+F(n), n>1, (1.1) 
LQ)=1, LQ)=3; Lm@t+2)=L(mntl)+L@), n21. (1.2) 














For the Smarandache even, prime product, permutation and square product sequences, the 
question is : Are there any perfect powers in each of these sequences? We have a partial answer 
for the first of these sequences, while for each of the remaining sequences, we prove that no 
number can be expressed as a perfect power. We also prove that no number of the Smarandache 
higher power product sequences is square of a natural number. 


For the Smarandache odd, prime product, circular, reverse and symmetric sequences, the 
question is : How many primes are there in each of these sequences? For the Smarandache even 
sequence, the question is : How many elements of the sequence are twice a prime? These 
questions still remain open. 


After giving some preliminary results in §1.1, we study some elementary properties of the 
ten sequences separately in the next ten sections from §1.2 through §1.11. In each case, we give 
the recurrence relation satisfied by the sequence. §1.12 gives some series involving the 
Smarandache sequences. The chapter ends with some remarks in §1.13. 
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1.1 Some Preliminary Results 


Lemma 1.1.1 : 3 divides (10" + 10"+ 1) for all integers m,n > 0. 
Proof : We consider the following three possible cases separately : 
Case (1) : When m= n = 0. In this case, the result is clearly true. 
Case (2) : When m = 0, n= 1. Here also, the result is seen to be true, since 
10™+ 10°+ 1=10"+2=(10"— 1) +3 =9(1+10+10°+...+10"') +3. 
Case (3) : When m= 1, n= 1. In this case, the result follows, since 
10"+10"°+1=(10"-1)+(10" -1) +3. m 














Lemma 1.1.2 : The only non-negative integer solution of the Diophantine equation 
X’-y=lis x=ly=0. 
Proof : The given Diophantine equation is equivalent to (x —y)(x+y) =1, where both 
x— yand x+y are integers. Therefore, the only two possibilities are 
()x-y=1l=xty, (2)x-y=-l=xty, 
the first of which gives the desired non—negative solution. ™ 


Corollary 1.1.1: Let N (>1) be a fixed number. Then, 
(1) the Diophantine equation x? — N = 1 has no (positive) integer solution x; 
(2) the Diophantine equation N — y” = 1 has no (positive) integer solution y. 


Lemma 1.1.3 : Let n (= 2) be a fixed integer. Then, the only non-negative integer solution 

of the Diophantine equation x + 1=y" isx=0,y=1. 

Proof : By Lemma 1.1.2, it is sufficient to consider the case when n > 2 odd : If n is even, 
say, n= 2m for some integer m> 1, then rewriting the given Diophantine equation as 
(y"—x?=1, we see that, by Lemma 1.1.2, the only non—negative integer solution is y"= 1, 
x = 0, that is x = 0, y = 1, as required. 

So, let n be odd, say, n=2k+1 for some integer k = 1. Then, the given Diophantine equation 
can be written as 

Poy —1La(y- gt y+ .. +). (1) 
From (1), we see that x = 0 if and only if y=1, since y“+ y*' + ... +1>0. 
Now, if x 4 0, from (1), the only possibilities are the following two : 














Case (1): y-l=x,y*+y"! + 0. +1=x. 
But then y=x+1, and we are led to the equation (x + 1)*+(x+1)*'+ ... +(x+1)+2=0, 
which is impossible. 

Case (2): y-l=l,y*ty*!+ 2. +1=x’, 


Then, y = 2, x” = 2”**! — 1. Rewriting this equation in the following equivalent form 

(x —1)(x + 1) =2(2" — 1,2" + 1), 
we see that the Lh.s. is divisible by 4, while the r.h.s. is not divisible by 4 (since both 2" — 1 and 
2‘ +1 are odd). And we reach to a contradiction. 





The contradiction in both the cases establishes the lemma. m 
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Corollary 1.1.2 : Let n (22) and N (>0) be two fixed integers. Then, the Diophantine 
equation N’ + 1= y" has no integer solution y. 


Corollary 1.1.3 : Let n (22) and N (1) be two fixed integers. Then, the Diophantine 
equation x’ + 1 = N" has no (positive) integer solution x. 


Lemma 1.1.4 : Let n (= 2) be a fixed integer. Then, the only non—negative integer solutions 

of the Diophantine equation x*— y"= 1 are (1)x = 1, y=0; (2)x =3, y=2,n=3. 

Proof: For n=2, the lemma reduces to Lemma 1.1.2. So we consider the case when n= 3. 
From the given Diophantine equation, we see that, y=0 if and only if x=+1, giving the only 
non-negative integer solution x=1, y=0. To see if the given Diophantine equation has any 
non—zero integer solution, we assume that x #1. 





If n is even, say, n=2m for some integer a>1, then x°— y"=x*—(y")’= 1, which has no integer 
solution y for any x>1 (by Corollary 1.1.1(2)). 


2k+l _ 1. that is, 


Next, let n be odd, say, n=2k+ 1 for some integer k> 1. Then, x y 
(k- D+ Day" 
We now consider the following three cases that may arise : 
Case (1) : When x—1=1,x+1=y™"1. 
Here, x =2 together with the equation y“*'=3, and the latter has no integer solution y. 
Case (2) : When x—1=y,x+1l=y™. 
Rewriting the second equation in the equivalent form (y* — 1)(y* + 1) =x, we see that (y“ +1) Ix. 
But this contradicts the first equation x=y+1 ifk>1, since fork>1, y“+1>y+1=x. 
Ifk=1, then 
Ge DOT DHX. = <yal=lytlox, 
so that y=2, x =3, n=3, which is a solution of the given Diophantine equation. 
Case (3) : When x—1=y' for some integer t with 2<t<k, k>2 (so thatx + 1=y*“"'). 
K-01 Since x does not divide y, it follows that 





In this case, we have 2x=y'[I +y 
1+y*"!=Cx, for some integer C> 1. 
Thus, 
2x=y(Cx) => Cy'=2. 
If C=2, then y=1, and the resulting equation x’=2 has no integer solution. On the other hand, 
if C #2, the equation Cy'=2 has no integer solution. Thus, case (3) cannot occur. 
All these complete the proof of the lemma. 
Corollary 1.1.4 : The only non-negative integer solution of the Diophantine equation 
x’-y'=1isx=3, y=2. 
Corollary 1.1.5 : Let n (>3) be a fixed integer. Then, the Diophantine equation x’- y"=1 
has x= 1, y=0 as its only non—negative integer solution. 
Corollary 1.1.6 : Let n (>3) and N (>0) be two fixed integers. Then, the Diophantine 
equation x’— N" = 1 has no integer solution x. 
Corollary 1.1.7 : Let n (23) and N (~1) be two fixed integers with N43. Then, the 
Diophantine equation N* — y" = | has no integer solution. 
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1.2 Smarandache Odd Sequence {OS(n)}*, 


The Smarandache odd sequence, denoted by {OS(n)}" , 1s the sequence of numbers formed by 
repeatedly concatenating the odd positive integers (Ashbacher [1]). 


The first few terms of the sequence are 
1,:13,,135, 1357,135 79; 4357911, 135791113, 13579111315, 3... 
In general, the n—th term of the sequence is given by 


OS(n)=135 ... (2n—1),n 21. (1.2.1) 
For any n= 1, OS(n+ 1) can be expressed in terms of OS(n) as follows : For n> 1, 
OS(n + 1)=135 ... (2n-1)(2n +1) 
= 10°xOS(n) + (2n+ 1) for some integer s> 1. (1.2.2) 





More precisely, 
s=number of digits in (2n + 1). 
Thus, for example, 
OS(5) = 10x OS(4) +7, 
while, 
OS(6) = 10?xOS(5) +11. 
By repeated application of (1.2.2), we get 
OS(n + 3) = 10°xOS(n+2) + (2n+5) for some integer s> 1 
= 10°[10'xOS(n+ 1) + (2n+3)]+(2n+5) for some integert>1 (1.2.3a) 














=10°"'[10"xOS(n) + (2n +1)] + (2n+3)10°+ (2n+ 5) (1.2.3b) 
for some integer u= 1, so that s>t2>u2 1. Therefore, 
OS(n+ 3) = 10°""xOS(n) + (2n+1)10°"' + (2n+3)10°+(2n +5). (1.2.4) 


From (1.2.3), we see that, for any integer n=>1, 
OS(n+ 3) = 10°"'xOS(n+ 1) +(2n + 3)(2n + 5) 
= 10°" OS(n) + (2n + 1)(2n + 3)(2n + 5). 


Lemma 1.2.1 : 3 divides OS(n) if and only if 3 divides OS(n + 3). 
Proof: For any s, t withs =>t2=1, by Lemma 1.1.1, 
3| [(2n + 1)10°"'+ (2n+ 3)10°+ (2n+5)]=(2n+ 1)(10°"' + 10°+ 1) +2(10° +2). 
The result now follows by virtue of (1.2.4). ml 














Lemma 1.2.2 : 9 divides OS(3n) for any integer n> 1. 
Proof : First note that, the sum of digits of OS(n) is 


1+3+...+(2n+1)=n’, 
Since the sum of digits of OS(3n) is (3n)’=9n”, the result follows. ll 
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In proving Lemma 1.2.2, we have used the fact that an integer is divisible by 9 if and only if 
its sum of digits is divisible by 9 (see, for example, Bernard and Child [2]). 


Lemma 1.2.3 : 5 divides OS(5n + 3) for any integer n= 0. 
Proof : From (1.2.2), for any arbitrary but fixed n= 0, 
OS(5n + 3) = 10°xOS(5n+ 2) +(10n +5) for some integer s > 1. 
The r.h.s. is clearly divisible by 5, and hence 5 divides OS(5n+ 3). = 


Based on computer findings with all numbers from 135 through OS(2999), Ashbacher [1] 
conjectures that (except for the trivial cases of n= 1, 2, for which OS(1) = 1 =F(1) =F(2) = LQ), 
OS(2)=13=F(7)), there are no numbers in the Smarandache odd sequence that are also 
Fibonacci (or, Lucas) numbers. In Theorem 1.2.1 and Theorem 1.2.2, we prove the conjectures 
of Ashbacher in the affirmative. The proof of the theorems relies on the following results. 








Lemma 1.2.4 : For any integer n= 1, OS(n+ 1) > 10xOS(n). 
Proof: From (1.2.2), for any n= 1, 
OS(n+ 1)=10°xOS(n) + (2n+ 1) > 10°xOS(n) > 10xOS(n), 
where s = | is an integer. We thus get the desired inequality. m 


Corollary 1.2.1 : For any integer n= 1, OS(n+ 2) — OS(n) > 9[OS(n + 1) + OS(n)]. 
Proof: From Lemma 1.2.4, 
OS(n+ 1) — OS(n) > 9xOS(n) for all n= 1. (1.2.5) 
Now, using the inequality (1.2.5), we get 
OS(n+ 2) — OS(n)=[OS(n + 2) — OS(n+ 1)] + [OS(n + 1) — OS(n)] 
> 9[OS(n+ 1) + OS(n)], 
which establishes the result. m 
Theorem 1.2.1 : (Except for n=1, 2 for which OS(1)=1=F(1)=F(2), OS(2) = 13 = F(7)) 
there are no numbers in the Smarandache odd sequence that are also Fibonacci numbers. 
Proof : Using Corollary 1.2.1, we see that, for all n> 1, 
OS(n+ 2) — OS(n) > 9[OS(n + 1) + OS(n)] >OS(n + 1). 
Thus, no numbers of the Smarandache odd sequence satisfy the recurrence relation (1.1) 
satisfied by the Fibonacci numbers. m 





By similar reasoning, we have the following result. 


Theorem 1.2.2 : (Except for n= 1 for which OS(1)=1=L(1)) there are no numbers in the 

Smarandache odd sequence that are Lucas numbers 

Thus, no numbers of the Smarandache odd sequence satisfy the recurrence relation (1.1) 

satisfied by the Fibonacci numbers. m 

Ashbacher [1] reports that, among the first 21 elements of the sequence, only OS(2), OS(10) 
and OS(16) are primes. Marimutha [3] conjectures that there are infinitely many primes in the 
Smarandache odd sequence, but the conjecture still remains open. 

In order to search for primes in the Smarandache odd sequence, by virtue of Lemma 1.2.2 
and Lemma 1.2.3, it is sufficient to check the terms of the forms OS(3n+1) (n= 1), where 
neither 3n+ 1 nor 3n — 1 is of the form 5k+3 for some integer k 2 1. 
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1.3 Smarandache Even Sequence {ES()}” | 


ee) 


The Smarandache even sequence, denoted by {ES(n)} is the sequence of numbers formed 


n=l? 


by repeatedly concatenating the even positive integers (Ashbacher [1]). 


The n—th term of the sequence is given by 
ES(n)= 24 ... (2n),n 21. (1.3.1) 
The first few terms of the sequence are 
2, 24, 246, 2468, 246810, 24681012, 2468101214, ..., 
of which only the first is a prime number. 
We note that, for any integer n> 1, 
ES(n+ 1) = 24... (2n)(2n + 2) 
= 10°x ES(n) + (2n + 2) for some integer s > 1, (1.3.2) 
where, more precisely, 
s=number of digits in (2n+ 2). 
Thus, for example, 
ES(4) = 2468 = 10xES(3) + 8, 
while, 
ES(5) = 246810 = 10?xES(4) + 10. 


From (1.3.2), the following result follows readily. 
Lemma 1.3.1 : For any integer n> 1, ES(n+ 1)>10xES(n). 
Using Lemma 1.3.1, we can prove that 
ES(n+ 2) —ES(n) > 9[ES(n + 1) + ES(n)] for all n> 1. (1.3.3) 
The poof is similar to that of Corollary 1.2.1, and is omitted here. 
By repeated application of (1.3.2), we see that, for any integer n= 1, 
ES(n+ 2)= 10'xES(n+ 1) + (2n+4) for some integer t > 1 
= 10'[10"xES(n) + (2n+2)]+(2n+4) for some integer u>1 
= 10""'xES(n) + (2n+2)10' +(2n + 4), 








and 
ES(n + 3) = 10°xES(n + 2) + (2n+6) for some integer s> 1 


= 10[10"XES(n) + (2n+2)10' +(2n+4)] + (2n+6) 
= 10°" ES(n) + (2nt 2)10°*' + (2n+ 4)10° + (2n + 6), (1.3.4) 


for some integers s, t andu withs>t>u2>1. 











From (1.3.4), we see that 
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ES(n+ 3)= 10°"'xES(n+ 1) + (2n + 4)(2n + 6) 





=10°"xES(n) + (2n + 2)(2n+ 4)(2n + 6). 


Using (1.3.4), together with Lemma 1.1.1, we can prove the following result. 
Lemma 1.3.2 : 3 divides ES(n) if and only if 3 divides ES(n + 3). 


Lemma 1.3.3 : For any integer n2 1, 3 divides ESGn). 

Proof : The proof is by induction on n. Since ES(3)=246 is divisible by 3, the lemma is 
true for n= 1. We now assume that the result is true for some n, that is, 3 | ES(3n) for some n. 
Now, by Lemma 1.3.2, together with the induction hypothesis, we see that 3 divides 
ESGn+3)=ES@(n + 1)). Thus the result is true forn+1. m 


Corollary 1.3.1 : For any integer n= 1, 3 divides ES(3n — 1). 
Proof : Let n (= 1) be any arbitrary but fixed integer. From (1.3.2), 
ES(3n) = 10°*xES(3n — 1) + 6n for some integer s> 1. 
Now, by Lemma 1.3.3, 3 divides ES(3n). Therefore, 3 must also divide ES(3n- 1). 
Since n is arbitrary, the lemma is proved. lm 
Corollary 1.3.2 : For any integer n= 1, 3 does not divide ES(3n + 1). 
Proof : Let n (= 1) be any arbitrary but fixed integer. From (1.3.2), 
ES(3n+ 1)=10°*xES@n) + (6n+ 2) for some integer s> 1. 
Since 3 divides ESGn), but 3 does not divide (6n + 2), the result follows. m 


Lemma 1.3.4 : 4 divides ES(2n) for any integer n> 1. 
Proof : Since 4 divides ES(2) = 24 and 4 divides ES(4) = 2468, we see that the result is true 
for n= 1,2. Now, from (1.3.2), for n> 1, 
ES(2n) = 10°*xES(2n — 1) + 4n, 
where s is the number of digits in 4n. Clearly, s>2 for all n>3. Thus, 4 divides 10° if n>3, and 
we get the desired result. m 
Corollary 1.3.3 : For any integer n= 0, 4 does not divide ES(2n + 1). 
Proof : Clearly the result is true for n=0, since ES(1)=2 is not divisible by 4. For n= 1, 
from (1.3.2), 
ES(2n+ 1)=10°xES(2n) + (4n +2) for some integer s> 1. 
By Lemma 1.3.4, 4 divides ES(2n). Since 4 does not divide (4n + 2), the result follows. m 
Lemma 1.3.5 : For any integer n= 1, 10 divides ES(5n). 
Proof : For any arbitrary but fixed n= 1, from (1.3.2), 
ES(5n) = 10°*xES(5n-— 1) + 10n for some integer s> 1. 
The result is now evident from the above expression of ES(5n). m 


Corollary 1.3.4 : 20 divides ES(10n) for any integer n= 1. 
Proof : follows by virtue of Lemma 1.3.4 and Lemma 1.3.5. m 


16 Wandering in the World of Smarandache Numbers 


Based on the computer findings with numbers up through ES(1499) = 2468...29962998, 
Ashbacher [1] conjectures that (except for the case of ES(1)=2=F(3)) there are no numbers in 
the Smarandache even sequence that are also Fibonacci (or, Lucas) numbers. The following two 
theorems establish the validity of Ashbacher’s conjectures. 

Theorem 1.3.1 : (Except for ES(1)=2=F(3)) there are no numbers in the Smarandache 

even sequence that are Fibonacci numbers. 

Proof : By virtue of (1.3.3), for all n= 1, 

ES(n+ 2) — ES(n) > 9[ES(n + 1) + ES(n)] > ES(n + 1). 
Thus, no numbers of the Smarandache odd sequence satisfy the recurrence relation (1.1) 
satisfied by the Fibonacci numbers. @ 


By similar reasoning, we have the following result. 
Theorem 1.3.2 : There are no numbers in the Smarandache even sequence that are Lucas 
numbers. 


Ashbacher [1] raises the question : Are there any perfect powers in ES(n)? The following 
theorem gives a partial answer to the question. 


Theorem 1.3.3 : None of the terms of the subsequence {ES(2n = D} is a perfect square 


or higher power of an integer (> 1). 
Proof : Let, for some n > 1, 
ES(n) =24 ... (2n)=x? for some integer x > 1. 
Now, since ES(n) is even for all n= 1, x must be even. Let 
x =2y for some integer y= 1. 
Then, 
ES(n) = (2y)’=4y’, 
which shows that 4 divides ES(n). 
Now, if n is odd of the form 2k—1, k>1, by Corollary 1.3.3, ES(2k—1) is not divisible by 4, 
and hence, the numbers of the form ES(2k— 1), k> 1, can not be perfect squares. 
By same reasoning, none of the terms ES(2n — 1), n> 1, can be expressed as a cube or higher 
powers of an integer. m 


Remark 1.3.1 : It can be seen that, if n is of the form kx10°+4 or kx10°+6, where k 
(1<k<9) and s (21) are integers, then ES(n) cannot be a perfect square (and hence, cannot 
be the power of an even integer). The proof is as follows : If 

ES(n) = x? for some integer x > 1, (1) 
then x must be an even integer. The following table gives the possible trailing digits of x 
and the corresponding trailing digits of x”. Now, if n is of the form n=kx10°+4, then the 
trailing digit of ES(kx10*°+4) is 8 for all admissible values of k and s, and hence, it follows 
that the representation of ES(kx10°+4) in the form (1) is not possible. Again, since the 
trailing digit of ES(kx10°+6) is 2 for all admissible values of k and s, the numbers of the 
form ES(kx10*+ 6) can also be not expressible in the form (1). 
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Trailing digit of x Trailing digit of x’ 





It thus remains to consider the cases when n is one of the three forms : (i) n=kx10*, 
(ii) n=kx10°+2, (iii) n=kx10°+8, (where k (1 <k<9) and s (= 1) are integers). Smith 
[4] conjectures that none of the terms of the sequence {ES(n)}”, is a perfect power. 


1.4 Smarandache Prime Product Sequence {PPS(n)}” | 


Let {p, pe be the (infinite) sequence of primes in their natural order, so that 








Pi=2, pr=3, p3=5, pa=7, Pps=11, po=13, .... 
The Smarandache prime product sequence, denoted by {PPS(n)} ,1s defined as follows 
(Smarandache [5]) : 
PPS(n) =pip2 ... pati, n= 1. (1.4.1) 
The following lemma gives a recurrence relation in connection with the sequence. 


Lemma 1.4.1 : PPS(n+ 1) = ppa+1xPPS(n) — (pa+i—1) for all n> 1. 
Proof: By definition, 


PPS(n+ 1)=pip2... PaPati +1 =(pipe ... Pat Lpnti — pai tl, 


which now gives the desired relationship. ™ 





From Lemma 1.4.1, we get 

Corollary 1.4.1 : PPS(n+ 1) — PPS(n) =[PPS(n) — 1](pa+; — 1) for all n> 1. 

Lemma 1.4.2 : The values of PPS(n) satisfy the following inequalities : 

(1) PPS(n) <(p,)" ' for all n>4, 

(2) PPS(n) <(p,)" for all n>7, 

(3) PPS(n)<(p,)" > for all n> 10, 

(4) PPS(n) <(pn+1)" | for all n> 3, 

(5) PPS(n) <(py+1)" ~ for all n> 6, 

(6) PPS(n) <(py+1)” ° for all n> 9. 

Proof: We prove parts (3) and (6) only, the proof of the other parts is similar. 
To prove part (3) of the lemma, we note that the result is true for n= 10, since 

PPS(10) = 6469693231 <(pyo)’=29’ = 17249876309. 


Now, assuming the validity of the result for some integer k (210), and using Lemma 1.4.1, we 
see that, 
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PPS(k + 1)= px+1 PPSCk) — (pest — 1)< per PPS(k) 
< pxii(px)” > (by the induction hypothesis) 
< pictur)” > = Prev)” 
where the last inequality follows from the fact that the sequence of primes, {p, ‘a , 1s strictly 
increasing in n (= 1). Thus, the result is true for k+ 1 as well. 
To prove part (6) of the lemma, we note that the result is true for n= 9, since 
PPS(9) = 223092871< (pio)° = 29° = 594823321. 


Now to appeal to the principle of induction, we assume that the result is true for some integer 
k (29). Then using Lemma 1.4.1, together with the induction hypothesis, we get 


PPS(k+ 1)= pas PPS(k) — (pes — 1) < pvt PPS(K) < pai (Pen) = (ev) 
Thus the result is true for k+ 1. 
All these complete the proof by induction. m 
The lemma below improves the results of Prakash [6] and Majumdar [7]. 
Lemma 1.4.3 : Each of PPS(1), PPS(2), PPS(3), PPS(4) and PPS(5) is prime, and for n> 6, 
PPS(n) has at most n — 4 prime factors, counting multiplicities. 
Proof : Clearly, the first five terms of the sequence, namely, PPS(1)=3, PPS(2)=7, 
PPS(3) =31, PPS(4) =211 and PPS(5)=2311, are all primes. Also, since 
PPS(6) = 30031 =59x509, 
PPS(7) = 510511 = 1997x277, 
PPS(8) = 9699691 = 347x27953, 
we see that the lemma is true for 6<n<8. 
Now, if p is a prime factor of PPS(n), then p2pz+1. Therefore, if for some n=9, PPS(n) has 


n—3 (or more) prime factors (counted with multiplicity), then PPS(n)>(pp+1)"°, and this is in 
contradiction with part (6) of Lemma 1.4.2. 


Hence the lemma is established. 


It has been proved that, for each n>1, PPS(n) and PS(n+1) are relatively prime (see, 
Majumdar [8]). The following lemma gives the more general result. 


Lemma 1.4.4 : For any n=1 and k>1, PPS(n) and PPS(n+k) can have at most k-1 

number of prime factors (counting multiplicities) in common. 

Proof: For any n= 1 andk21, 

PPS(n+k) — PPS(n) =p po ... Pa(Pn+1 Pnt2 --- Pn+k — 1). (1.4.1) 
If p is a common prime factor of PPS(n) and PPS(n+k), since p= pa+x, it follows from (1.4.1) 
that p divides (pa+1 Pni2 --. Park — 1). Now if PPS(n) and PPS(n+k) have k (or more) prime 
factors in common, then the product of these common prime factors is greater than (pn+k)% 
which can not divide Pasi Pni2 --- Park — 1 <(Pasn). 
This contradiction proves the lemma. 
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Corollary 1.4.2 : For any integers n (21) and k (21), if all the prime factors of 
Pn+1 Pnt2 --- Pnek— 1 are less than p,+,, then PPS(n) and PPS(n + k) are relatively prime. 


Proof : If p is any common prime factor of PPS(n) and PPS(n+k), then p divides 
Pnt1 Pni2 --- Park — 1. Also, for such p, p> pna+x, contradicting the hypothesis of the corollary. 
Thus, if all the common prime factors of PPS(n) and PPS(n+k) are less than py+,, then PPS(n) 
and PPS(n +k) are relatively prime. ™ 

The following result has been proved by Prokash [6] and Majumdar [8]. Here we give a 
simpler proof. 

Theorem 1.4.1 : For any n= 1, PPS(n) is never a square or higher power of an integer (>1). 


Proof : Clearly, none of PPS(1), PPS(2), PPS(3), PPS(4) and PPS(5) can be expressed as 
powers of integers (by Lemma 1.4.3). 


Now, if possible, let for some n> 6, 

PPS(n) = x‘ for some integers x (>3) and k (=2). (1) 
Without loss of generality, we may assume that k is a prime (if k is a composite number, letting 
k=pr where p is prime, we have PPS(n) = (x')P=N?, where N=x'). By Lemma 1.4.3, k<n—- 4 
and so k cannot be greater than p,-5 (k = pp_4 > k>n-—4, since p,>n for all n>1). Hence, 


k must be one of the primes pj, po, ..., Pn-s. Also, since PPS(n) is odd, x must be odd. Let 
x=2y +1 for some integer y>0. Then, from (1), 


Pi P2 «-- Pp=(y +D*- 1 
k ; k 
=(2y)' + [fJen ie (Jen. Q) 


If k=2, we see from (2), 4 divides p; p2 .... Py, Which is absurd. On the other hand, for k>3, 
since k divides p; p> ... Pp, it follows from (2) that k divides y, and consequently, k’ divides 
P1P2 ... Pn, Which is impossible. 


Hence, the representation of PPS(n) in the form (1) is not possible. m 
Using Corollary 1.4.1 and the fact that PPS(n+ 1) — PPS(n)>0, we get 
PPS(n+ 2) — PPS(n) =[PPS(n+2) — PPS(n+ 1)] + [PPS(n+ 1) — PPS(n)] 
> [PPS(n+ 1) —1](Pa+2 — 1) 
>2[PPS(n+ 1) — 1] for alln>1. 





Hence, 
PPS(n+ 2) — PPS(n)>PPS(n+ 1) for all n> 1. (1.4.2) 


The inequality (1.4.2) shows that no elements of the Smarandache prime product sequence 
satisfy the recurrence relation for Fibonacci (or, Lucas) numbers. This leads to the following 
theorem. 


Theorem 1.4.2 : There are no numbers in the Smarandache prime product sequence that are 
Fibonacci (or Lucas) numbers (except for the trivial cases of PPS(1)=3=F(4)=L(2), 
PPS(2)=7=L(4)). 
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1.5 Smarandache Square Product Sequences {SPS,(n)}" and {SPS,(n)} 


c) ce) 
n=1 n=1 


The Smarandache square product sequence of the first kind, denoted by {SPS, (n)}”.,, and the 


Smarandache square product sequence of the second kind, denoted by {SPS, (n) a , are 
defined by (Russo [9]) 
SPS,(n) = (17)(2?) .... (n?) +1, n= 1, 
SPS.(n) = (17)(2?) .... (n?) -1, n> 1. 
Alternative expressions for SPS;(n) and SPS.(n) are 
SPS,(n)= (n!)? + 1, n2>1, (1.5.1a) 
SPS.(n)= (n!)?? —1,n>1. (1.5.1b) 
The first few terms of the sequence {SPS, (n)}” are 
SPS,(1)=2, 
SPS,(2)=5, 
SPS,(3) = 37, 
SPS, (4) =577, 
SPS,(5)= 14401, 
SPS; (6) = 518401 = 13x39877, 
SPS,(7) = 25401601 = 101251501, 
SPS,(8) = 1625702401 = 17x95629553, 
SPS,(9) = 131681894401, 


of which the first five terms are prime numbers. 


The first few terms of the sequence {SPS,(n)}”, are 
SPS,(1) = 0, 
SPS,(2) =3, 
SPS,(3) = 35, 
SPS,(4) =575, 
SPS,(5) = 14399, 
SPS,(6) = 518399, 
SPS,(7) = 25401599, 
SPS,(8) = 1625702399, 
SPS,(9) = 131681894399, 


of which, disregarding the first term, the second term is prime, and the remaining terms of the 
sequence are all composite numbers. 


Theorem 1.5.1 proves that, for any n>1, neither of SPS,(n) and SPS,(n) is a square of an 
integer (> 1). Theorem 1.5.2 shows that no terms in these sequences can be cubes. 
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Theorem 1.5.1 : For any n= 1, none of SPS,(n) and SPS,(n) is a square of an integer (>1). 
Proof : If possible, let 


SPS,(n)=(n !)? + 1 =x? for some integers n> 1, x>1, 
SPS,(n) = (n !)? —1=y? for some integers n> 1, y>1. 
But these contradict Corollary 1.1.1(1) and Corollary 1.1.1(2) respectively. m 
Theorem 1.5.2 : For any integer n> 1, none of the SPS,(n) and SPS,(n) is a cube or higher 


power of an integer (>1). 
Proof: is by contradiction. Let 


SPS (n) =(n!)’ + 1=y™ for some integers n> 1, y> 1, m2>3, 
SPS,(n)=(n!)? — 1 =z* for some integer n>1,z>1,s>3. 
We then have contradictions to Corollary 1.1.2 and Corollary 1.1.7 respectively. @ 

Lemma 1.5.1 : For any integer n= 1, 

(1) SPS,(n + 1)=(n+ 1)’ SPS,(n) — n(n +2), 

(2) SPS,(n + 1)=(n+ 1)? SPS,(n) — n(n +2). 

Proof : The proof is for part (1) only, and is given below. 
SPS,(n+ 1)=[(n+1)!?+1=(n+ 1) [(n!)°+ 1] — (n+ 1° +1. 




















Lemma 1.5.2 : For any integer n= 1, 
(1) SPS\(n +2) — SPS,(n) > SPS,(n + 1), 
(2) SPS.(n +2) — SPS.(n) >SPS.(n + 1). 
Proof : It is straightforward, using (1.5.1), to prove that 
SPS,(n+2) — SPS;(n)=SPS,(n+2) — SPS,(n)=(n!)* [n+ 1)?(n+ 2) — 1]. 
Some algebraic manipulations give the desired inequalities. ™ 








Lemma 1.5.2 can be used to prove the following results. 


Theorem 1.5.3 : (Except for the trivial cases, SPS,(1)=2=F(3), SPS,(2)=5=F(5)) there are 
no numbers of the Smarandache square product sequence of the first kind that are Fibonacci 
(or Lucas) numbers. 


Theorem 1.5.4 : (Except for the trivial case, SPS,(2)=3=F(4)=L(2)) there are no numbers 
of the Smarandache square product sequence of the second kind that are Fibonacci (or 
Lucas) numbers. 


The question raised by Iacobescu [10] is : How many terms of the sequence {SPS, (n)}”, 
are prime? The following theorem, due to Le [11], gives a partial answer to this question. 
Theorem 1.5.5 : If n (> 2) is an even integer such that 2n+ 1 is prime, then SPS,(n) is not a 


prime. 


Russo [9], based on values of SPS,(n) and SPS.(n) for 1<n<20, conjectures that each of 
the sequences contains only a finite number of primes. 
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1.6 Smarandache Higher Power Product Sequences {HPPS,(n)}"_, {HPPS,(n)}” 
Let m (>3) be a fixed integer. The Smarandache higher power product sequence of the first kind, 
denoted by {HPPS, (n)}” , and the Smarandache higher power product sequence of the second 
kind, denoted by {HPPS, (n)}”, , are defined as follows : 
HPPS,(n) =(1")(2") ... (n™) +1, n= 1, 
HPPS,(n) = (1")(2") ... (n™)-1, n2>1. 
Alternative expressions for HPPS,(n) and HPPS,(n) are 
HPPS,(n) = (n!)" +1, n2>1, (1.6.1a) 
HPPS,(n) = (n!)"—-1, n>1. (1.6.1b) 
Lemma 1.6.1 : For any integer n= 1, 
(1) HPPS,(n+1)=(n+ 1)" HPPS,(n) — [(n+1)"+ 1], 
(2) HPPS,(n+ 1)=(n+1)"HPPS,(n) + [(n+1)"+ 1]. 


























Theorem 1.6.1 : For any integer n=1, none of HPPS,(n) and HPPS,(n) is a square of an 
integer (> 1). 
Proof : If possible, let 
HPPS,(n) = (n!)" + 1 = x’ for some integer x >1. 
But, by Corollary 1.1.6, this permits no solution if m>3. 
Again, letting, for some integer n = 2 (HPPS.(1) = 0) 
HPPS,(n) = (n!)"— 1 = y’ for some integer y > 1, 
we have a contradiction to Corollary 1.1.3. 


Thus, we reach to a contradiction in either case, establishing the theorem. 


The following two theorems are due to Le [12, 13]. 


Theorem 1.6.2 : If m is not a number of the form m=2* for some integer k>1, then the 
sequence {HPPS, (n)}” contains only one prime, namely, HPPS,(1) =2. 


Theorem 1.6.3 : If both m and 2"—1 are primes, then the sequence {HPPS, (n)}”, contains 
only one prime, namely, HPPS.(2) = 2™-—1; otherwise, the sequence contains no prime. 


Remark 1.6.1 : We have defined the Smarandache higher power product sequences under 
the restriction that m > 3, and under such restriction, as has been proved in Theorem 1.6.1, 
none of HPPS,(n) and HPPS,(n) is a square of an integer (>1) for any n>=1. However, if 
m= 3, the situation is a little bit different : For any n > 1, HPPS,(n) = (n!)? —1 still cannot 
be a perfect square of an integer (>1), by Corollary 1.1.3, but since HPPS,(n) = (n!)* + 1, 
we see that HPPS,(2) = (2!) + 1 = 3’, that is, HPPS,(2) is a perfect square. However, this is 


the only term of the sequence {HPPS, (n)}”, that can be expressed as a perfect square. 
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1.7 Smarandache Permutation Sequence {PS(n)} 


n=1 
The Smarandache permutation sequence, denoted by {PS(n)}”_,, is defined by (Dumitrescu and 
Seleacu [14]) 
PS(n) =135 ... (Qn —1)(2n)(2n — 2) ...42 , n 21. (1.7.1) 
The first few terms of the sequence are 


12, 1342, 135642, 13578642, 13579108642, ..., 
all of which are even numbers. 


For the Smarandache permutation sequence, the question raised (Dumitrescu and Seleacu 
[14]) is : Zs there any perfect power among these numbers? 


Smarandache conjectures that there are none. In Theorem 1.7.1, we prove the conjecture in 
the affirmative. To prove the theorem, we need the following results. 


Lemma 1.7.1 : For n= 2, PS(n) is of the form 2(2k + 1) for some integer k> 1. 
Proof: Since for n= 2, 


PS(n) = 135 ... (2n —1)(2n)(2n — 2) ... 42, (1.7.2) 
we see that PS(n) is even and after division by 2, the last digit of the quotient is 1. Hl 





An immediate consequence of the above lemma is the following. 

Corollary 1.7.1 : 2‘ divides PS(n) (for some integer n> 2) if and only ifk=1. 

Theorem 1.7.1: For n= 1, PS(n) is not a perfect power. 

Proof : The result is clearly true for n = 1, since PS(1) = 3x2’ is not a perfect power. The 


proof for the case n = 2 is by contradiction. 
Let, for some integer n= 2, 


PS(n) = x“ for some integers x > 1, k > 2. 

Since PS(n) is even, so is x. Let x =2y for some integer y>1. Then, 
PS(n) = (2y) = 2k’, 

which shows that 2“ divides PS(n), contradicting Corollary 1.7.1. 


To get more insight into the numbers of the Smaradache permutation sequence, we define a 
new sequence, called the reverse even sequence, and denoted by {RES(n) oe as follows : 





RES(n) = (2n)(2n — 2)... 42, n> 1. (1.7.3) 
The first few terms of the sequences are 2, 42, 642, 8642, 108642, 12108642, .... 
We note that, for all n> 1, 
RES(n +1) =(2n + 2)(2n)(2n — 2) ... 42 
=(2n+2)10° +RES(n) for some integer s>n, (1.7.4) 
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where, more precisely, 
s=number of digits in RES(n). 
Thus, for example, 
RES(4) = 8x10? + RES(3), RES(5) = 10x10* + RES(4), RES(6) = 12x10° + RES(5). 
Lemma 1.7.2 : For any integer n> 1, 4 divides [RES(n+ 1) — RES(n)]. 
Proof: Since from (1.7.4), 
RES(n+ 1) — RES(n)=(2n+ 2)10° for some integer s (>n2= 1), 
the result follows. m 
Lemma 1.7.3 : For n= 1, RES(n) is of the form 2(2k +1) for some integer k > 0. 


Proof : The proof is by induction on n. The result is true for n=1. So, we assume that the 
result is true for some n, that is, 


RES(n) = 2(2k + 1) for some integer k> 0. 
But, by virtue of Lemma 1.7.2, 
RES(n+ 1) — RES(n) =4k' for some integer k'> 0, 
which, together with the induction hypothesis, gives, 
RES(n+ 1)=4k' + RES(n)=4(k + k') + 2. 
Thus, the result is true for n+ 1 as well, completing the proof. m 
Lemma 1.7.4 : 3 divides RES(3n) if and only if 3 divides RES(3n- 1). 
Proof: The result follows by noting that 
RES(3n) = (6n)x10° + RES(3n — 1) for some integer s>n. m 





By repeated application of (1.7.4), we get successively 
RES(n + 3)=(2n+6)10° + RES(n + 2) for some integer s>n+2 
=(2n+6)10° + (2n+4)10' + RES(n+ 1) for some integer t>n+ 1 
= (2n+6)10° +(2n+4)10'+(2n+2)10"+RES(n) for some integeru>n, (1.7.5) 
so that, for some integers s, t andu withs>t>u2n2>1, 
RES(n +3) — RES(n) = (2n+ 6)10° + (2n+4)10' + (2n+2)10". (1.7.6) 
Lemma 1.7.5 : 3 divides [RES(n + 3) — RES(n)] for any integer n> 1. 
Proof: is evident from (1.7.6), since 
3| (2n+6)10° + (2n+4)10' + (2n+2)10" 
= 10'[(2n + 6)(10°" + 10°" +1)—2(10°" + 2)]. 























Corollary 1.7.2 : 3 divides RES(3n) for any integer n2 1. 

Proof : The result is true for n = 1, since RES(3) = 642 is divisible by 3. Now, assuming the 
validity of the result for n, so that 3 divides RES(3n), we get, from Lemma 1.7.5, 3 divides 
RES(3n+ 3) = RES(3(n + 1)), so that the result is true for n+ 1 as well. 


This completes the proof by induction. m 


Corollary 1.7.3 : 3 divides RES(3n — 1) for any integer n> 1. 
Proof: follows from Lemma 1.7.4, together with Corollary 1.7.2. = 
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Corollary 1.7.4 : For any integer n= 0, 3 does not divide RES(3n + 1). 
Proof: Clearly, the result is true for n= 0. For n = 1, from (1.7.4), 
RES(3n + 1) = (6n + 2)10° + RES(3n) for some integer s > 3n. 
Now, 3 | RES@(3n) (by Corollary 1.7.2) but 3 does not divide (6n+ 2). Hence the result. m 





Lemma 1.7.6 : RES(n + 2) — RES(n) > RES(n + 1) for any integer n 2 1. 
Proof: Using (1.7.5), we see that, for all n= 1, 
RES(n + 2) — RES(n) = (2n + 4)10' + (2n + 2)10", 
where t is the number of digits in RES(n+ 1). Hence the lemma. @ 








PS(n) can be expressed in terms of OS(n) and RES(n) as follows : For any n> 1, 
PS(n) = 10°xOS(n) + RES(n) for some integer s > n, (1.7.7) 
where, more precisely, 
s = number of digits in RES(n). 


From (1.7.7), together with Lemma 1.7.3, we observe that, for n > 2, (since 4 divides 10° for 
s =n 2), PS(n) is of the form 4k + 2 for some integer k > 1 (see Lemma 1.7.1). 


Lemma 1.7.7 : 3 divides PS(n) if and only if 3 divides PS(n + 3). 
Proof: follows by virtue of Lemma 1.2.1 and Lemma 1.7.5. m 


Lemma 1.7.8 : 3 divides PS(3n) for any integer n= 1. 
Proof: follows by virtue of Lemma 1.2.2 and Corollary 1.7.2, since 
PS@Gn) = 10°xOS(3n) + RES(3n) for some integer s > 3n. m 


Lemma 1.7.9 : 3 divides PS(3n — 2) for any integer n> 1. 
Proof : Since 3 divides PS(1) = 12, the result is true for n= 1. To prove by induction, we 
assume that the result is true for some n, that is, 3 divides PS(3n—2). But, then, by Lemma 1.7.7, 


3 divides PS(3n + 1), showing that the result is true for n+ 1 as well. m 
Lemma 1.7.10: For any integer n= 1, PS(n+ 2) — PS(n)>PS(n + 1). 
Proof: By repeated application of (1.7.7), we get 
PS(n + 1) = 10'xOS(n + 1) + RES(n + 1) for some integer t>n + 1, 
PS(n + 2) = 10"xOS(n + 2) + RES(n + 2) for some integer u>n + 2, 
where u>t >s =n. Therefore, 
PS(n + 2) — PS(n) = [10"xOS(n + 2) — 10°*xOS(n)] + [RES(n + 2) — RES(n)] 
> 10"[OS(n + 2) — OS(n)] + [RES(n + 2) — RES(n)] 
>10'xOS(n + 1) + RES(n + 1) 
=PS(n+ 1), 
where the last inequality follows from (1.2.6), Lemma 1.7.6, and the fact that 10">10'. m 














Lemma 1.7.10 can be used to prove the following result (see also Le [15]). 


Theorem 1.7.2 : There are no numbers in the Smarandache permutation sequence that are 
Fibonacci (or, Lucas) numbers. 
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1.8 Smarandache Circular Sequence {cs@)}* | 


The Smarandache circular (or, consecutive) sequence, denoted by {cs(n)}”.,, is obtained by 
repeatedly concatenating the positive integers (Dumitrescu and Seleacu [14]). 


The first few terms of the sequence are 
1, 12, 123, 1234, 12345, 123456, .... 


The n—th tem of the circular sequence is given 
CS(n) =123...(n—1(n), n> 1. (1.8.1) 
Since 
CS(n +1) = 123... (n-1D(nyn +1), 
we see that, for any integer n> 1, 
CS(n + 1) = 10°xCS(n) + (n + 1) for some integer s => 1, CS(1) = 1; (1.8.2) 
where, more precisely, 





s = number of digits in (n + 1). 
Thus, for example, 
CS(9) = 10xCS(8) + 9, 
and 
CS(10) = 10’xCS(9) + 10. 
From (1.8.2), we get the following result : 
Lemma 1.8.1 : For any integer n> 1, CS(n + 1) — CS(n)>9xCS(n). 


Using Lemma 1.8.1, we get, following the proof of Corollary 1.2.1, 


CS(n + 2) — CS(n) > 9[CS(n + 1) + CS(n)] for all n> 1. (1.8.3) 
Thus, 





CS(n + 2) — CS(n)>CS(n + 1), n> 1. (1.8.4) 

Based on computer search for Fibonacci (and Lucas) numbers from 12 up through 

CS(2999) = 123 ... 29982999, Asbacher [1] conjectures that (except for the trivial case, 

CS(1)=1 = F(1) = F(2)=L(1)), there are no Fibonacci (and Lucas) numbers in the Smarandache 
circular sequence. The following theorem confirms the conjectures of Ashbacher. 








Theorem 1.8.1 : There are no Fibonacci (and Lucas) numbers in the Smarandache circular 
sequence (except for the trivial cases of CS(1)=1=F(1)=F(2)=L(1), CS()=123 = L(10)). 
Proof: is evident from (1.8.4). m 


Remark 1.8.1 : As has been pointed out by Ashbacher [1], CS(3) is a Lucas number. 
However, note that, CS(3) # CS(2) + CS(1). 


Lemma 1.8.2 : Let 3 divide n. Then, 3 divides CS(n) if and only if 3 divides CS(n — 1). 
Proof : follows readily from (1.8.2). ™ 
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By repeated application of (1.8.2), we get, 
CS(n + 3) = 10°xCS(n + 2) + (n + 3) for some integer s > 1 
= 10°[10'xCS(n + 1) + (n + 2)] + (n +3) for some integer t> 1 
= 10°"[10"xCS(n) + (n + 1)] +(n+2)10° + (n + 3) for some integer u>1 
= 10°""xCS(n) + (n + 1)10°** + (n + 2)10° + (n + 3), (1.8.5) 














where s>t2>u®2 l. 


Lemma 1.8.3 : 3 divides CS(n) if and only if 3 divides CS(n + 3). 
Proof: follows from Lemma 1.1.1, together with (1.8.5), since 


3 | [(at+1)10°* + (n+2)10° + (n + 3)] = [(n + 1)(10** + 10° + 1) + (10° +2)]. 








Lemma 1.8.4 : 3 divides CS(3n) for any integer n= 1. 

Proof : The proof is by induction on n. The result is clearly true for n=1, since 3 divides 
CS(3) = 123. So, we assume that the result is true for some n, that is, we assume that 3 divides 
CS@Gn) for some n. But then, by Lemma 1.8.3, 3 divides CS(3n +3) = CSG(n + 1)), showing 


that the result is true for n+ 1 as well, completing induction. & 


Corollary 1.8.1 : 3 divides CSGn — 1) for any integer n= 1. 
Proof: From (1.8.2), for n= 1, 
CS(3n) = 10°xCS@3n — 1) + 3n for some integer s> 1. 
Since, by Lemma 1.8.4, 3 divides CS(3n), the result follows. ™ 
Corollary 1.8.2 : 3 does not divide CS(3n + 1) for any integer n= 0. 
Proof: For n= 0, CS(1)=1 is not divisible by 3. 
By Lemma 1.8.4, 3 divides CS(3n) for any integer n> 1. Since (from (1.8.2)), 
CS(3n + 1) = 10°xCS@Gn) + (3n + 1), 
and since 3 does not divide (3n + 1), we get desired the result. m 


Lemma 1.8.5 : For any integer n> 1, 5 divides CS(5n). 
Proof: For n= 1, from (1.8.2), 


CS(5n) = 10°xCS(S5n — 1) +5n for some integer s > 1. 
Clearly, the r.h.s. is divisible by 5. Hence, 5 divides CS(5n). m 


For the Smarandache circular sequence, the question is : How many terms of the sequence 
are prime? 


Fleuren [16] gives a table of prime factors of CS(n) for n= 1(1)200, which shows that none 
of these numbers is a prime. In the Editorial Note following the paper of Stephan [17], it is 
mentioned that, using a supercomputer, no prime has been found in the first 3072 terms of the 
Smarandache circular sequence. This gives rise to the conjecture that there is no prime in the 
Smarandache circular sequence. This conjecture still remains to be resolved. We note that, in 
order to check for prime numbers in the Smarandache circular sequence, it is sufficient to check 
the terms of the form CS(3n + 1) (n= 1), where 3n + 1 is odd and is not divisible by 5. 
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1.9 Smarandache Reverse Sequence {RS(n)}" 


The Smarandache reverse sequence, denoted by {RS(n)}”, , 1s the sequence of numbers formed 
by concatenating the consecutive integers on the left side, starting with RS(1)=1. 


The first few terms of the sequence are (Ashbacher [1]) 
1, 21, 321, 4321, 54321, 654321, ..., 
and in general, the n—th term is given by 


RS(n) =n( -1)...21,n21. (1.9.1) 
From (1.9.1), we see that, for all n>1, 
RS(n+ 1I=(n4+)nw—-1)... 21, n 21, 


=(n+1)10° + RS(n) for some integer s >n (with RS(1)= 1), (1.9.2) 
where, more precisely, 





s=number of digits in RS(n). 
Thus, for example, 
RS(9) =9x10* + RS(8), RS(10) = 10x10" +RS(9), RS(11)=11x10'! +RS(10). 
By repeated application of (1.9.2), we get, for all n> 1, 
RS(n+3)=(n+3)10° + RS(n+ 2) for some integer s>n+2 
=(n+3)10° + (n+2)10'+ RS(n+ 1) for some integer t>n+ 1 
=(n+3)10°+(n+2)10'+ (n+ 1)10"+RS(n) for some integer u>n, (1.9.3) 
where s>t>u2n. Thus, 
RS(n+3)=10"[(n+3)10°° + (n+2)10°" + (n+1)] + RS(n). (1.9.4) 














Lemma 1.9.1 : For any integer n= 1, 
(1) 4 divides [RS(n+ 1) — RS(n)], (2) 10 divides [RS(n+ 1) — RS(n)]. 
Proof: For all n= 1, from (1.9.2), 
RS(n+ 1) — RS(n)= (n+ 1)10* (with s>n), 
and the r.h.s. is divisible by both 4 and 10. m 


Corollary 1.9.1 ; For any n= 2, RS(n) is of the form 4k + | for some integer k > 0. 
Proof : Since RS(2)=21=4x5+1, the result is clearly true for n=2. So, we assume the 
validity of the result for n, that is, we assume that RS(n)=4k+ 1 for integer k> 1. 


Now, by Lemma 1.9.1, for some integer k'> 1, 
RS(n+ 1) — RS(@)=4k' > SO RS(M +: 1) =RS(n) + 4k'=4(k +k’) +1, 


where the expression on the right follows by virtue of the induction hypothesis. 





Thus, the result is true for n+ 1 as well, completing induction. @ 
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Lemma 1.9.2 : Let 3 [n for some n (= 2). Then, 3 | RS(n) if and only if 3 | RS(n — 1). 
Proof: follows immediately from (1.9.2). ™ 

Lemma 1.9.3 : 3 divides [RS(n+3) — RS(n)] for any integer n= 1. 

Proof : is immediate from (1.9.4), together with Lemma 1.1.1. m 

A consequence of Lemma 1.9.3 is the following. 

Corollary 1.9.2 ; 3 divides RS(n) if and only if 3 divides RS(n+ 3). 

Using Corollary 1.9.2, the following result can be established by induction on n. 
Corollary 1.9.3 : 3 divides RS(3n) for all n> 1. 

Corollary 1.9.4 : 3 divides RSGn — 1) for any integer n= 1. 

Proof: follows from Corollary 1.9.3, together with Lemma 1.9.2. @ 


Lemma 1.9.4 : 3 does not divide RS(3n+ 1) for any integer n= 0. 
Proof: The result is true for n=0. For n= 1, by (1.9.2), 
RS@Gn+ 1)=(3n+ 1)10° + RSGn). 
This gives the desired result, since 3 divides RS(3n) but 3 does not divide (3n+ 1). @ 





Lemma 1.9.5 : For any integer n> 1, RS(n+ 1) >2RS(n). 
Proof: Using (1.9.2), we see that 


RS(n+ 1)=(n+1)10° + RS(n) > 2RS(n) if and only if RS(n)< (n+ 1)10°, 
which is true since RS(n) is an s— digit number while 10° is an (s+ 1)—digit number. m 
Corollary 1.9.5 ; For any integer n> 1, RS(n+ 2) — RS(n)>RS(n+ 1). 
Proof: Using (1.9.3), we have (for some integers t and u with t>u) 

RS(n+ 2) — RS(n)=[RS(n+ 2) — RS(n+ 1)] + [RS(+ 1) — RS()] 
=[(n+ 2)10' — (n+ 1)10"] + 2[RS(n+ 1) — RS(n)] 
>2[RS(n+ 1) — RS(n)] 
>RS(n+ 1), by Lemma 1.9.5. 

This gives the desired inequality. m 








Theorem 1.9.1 : There are no numbers in the Smarandache reverse sequence that are 
Fibonacci or Lucas numbers (except for RS(1) = 1 = F(1) = F(2) = LQ), RS(2) = 21 = F(8)). 
Proof: follows from Corollary 1.9.5. @ 








The following expression for RS(n) is due to Alexander [18]. 
i-l 


> C+ [log j) 


n jel 
RS(n) =1+ yi *10 ([x] denotes the integer part of x). 
i=2 
For the Smarandache reverse sequence, the question is : How many terms of the sequence 
are prime? It is conjectured, based on the first 2739 terms, that RS(82) is the only prime in the 
sequence (see Stephan [17]). The conjecture still remains to be resolved. 
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1.10 Smarandache Symmetric Sequence {SS} 


The Smarandache symmetric sequence, denoted by {ss(n)}”, , 1s defined by (Ashbacher [1]) 
1, 11, 121, 12321, 1234321, 123454321, 12345654321, .... 
More precisely, the n—th term of the Smarandache symmetric sequence is 


SS(n)=12 ... (n—2)(n—D(n—2)...21, n>3; SS(1)=1, SS(2)=11. (1.10.1) 





The numbers in the Smarandache symmetric sequence can be expressed in terms of the 
numbers of the Smarandache circular sequence (in §1.8) and the Smarandache reverse sequence 
(in §1.9) as follows : For all n>3, 

SS(n) = 10°xCS(n— 1) + RS(n — 2) for some integer s > 1, (1.10.2) 
with SS(1)=1, SS(2)=11, where more precisely, 
s=number of digits in RS(n—2). 
Thus, for example, SS(3) = 10xCS(2) + RS(1), SS(4) = 10’xCS(3) + RS(2). 
Lemma 1.10.1 : 3 divides SSGn+ 1) for any integer n= 1. 
Proof: Let n (= 1) be any arbitrary but fixed number. Then, from (1.10.2), 
SS(3n+ 1)=10°xCS(3n) + RS(n-1). 
Now, by Lemma 1.8.4, 3 divides CS(3n), and by Corollary 1.9.4, 3 divides RS(3n-1). 
Therefore, 3 divides SS(3n+ 1). @ 


Lemma 1.10.2 : For any integer n= 1, 
(1) 3 does not divide SS(3n), (2) 3 does not divide SS(3n+ 2). 
Proof: Using (1.10.2), we see that 
SS(3n) = 10°xCS(3n—1) + RS(3n—2), n> 1. 
By Corollary 1.8.1, 3 divides CS(3n-—1), and by Lemma 1.9.4, 3 does not divide RS(3n- 2). 
Hence, CS(3n) cannot be divisible by 3. 
Again, since 
SS(3n+ 2)=10°xCS@n+ 1) + RSGn), n= 1, 
and since 3 does not divide CS(3n+1) (by Corollary 1.8.2) and 3 divides RS(3n) (by 
Corollary 1.9.3), it follows that SS(3n+ 2) is not divisible by 3. m 


Using (1.8.4) and Corollary 1.9.5, we can prove the following lemma. The proof is similar 
to that used in proving Lemma 1.7.10, and is omitted here. 
Lemma 1.10.3 : For any integer n> 1, SS(n+ 2) — SS(n)>SS(n+ 1). 


By virtue of the inequality in Lemma 1.10.3, we have the following. 


Theorem 1.10.1 : (Except for the trivial cases, SS(1)=1=F(1)=L(), SS(2)=11=L(5)), 
there are no members of the Smarandache symmetric sequence that are Fibonacci (or, 
Lucas) numbers. 


31 Chapter 1 : Some Smarandache Sequences 


The following lemma gives the expression of the difference SS(n+ 1) — SS(n) in terms of 
the difference CS(n) — CS(n— 1). 


Lemma 1.10.4 : SS(n+ 1) — SS(n)= 10°"'[CS(n) — CS(n - 2)] for any integer n>3, 
where 

s=number of digits in RS(n - 2), 

s+t=number of digits in RS(n- 1). 
Proof: By (1.10.2), for n= 3, 

SS(n) = 10°xCS(n— 1) + RS(n—-2), 











SS(n+ 1)= 10°"«CS(n) + RS(n- 1), 
so that 
SS(n+ 1) — SS(n) = 10°[10'xCS(n) — CS(n— 1)] + [RS(n- 1) — RS(n—2)] 
= 10°[10'xCS(n) — CS(n- 1) + (n- 1)], (1) 
where the last equality follows from (1.9.2). 
But, 


me if 2<n-1<9 
~ |m+1, if 10" <n-1<10™" -1 for some integer m > 1 
= number of digits in (n — 1). 

Therefore, by (1.8.2) 


CS(n—1)=10'xCS(n—2) + (n—1), 
so that 
CS(n- 1) — (n—-1)=10'xCS(n— 2). 


Now, plugging in this expression in (1), we get the desired result. 


We observe that SS(2)=11 is prime; the next eight terms of the Smarandache symmetric 
sequence are composite numbers and squares : 


SS(3)=121= 117, 

SS(4) = 12321 = (3x37) = 1117, 

SS(5) = 1234321 =(11x101)?= 11117, 

SS(6) = 123454321= (41271) = 111117 

SS(7) = 12345654321 = (3x7x11x13x37)= 1111117, 

SS(8) = 1234567654321 = 11111117, 

SS(9) = 123456787654321= 11111111’, 

SS(10) = 12345678987654321 = (9x37x333667) = 1111111117. 


For the Smarandache symmetric sequence, the question is : How many terms of the 
sequence are prime? The question still remains to be answered. 
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1.11 Smarandache Pierced Chain Sequence {PCS(n)}", 


The Smarandache pierced chain sequence, denoted by {PCS(n)}" , 1s defined by (Kashihara 
[19], Ashbacher [1]) 
101, 1010101, 10101010101, 101010101010101, ..., 
which is obtained by successively concatenating the string 0101 to the right of the preceding 
terms of the sequence, starting with SPC(1) = 101. 
We first observe that the elements of the Smarandache pierced chain sequence, 


{PCS(n)}" , satisfy the following recurrence relation : 
SPC(n + 1) = 10*xSPC(n) + 101, n> 1; SPC(1)=101. (1.11.1) 


We can now prove the following result, giving an explicit expression of SPC(n). 


Lemma 1.11.1 : The elements of the sequence {PCS(n)}" are 


101, 101(10* + 1), 101(108 + 10* +1), 101(10'? + 10° + 10* +1), ..., 
and in general, 
SPC(n) = 101[10°*? +104" +... +104 +1], n>1. (1.11.2) 
Proof : The proof of (1.11.2) is by induction on n. The result is clearly true for n = 1. So, we 
assume that the result is true for some n. 
Now, from (1.11.1), together with the induction hypothesis, we see that 


SPC(n + 1)=10*xSPC(n) + 101 
=10*(10100%""? + 10% + ... +104 + 1)] +101 
=101(10" + 10%") + ... + 10* +1), 
which shows that the result is true forn+ 1. Mf 





From Lemma 1.11.1, we see that SPC(n) is divisible by 101 for all n=1. Thus, from the 











sequence {PCS(n)}"_, we can form another sequence, namely, the sequence ot ; 
whose explicit form is given in the following corollary. 
Corollary 1.11.1 : The elements of the sequence fccad are 
n=l 
lxtlwetxtlxtx+xtl,..., 
where x = 10*; and in general, 
EOD week. ah, (1.11.3) 


101 
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101 


1, 10001, 100010001, 1000100010001, ...; 
and the terms of the sequence satisfy the recurrence relation, given in the following 


The first few terms of the sequence 


PCS(n) } se 
1 


Corollary 1.11.2 : For any integer n= 1, 
PCS(n +1) _ 10" 4 PCS(n) PCS(1) _ 


101 101° 101 
Proof: Evident from (1.11.3). m 








From Corollary 1.11.2, we see that, for any n> 1, 


PCS(n Tr 2) = 1904+) a PCS(n 1; 1) PCS(n) 














—— = 10°" (107 +1 HI. 
101 101 Coes Eas ak Ce 
P pa 
CS(n + 3) _ gaara , POS(2 +2) _ J pn (108 #107 +.1)4 ——— ee (1:11:35) 
101 101 101 
PCS(2n) PCS(2) 





Lemma 1.11.2: = (10%) + 10° +... +108+ 1) n>1 


Py cl. 


101 101 


Proof : The proof is by induction on n. The result is clearly true for n=2. Assuming the 
validity of the result for some n, we see from (1.11.4) that 




















PCS(2n+2) _ J p6n (ot +1) PCS(2n) 
101 101 
=10°" (104 +1) {108 POMPE. ok Ae OF + 1} ECS) 
101 
= {10 +108) 410%) 4. 4108 41) pes)! 
101 
which shows that the result is true for n+1 as well. @ 
Lemma 1.11.3 : PES — (1917 + 10% + . +104 17S n> ae 


Proof : The result is clearly true for n=2. Assuming the validity of the result for some n, we 
see from (1.11.5) that 


PCS(3n + 3) 2 10!22 (108 4: 104 fe 1) if PCS(3n) 
101 101 
PCS(3) 
101 





=10'7" (108 +104 +1) + | aes ee ig nec Saeed A ee 1} 


> 


={10'" +107) +107) +... +10” +1} 7) 


which shows the validity of the result for n+ 1, thereby completing induction. m 
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ioe} 


PCS(n tte : 
For the sequence occas , the question is : How many terms are prime? 


n=! 
Note that the second and third terms of the sequence are not primes, since 


Jos 10001 = 73x137, BESE) 
101 101 








= 3x33336667. 


We now prove the more general result. 





Theorem 1.11.1 : For any integer n> 2, is a composite number. 


PCS(n) 
101 
Proof : The result is true for n = 2. In fact, the result is true ifn is even as shown below : If 
n (= 4) is even, let n=2m for some integer m (> 2). Then, from (1.11.3) (where x = 10’), 


PCS(2m) _ 2m-1 Pym 24, 











t tx +] 
101 
=x™ x41) t+ 0. + (+1) 
=(x +17"? + x7™F + 1 +0), (1.11.6) 
which shows that EeseD) is a composite number for all m (2 2). 


101 
Thus, it is sufficient to consider the case when n is odd. First we consider the case when n is 
prime, say n= p, where p (> 3) is a prime. In this case, from (1.11.3) (with x = 10’), 


POD) grt gyre 41 ako), (1) 
101 x-1 
Let y = 10” (so that x = y’). Then, 
xelay Sly De 1); 
xP 1=(y PP -1=(y? + IG" - D). 
Using the Binomial expansions of y?+1and_ y?—1, we get from (1) 
PCS(p)_x?-1_y?-1_(y?-Dy? +) 
101 eal yell G-Diy+) 
































(y-Dy+) 
oe Mie ilies ice a) leas aims ae er sD 
so that 
P 
SP) = (ye yr? + yP FP = # yP + yh? + yh t+). 7) 
PCS(p) 





The above expression shows that is a composite number for each prime p (> 3). 


101 
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Finally, we consider the case when n is odd but composite. Let n= pr, where p is the largest 
prime factor of n, and r ( = 2) is an integer. Then, 


PCS(n) _ PCS(pr) 


























101 101 
Se Logg ch 
= xPODyPHh g xP HHL) H xP A qPE ¢ xP? 4 4:1) 4 
Ge bab aed) 
= (xP + xP 2H DKPD + xP 4 + 1], (1.11.8) 
and hence, ae = nese) is also a composite number. 


All these complete the proof of the theorem. ™ 


Following different approaches, Kashihara [19] and Le [20] have proved by contradiction 
the result of Theorem 1.11.1. On the other hand, we prove the same result by actually finding 








P P 
out the factors of res) From (1.11.6), (1.11.7) and (1.11.8), it is clear that Ste) 
not be a square for any n= 2. 
PCS(2 
Lemma 1.11.2 shows that ae can be expressed in terms of a) and 
Lemma 1.11.3 shows that rc) can be expressed in terms of ao Some 
consequences of these results are given in the following corollaries. 
PCS(3 
Corollary 1.11.3 : 3 divides for all n> 1. 
Proof: follows from Lemma 1.11.3. m 
P 
Conotiany L110 Gift, Haran: 


Proof: By virtue of Lemma 1.11.3 and Corollary 1.11.3, it is sufficient to show that 
3 | (1072G2-) + 19/2G2-2) + we +10!7+ 1). 


The proof is immediate, since, the number of 1 in 10°") + 1076" +... +10!7+1 is 3n, 
and hence, it is divisible by 3. m 


PCS(n) 
101 
an integer is called square-free if it is not divisible by the square of a prime. Corollary 1.11.4 


shows that an infinite number of terms of the sequence are not square-free (see also Su Gou and 
Jianghua Li [21]). 





Kashihara [19] raises the question : Is the sequence square-free? Recall that 
=1 
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1.12 Series Involving Smarandache Sequences 


From the Smarandache circular sequence (given in §1.8), we can form the series 


ee ee (of 
CS(n)«d12,—«d#‘23.—«*1:234 





The following lemma shows that the series (1.12.1) is convergent, and finds its bounds. 





Lemma 1.12.1 : The series (1.12.1) is convergent with 1< 2, Oe ie 


Proof : First note that 
CS(n)> 10°"! for all n>1. 


- 1 —- 1 _10 
oy CS(n = = oe 


n=! n=1 


Then, 





Combining together the Smarandache circular sequence (§ 1.8) and the Smarandache reverse 
sequence (§ 1.9), we can form the series 


x CS(n) _ +12, 123 ,, 1234 
RS(n) 21.321 4321 





n=! 


In connection with this series, we have the following result. 





Lemma 1.12.2 : The series >. iS is divergent. 


n=1 





of the given sequence. The first 


Proof : Let us consider the subsequence 
RS(10") 


CS(10") } 


few terms of the subsequence are 


(10)9 ... 21° (100)99 ... 21° (1000)999 ... 21” 
This shows that 
CS(10")>RS(10") for all n> 1, 








so that lim ese!) 
noe RS(10") 








Hence, the series 2, as is divergent, and so also is 2, <s 
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1.13 Some Remarks 


This chapter gives some elementary properties of ten Smarandache recurrence type sequences. 
In each case, the recurrence relation, satisfied by the sequence, is given. 


In case of the Smarandache odd sequence, even sequence, prime product sequence, square 
product sequences of two types, permutation sequence, circular sequence and the reverse 
sequence, we have shown that none of these sequences satisfy the recurrence relation of the 
Fibonacci or Lucas numbers. This shows that, none of these sequences can contain three or 
more consecutive Fibonacci numbers or Lucas numbers in a row. It should be mentioned here 
that our theorems don’t rule out the possibility of appearance of Fibonacci or Lucas numbers, 
scattered here and there, in any of these sequences. 


In case of the Smarandache odd sequence, we find that the terms of the forms OS(3n) and 
OS(5n+ 3) cannot be primes; for the circular sequence, we show that the terms of the form 
CS(@n), CS(3n—1) and CS(5n) cannot be primes; while, only terms of the form SS(3n+ 1) of 
the symmetric sequence cannot be primes. On the other hand, it has already been settled that no 
terms of the pierced chain sequence is a prime, and the higher power sequences of the two kinds 
can each contain only one prime. Thus, the following old conjectures still remain open. 


Conjecture 1.13.1 (Marimutha [3]) : There are infinitely many primes in the Smarandache 
odd sequence. 


Conjecture 1.13.2 (Russo [9]) : The Smarandache square product sequences of two kinds 
each contains only a finite number of primes. 


Conjecture 1.13.3 : The Smarandache circular sequence contains no primes. 
Conjecture 1.13.4 : Only RS(82) of the Smarandache reverse sequence is prime. 


In case of the Smarandache even sequence, we find that the terms of the forms ES(k.10"+6) 
and ES(k.10"+ 6) (1<k<9) cannot be perfect squares, for the Smarandache higher product 
sequences of two kinds, our finding is that none contains perfect squares, for the Smarandache 
permutation sequence, no terms can be perfect powers. So, the following question still remains 
to be resolved. 


Question 1.13.1 (Ashbacher [1]) : How many terms of the Smarandache even sequence are 
perfect powers? 
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Chapter 2 


Murthy [1] introduced four determinant sequences, called the Smarandache cyclic determinant 
natural sequence (SCDNS), the Smarandache cyclic arithmetic determinant sequence (SCADS), 
the Smarandache bisymmetric determinant natural sequence (SBDNS), and the Smarandache 


bisymmetric arithmetic determinant sequence (SBADS). 


In this chapter, we consider the problem of finding the n—th terms of these sequences. The 
expressions of the n—th terms for the Smarandache cyclic arithmetic determinant sequence and 
the Smarandache bisymmetric arithmetic determinant sequence are given in §2.1 and §2.2 
respectively. It may be mentioned that, the SCDNS is a particular case of the SCADS, and the 
SBDNS is a particular case of the SBADS. In §2.3, we consider the problem of finding the sum 
of the first n terms of the Smarandache bisymmetric determinant natural sequence and the 
Smarandache bisymmetric arithmetic determinant sequence. 


In §2.1 and §2.2, we would make use of the following results. 


Lemma 2.1 : Let D=| di, 


a, ifi=j 


i otherwise 
where a is any real number. Then, 


D=| 1 
1 
1 
1 
1 





Proof : Performing the indicated column operations (where C,->C,—C, indicates the 
column operation of subtracting the 1“ column from the i-th column, 2 <i<n), we get 


D=| 1 
1 
1 
1 
1 


1 
1 
a 


1 
1 


1 
1 
a 


1 
1 





1 
1 
1 


a 
1 


1 
1 
1 


1 
a 


1 |=(a-1"". 





C26 
CS Ce=C; 
CSc aC 
=|a-l 0 
0 a-l 
0 0 
0 0 


1 
1 
1 
1 
1 


oo oo 


a-l 


0 


0 
a-l 


Smarandache Determinant Sequences 


(1 <i,j <n) be the determinant of order n (> 2) with 


0 


where the last determinant is diagonal of order n—1 whose diagonal elements are all (a—1). 


Hence, 


D=(a-1)""'.m 
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Lemma 2.2 : Let D® =| di 


@ _}a ifi=j 
dj" = . 
1, otherwise 





(1 $i,j <n) be the determinant of order n (>2) with 


Then, 
D®s|a 1 1 + 1 1 l=@-Dp'"(@+n-)). 
ladle 1 1 
1 1am 1 1 
a ee ae 
bok Te eo Da 








Proof : We perform the indicated column operations (where C,>C,+C,+...+C, 
indicates the operation of adding all the columns from 1 through n and then replacing the 1* 




















1 : : 
column by that sum, and C, 2 Ca0 = G. aac denotes the operation of taking out the 
common sum) to get 
D®s|/a 11-11 = (a+n-l)/1 1 1 1 1 
13. Tee 4 C,9C,+C,+..4+C, a l- 11 
LD ae AT 1 Lod! ae eet oy 
“it CAG EG, 
1 11-+ad 111+ aid 
111+ tda Lo es Oe 














=(atn-1)(a—-1)"", 
where the last equality follows by virtue of Lemma 2.1. @ 


Lemma 2.3 : Let A,=| a; 


y 


-(} if i<j 





(1 $i,j <n) be the determinant of order n (> 2) with 


a. = 
"1-1, otherwise 
Then, 
A,=| 1 1 1 1 Wi Aaa 
—| 1 1 1 1 
-l - 1 1 1 1 
: 1 1 
Sf Spi 2h a SP. he 
| aes A ee Cee ae 





Proof : The proof is by induction on n. Since 


A,=| 1 1|=2, 





the result is true for n=2. So, we assume the validity of the result for some integer n (= 2). 
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To prove the result for n+1, we consider the determinant of order n+1, A,+;, and perform the 
indicated column operations (where C,-—>C,+C, indicates the operation of adding the n—th 
column to the 1“ column to get the new 1* column), to get 





Ga) T a Dee 4 
ans ee | J e 1 
ele Me | 
eee ee 








— eee 


— ee 





Hence, by virtue of the induction hypothesis, 


An+1 > 2An=2", 


C, SC.46, 


=2) 1 1 
-1 1 
-1 -l 
-1 -l 


so that the result is true for n+ 1. This completes induction. @ 


Lemma 2.4 : Forn(22), B,=| 1 





1 
1 


-l 


-l 
-l 


-l 
-l 


1 
1 
-l 


—l 
-l 





1 
-l 
-l 


-l 
-l 








1 1: 1 11 
1 1: 1 11 
-l 1: 1 11 
1 1 
-l -l - 1 1 
1 -l 1 -1 1 
1 1 1{=2A,. 
1 11 
1 1 
-1 11 
-1 -1 1 
= call! get 





Proof : We consider the following two cases depending on whether n is even or odd. 
Case 1 : When n is even, say, n=2m for some integer m2 1. 
In this case, starting with the determinant B, = Bon, we perform the indicated column operations. 





B,=B,,=|1 1 1 
1 1 1 
1 1 1 
1 1 -l 
1 -1l -l 
=. toler 
CoC, 
2 o 2m-1 
Cn o Cia 





1 


1 


1 








1 1-1 
ie eee | 

sVieety 24 

= ie Oe | 

1 11 ie <i 
a a 4 i, 
Stet a 1 1 
: 1 
ee 1 1 
bete4 et 





— ee 
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Here, C,<>C,,, means that the 1“ and the (2m)—th columns are interchanged, which involves 
2m-—1 number of interchanges of columns, changing the sign each time. Similarly, C, <C,,,_, 


means that the 2" and (2m—1)—st columns are interchanged, involving 2m—2 number of 
interchanges of columns, and so on, and finally, the m—th and (m+1)-—st columns are 
interchanged. Thus, the total number of interchanges of columns is 


(2m—1)+(2m—2)+...+1=m(2m- 1), 
which gives the number of times the sign changes. Then, by Lemma 2.3, 
B= Be ly Ag mel ae. 
Case 2 : When n is odd, say, n=2m-+ 1 for some integer m= 1. 
In this case, starting with B, = Bom+1, we perform the indicated column operations to get 














B,=B,.=}1 1 1s 1 1 1 
bo Be oO St 
Ie. ee 20 Sh Sl 
1 =| = | 
es ee = Ait 
= cp™] 1 1 1 ngs | 
CG... =e ba | t aa 
Ce G. eaCsele 3 1 11 
1A 
Ce O.s i i ih 
ee ees | ies ae 











Note that, in this case, the total number of interchanges of columns is 
(2m) + (2m—-1)+...+1=m(2m+1). 

Therefore, by virtue of Lemma 2.3, 
Be= Bea =ily Asa ely 2 Sey 





Since, in either case, m= [2] ([x] being the floor function), the result is established. ™ 


2.1 Smarandache Cyclic Arithmetic Determinant Sequence 


The Smarandache cyclic arithmetic determinant sequence is defined as follows. 


Definition 2.1.1 : The Smarandache cyclic arithmetic determinant sequence, denoted by, 
{SCADS(n)}, is (where a and d are any real numbers) 


a at+d a+2d a+3d 
at+d a+2d a+3d a 
a+2d a+3d a at+d ? J° 
a+3d a at+d a+2d 


a at+d a+d2d 
,| atd a+2d a |, 
at+2d a at+d 


a atd 


4% | add a 
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Theorem 2.1.1 : The n—th term of the Smarandache cyclic arithmetic determinant sequence, 


{SCADS(n)}, is 





SCADS(n) = a a+d a+ 2d 
a+d a+ 2d a+3d 
a+ 2d a+3d a+4d 
a+ 3d a+ 4d a+5d 

a+(n—2)d at(n—-ld a 
a+(n-Id a at+d 
-c lil (a+a51q) (nd)"". 


Proof : We consider separately the cases when n is even and odd respectively. 


Case 1 : Ifn=2m for some integer m2 1. 
In this case, performing the indicated column and row operations, we get successively 




















SCADS(n) = a at+d a+2d --- a+(2m—3)d a+(Q2m-2)d a+(2m—lN)d 
at+d at+2d at+3d --- a+(2m—2)d a+(2m—lNd a 
at 2d at+3d at+4d --- a+(2m—l)d a at+d 
at+3d a+ 4d at+5d :-: a at+d a+2d 
a+(2m—-2)d a+(Qm-I)\d a - a+(Qm-—5)d a+(Qm-—4)d a+(2m—3)d 
a+(2m—l)d a atd --- a+(Qm-4)d a+(2m—3)d a+(2m-—2)d 
= (-lI™Ja+Qm-Id a+Qm-2)dat+Qm-3)d--- at2d a+d a 
Coc, a a+(2Q2m-l)da+Qm-2)d--- a+3d a+2d a+d 
CoC atd a at+(2m-Jd--- a+4d at+3d at+2d 
a+2d at+d a + a+5d a+4d a+3d 
C, OCyy : 
a+(2m—4)d a+ (2m—5)d a+ (Qm-6)d --- a+ (2m—1)d a+ (2m -— 2)d a + (2m — 3)d 
a+ (2m —3)d a+ (2m—4)d a+(2m—S5)d --: a a+(2m—1l)d a+ (2m —2)d 
a+ (2m —2)d a+ (2m-—3)d a+(2m-4)d--- a+d a a+ (2m —1)d 
(-D"S,,, |a+ (2m—Nda+(2m—2)da+2m—3)d--- at+2d atd 1 
Cam > OFF Cam : a at(2m—Nda+(Qm—2d--- at3d ata 1 
Cin > CG CG a+d a a+(2m-—l)d--- a+4d a+3d 1 
Beare Se gem at+2d at+d a at+5d a+4d 1 
a+(2m—4)da + (2m —5)da + (2m — 6)d---a + 2m —I)da + (2m — 2)d1 
a+(2m-—3)da+ (2m-—4)da+(2m-—S5)d--- a a+(2m-l)d 1 
a+(2m—2)da+(2m-—3)da+(2m—4)d:-- at+d a 1 
= (-)"S, ja+(Qm-—Dd a+(Qm—2)d a+(Q2m—3)d --- a+2d a+d 1 
R,->R,-R (1—2m)d d d ve d d 0 
R,>R,-R d (1— 2m)d d d d 0 
d d (1—2m)d d d 0 
Ru, OR -Raw4 
d d d vt d d 0 
d d d +++ (1—2m)d d 0 
d d d : d (1—2m)d 0 

















a+(n—2)d 
a+(n—Il)d 
a 
a+d 


a+(n—4)d 
a+(n—3)d 





a+(n-l)d 
a 
at+d 
at+2d 


a+(n—3)d 
a+(n—2)d 
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1-—2m 





1 1 
1-2m 1 vs 
1 1-2m --- 
1 1 i 
1 1 ve] 
1 1 nn 


where the determinant above is of order (2m—1), and 





1 
1 
1 


1 
—2m 


1 1—2m 


Son=at (at+d)+(a+2d)+...+[a+(2m-—1)d]=2ma+m(2m-1)d. 
Therefore, by Lemma 2.2, 
SCADS(n)=(-1)™"" {2ma + m(2m = 1)d} d?""{(= 1)" my? | 


=" {a oem a| a?! 2m)?" 


Case 2 : Ifn=2m+ 1 for some integer m2 1. 
In this case, performing the indicated column and row operations, we get successively 

































































SCADS(n) = a at+d a+2d a+(2m-—2)d a+(2m-—l)d a+ 2md 
a+d at+2d a+t+3d a+(2m-—1)d a+ 2md a 
a+ 2d at+3d a+4d a+ 2md a at+d 
at+3d a+4d a+5d a a+d a+ 2d 
a+(2m-I)d a+2md a a+(2m-—4)d a+(2m-—3)d a+(2m—2)d) 
a+2md a at+d a+(2m—3)d a+(2m—2)d a+(2m—1)d 
= (-)™| a+2md a+(2m—I)d a+(Qm-—2)d --- a+2d a+d a 
COC ia a at+2md a+(2m-—l)d --- a+3d a+ 2d at+d 
C,oC,, a+d a a+ 2md - a+4d at+3d a+2d 
: a+2d at+d a - a+5d a+4d at+3d 
COC. : 
a+(2m—3)d a+(2m—4)d a+(2m—5)d ---a+2md a+(2m-—I)d a+ (2m—2)d 
a+(2m-—2)d a+(2m—3)d a+(2m-4)d ++» a a+2md a+(2m-—ld 
a+(2m—I)d a+(Qm-—2)d a+(Qm-—3)d--- a+d a a+ 2md 
—-])"S at+2md a+(2m-—I)d a+(Qm-—2)d--- a+2d a+d 1 
CaaS eee on a at+2md a+(2m-—I)d--- a+3d a+2d 1 
Cynit > ! a+d a a +2md - a+4d a+3d 1 
CAC wat 
a+2d a+d a - a+5d a+4d 1 
(2m —3)d a+ (2m—4)d a+ (2m—5)d ---a+2md a+(2m—1)d 1 
a+(2m—2)da+(2m—3)da+(2m-4)d::- a a+2md 1 
a+(2m—Id a+(2m—2)d a+(Qm—3)d--- at+d a 1 












































(where Sym:1=at (at+d)+(at2d)4 


... +(a+2md)=(2m+ l)at+m(2m+ 1)d=(2m+ 1)(a+md)) 
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= (-)"S,4, | a+2md a+Qm—Id a+(Qm—2)d --- at+2d at+d 1 
R,>R,-R, —2md d d we’ id d 0 
R,>R,-R, d —2md d hae d d 0 

: d d —2md Ud d 0 
Rost > Ramu — Rom : 
d d d ed d 0 
d d d -- -2md d 0 
d d d --  d  -2md 0 
=(-l)” {(2m+](@+md)} (-1I)"""d™" |-2m 1 1 1 1 
1 —2m 1 1 1 
1 1 —2m 1 1 
1 1 1 1 1 
1 1 1 —2m 1 
1 1 1 1 —2m 








Now, noting that the last determinant above is of order 2m, we get, by Lemma 2.2, 
SCADS(n) = (-1)” (2m + Ifa + md)d?” {(= 1)" (2m + 1°" 


=e i + GnDelalae (Qm +1)", 


nh 


Now, in either case, m= | 5) 


| . Hence, the theorem is proved. ™ 


Definition 2.1.2 : The Smarandache cyclic determinant natural sequence, denoted by 
{SCDNS(n)}, is 


Re BL UW 


1 

1 2 
1, ellie 
2 1 3 








WNrR 


2 


The first few terms of the sequence {SCDNS(n)} are 
1, —3, —18, 160, 1875, .... 


Note that the Smarandache cyclic determinant natural sequence is a particular case of the 
Smarandache cyclic arithmetic determinant sequence, with a= 1, d=1. Hence, as a consequence 
of Theorem 2.1.1, we have the following result. 


Corollary 2.1.1 : The n—th term of the Smarandache cyclic determinant natural sequence is 





SCDNS(n) =| 1 2 3 n-2 n-l n |= cli (2) nt 
2 3 4 n-l on 1 2 
3 A 5 oe n 1 2 
4 5 6 «+: 1 2 3 
n-l n 1 n-4 n-3 n-2 
n 1 2 n-3 n-2 n-l 
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2.2 Smarandache Bisymmetric Arithmetic Determinant Sequence 


The Smarandache bisymmetric arithmetic determinant sequence is defined as follows. 


Definition 2.2.1 : The Smarandache bisymmetric arithmetic determinant sequence, denoted 
by {SBADS(n)}, is (where a and d are any real numbers) 





4 a at+d a+2d 
a, ee i. ,| atd a+2d acd |, ..-. 
a a+2d at+d a 











Theorem 2.2.1 : The n-th term of the Smarandache bisymmetric arithmetic determinant 
sequence, {SBADS(n)}, n=5, is 


SBADS(n) = a at+d at+2d ++» a+(n—3)d a+(n—2)d at+(n—N)d 
at+d a+ 2d at3d «+» at+(n—2)d a+(n—Id a+(M—2)d 
a+2d a+3d at4d «+» at+(n—Id a+(n—2)d at+(n—3)d 

at+(n—3)d a+(n—2)d a+(n—-Id --- a+4d a+3d a+ 2d 
at+(n—2)d a+(m—I)d a+(n—2)d --- a+3d a+2d at+d 
at+(n—-Id a+M—2)d at+(n—3)\d ---  a+2d at+d a 








ane (a+251a) eam 


Proof : Starting with SBADS(n), we perform the indicated row and column operations. 











SBADS(n) = a at+d at+2d ++» a+(n—3)d a+(n—2)d a+(n—l)d 
at+d a+2d at3d ++» a+(n—-2)d at+(n—-Id a+(n—2)d 
a+2d at+3d at4d --- at+(n—-Id at+(n—2)d a+(n—3)d 

a+(n—3d at(n—2d at(n—Dd » at4d at3d = a t-2d 
at(n—2)d a+M—Id at+(M—-2)d --- at3d a+ 2d at+d 
at+t(n—Id at+(n—-2)d at+(n—3)d +. at+d at+d a 

= a atd a+2d -- at(n-3)d at+(n—-2)d a+(m-—led 

R,->R,-R, [d d d ve d d -d 

R,—-R,-R, |{d d d ves d —d —d 

R,9R,-R,,/@ 4 d +d d 4d 
d d -d -d —d -d 
d +d -d -d -d -d 

= d’' ja a+d a+2d - a+(n-3)d a+(n—2)d 2a+(n-1)d 
C, > C, +C, 1 1 1 nee 1 1 0 
1 1 vs 1 —1 0 
Ya i: aa = = 0 
1 1 —1 vs —] -1 0 
1 -1 —] vs —] —1 0 
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=(-)™'d"" {2a¢+(n-Dd} [1 1 1 1 1], 
Pod oder 1 -l 
1 od doe -1 -1 
1 1 -l + -1 -1 
1-1 -l + -1 -1 








where the last determinant above is of order n—1. Now, appealing to Lemma 2.4, we get 
nl 
SBADS(n)=(-1)""' d"" {2a + (n - Id} cu) 7 e) 
Now, if nis even, say, n= 2m for some integer m, then 


(-)) 


and if n is odd, say, n=2m-+ 1 for some integer m, then 


neta] Bt 


Macy acon acne 


+14] aol BR 
cy] yawn = cys = 
Hence, finally, we get 
SBADS(n) = ane d™' {2a +(n—1)d}2"%, 
which we intended to prove. ™ 


Definition 2.2.2 : The Smarandache bisymmetric determinant natural sequence, denoted 
by{SBDNS(n)}, is 


1 
1, elke 
3 





1 
2 





The first few terms of the sequence {SBDNS(n)} are 
1, —3, —8, 20, 48, —112, —256, 576, .... 


Note that the Smarandache bisymmetric determinant natural sequence is a particular case of 
the Smarandache bisymmetric arithmetic determinant sequence, with a=1, d=1. Hence, we 
have the following result as a consequence of Theorem 2.2.1. 


Corollary 2.2.1 : The n-th term of the Smarandache bisymmetric determinant natural 
sequence, {SBDNS(n)}, n= 5, is 


SBDNSin)=| 1 2 3 er ae: on _yl eno 
2 3 4 n-1l n n-l 
3 4 5 oo n n-l n-2 
n-2 n-l n te 5 4 3 
n-l n n-l - 4 3 2 
n n-l n-2 -- 3 2 1 
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2.3. Series With Smarandache Determinant Sequences 


2.3.1 Smarandache Bisymmetric Determinant Natural Sequence 


We consider the Smarandache bisymmetric determinant natural sequence, {SBDNS(n)}" , for 


which the n-th term is, by Corollary 2.2.1, 


SBDNS(n) = ane (n+1)2"7, 
Let {s,}-. 


=l 


oo 


be the sequence of n-th partial sums of the sequence {SBDNS(n)}", , so that 


S, = ) SBDNS(k), n> 1. 


k=1 
In this section, we give an explicit expression for the sequence Sis This is given in 
Theorem 2.3.1.1. To prove the theorem, we would need the following results. 


4m 
Lemma 2.3.1.1 : For any integer m2 1, >, “dy? = Co =) 
k=1,3...(2m-1) (2d)" -1 


Proof : Note that, the series is a geometric series with the common ratio (2d)*. m 


Lemma 2.3.1.2 : For any integer m= 1, 
k yen _ 2m .m (y+ Dy" -) 

















k=1,3,...(2m-1) yo (y= 1)’ 
Proof : Let the series on the left be denoted by s, so that 
s=1+3yt+5y*+...+(2m-—1)y™. (*) 
Now, multiplying (*) by y and then subtracting the resulting expression from (*), we get 
(1—y)s=1+ 2y+2y’+... + 2y™?- (2m-1)y™ 
=[21tyty?+...+y™)-1]-@m-1y” 
-2( 3] ~1—(2m-— 1Dy™ 
y-l 
+1)(y" -1 
thy =). omy", 
y-l 


which now gives the desired result. m 


From Corollary 2.2.1, we see that, for any integer k> 1, 
SBDNS(2k) + SBDNS(2k + 1) =(-1)‘(6k + 5)27**, 
SBDNS(2k + 2) + SBDNS(2k + 3) =(—1)"'(6k + 11)2*%, 
so that 
SBDNS(2k) + SBDNS(2k+ 1) + SBDNS(2k + 2) + SBDNS(2k +3) 
=3(-1)"*'(6k + 13)2°** (1) 
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Theorem 2.3.1.1 : For any integer m>0, 
— 3 42Q2m+) , 31 54m 6 _ 2 4m-1 
(1) Samer == m2 ete {(60m + 31)2 ah 








25° 25 25 
(2) Sam+2= = noe x 22em+1) x = $5 {0m +1n2*" +3}, 
Gee - mater 7 $5 gee * = oe {(60m + 61)2*"*" +3}, 
(4) Samea= : m2*™*>+ * ae * = $5 {5m $+ 8)24med _ 3}. 


Proof : The first four terms of the sequence {S,}", are: 
Ss; 1, S5 2, S3 10, S4= 10. 
(1) The sum of the first (4m+ 1) terms of the sequence, S441, can be written as 
Sam+1= SBDNS(1)+ SBDNS(2)+... + SBDNS(4m + 1) 
= SBDNS(1) 
+ DS [SBDNS(2k) + SBDNS(2k + 1) + SBDNS(2k + 2) + SBDNS(2k + 3)], 
k=1,3,...,(2m-1) 


so that, by virtue of (1), 











Samt1 = SBDNS(1) far 3 by (-1)"! (6k + 13)27? 
k=1,3,...,(2m-1) 
=SBDNS(1)+3460 kM 413 gre 
k=13,...,(2m-1) k=1,3,...,(2m-1) 


Now, appealing to Lemma 2.3.1.1 (with d= 1) and Lemma 2.3.1.2 (with y =2"), we get 


3 n4mt2 — 34 754m 13 (54m 
Sam+1 = 1+[=m2 2 )]+=Q2 Ds 
imei = 1+ [m2 — 34 2 —p]+ Bam —y 

which now gives the desired result after some algebraic manipulations. 
(2) Since Sam+2=Sam+1 +SBDNS(4m + 2), 


from part (1) above, together with Corollary 2.2.1, we get 





_73 22m+1), 3154m 6 4m 
=[=m2 +==2™—-—]-(4m + 3)2 
Sam+2 LS 25 75 | ( m 3) ’ 


which simplifies to the desired expression for Sam+2. 
(3) Since 
= —p_ 1 44m3_ 11 52m+) 6 
= + +3)=f-—= a 1 2VS 
Sam+3 Sam+2 SBDNS(4m 3) [ 5 m2 25 2 25 
we get the desired expression for S4n+3 after simplifications. 
(4) Since 


Sam+4= Sam+3 + SBDNS(4m +4) =[- : m2serr) _ Ss pre oy — (4m + 5)24"*?, 


the result follows after some simple algebraic simplifications. 


le (4m + A. 


The case when m=0 can easily be verified. Hence, the proof is complete. m 
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2.3.2 Smarandache Bisymmetric Arithmetic Determinant Sequence 


ee) 
1? 


We consider the Smarandache bisymmetric arithmetic determinant sequence, {SBADS(n)} 
for which the n—th term is given by Theorem 2.2.1. Let {S,} be the sequence of n-th partial 
sums of the sequence {SBADS(n)}",, so that 


S, = )) SBADS(k), n> 1. 
k=1 


An explicit expression for the sequence ic a is given below. 


Theorem 2.3.2.1 : For any integer m>0, 


2 
(1) Seas & in(2d oF 1) Cae re ealzs + 1) ie d(4d ae = 1) (2a)™ 
4d? +1 4d? +1 (4d2 +1) 








| eae —4d-1) a(Q2d- 2 | 














(4d* +1)? Ad? +1 
2d —=1) 4 4m3 | a(2d-1) , d(4d° +3d—1) Be 
Q2) 5. = Md =) py gyams _| a@d = 1) a 
as Ad? +1 a) 4d?+1- (4d? +1)’ Cd) 
i d*(4d*-4d-1) _a(d—-1) 
(4d? + 1) 4d? +1 | 
3 2 
(3) 5,..,=—M24+D (gqysmn _ g] 2a@d+1) , ded’ + 4d" + 84 +3) | (5 g)smre 
Ad? +1 Ad? +1 (4d? +1) 
z d’°(4d*-4d-1)  a(2d—-1) 
(4d? + 1)° 4d° +1 |’ 
3 2. 
(4) Sioa = ~ MEd =D (ggyimsy ated = 1) ae d(i2d = ae ie = 2) (2d) 
4d? +1 Ad? +1 (4d? +1) 





d’°(4d*-4d-1) a(2d—-1) 
+| = - : 
(4d* +1)’ 4d* +1 


Proof : From Theorem 2.2.1, for any integer k> 1, 
SBADS(2k) + SBADS(2k +1) =(-1)* |a@d +)-4+dQd+ Dk | (ay) 


SBADS(2k + 2) + SBADS(2k +3) = (—1)**! |a@d +1) +9(4d+1)+dQd+ Dk | (2ay", 


so that 
SBADS(2k) + SBADS(2k + 1) + SBADS(2k + 2) + SBADS(2k + 3) 


= (-1)"d[ 2a(2d + I\(4d? — 1) + d(6d* + 4d? +1) + 2d(2d + D(4d? — Nk [(2d)"*.— (i) 
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(1) Since S4n+; can be written as 
Sam+1= SBADS(1) +SBADS(2)+... +SBADS(4m + 1) 
=SBADS(1) 
+ ¥) [SBADS(2k) + SBADS(2k + 1) + SBADS(2k + 2) + SBADS(2k + 3)}, 


k=1,3....,(2m—1) 


by virtue of (i), Lemma 2.3.1.1 and Lemma 2.3.1.2 (with y=(2d)’), we get 


Sams1 =a + dj 2a(2d + 1)(4d* —1) + d(6d? + 4d? + 1) | yy Corea 


k=1,3,...,(2m-1) 


4m+1 


+ 20°(2d+1(4d*-1l) SO CI k(2dy"* 
k=1,3,...,(2m—l) 
(2d)*" 7” 1 


=a + d[ 2a(2d + 14d? 1) + d(6d? + 4a +1) | 6a 


(2d)* +1 
[(2d)* — 1] 








+ 28d + 44a? —} 2m __ (4) 


Bia [dy u} 


3 2 
=a —q| 2d) , dled’ + 4a? +0], m2d +1) (ygyane2 
4d? +1 (2d)* =1 4d? +1 


2d7[(2d)* + 1] 


@a—ad? 7 29” 1 








3 2 
a| ached , dss +4d? +1) 


4d? +1 (2d)* —1 Jes j 


Now, collecting together the coefficients of (2d)*” and the constant terms, we get 


2a(2d +1) , d(l6d*+4d° +1) 2d(16d* +1) 





coefficient of (2d)*"is d . 7 5 awe 
4d° +1 (2d)* -1 (2d — 1)(4d? +1) 





a4 2a(2d+1) d(4d? — 4d —-1) 
Ad? +1 (4d°+1? |? 


.; Qad(2d +1) d’(l6d°+4d*+1)  — 2d7(16d* +1) 
constant term is a ——~,——~ — ——_—__,___~ + —_____,_~ | 
4d? +1 (2d)* -1 (2d — 1)(4d? + 1) 


_d'(4d*—4d—1) _ a(2d —1) 
(4d? + 1)? 4d*> +1 — 
Hence, finally, we get the desired expression for Sam+1. 


(2) Since S4m+2 =S4m+1 + SBADS(4m + 2), by virtue Theorem 2.2.1, 
Sam+2 = Sam+l F SBADS(4m + 2) =S = (a Hs amt 1 d)(2d)*"*", 





4m+1 


Now, using part (1), and noting that 


coefficient of m(2d)""? ig 24+1 ~1=-242d=1 | 
A4d° +1 Ad* +1 
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2a(2d+1)_ d(4d* - 4d-1) 


coefficient of (2d)*” is a isa (4d? +) 


|- 2d(a + %) 


agp} a(2d-1) _ d(4d? + 3d—-1) 
= Gal. PART Ae OM 
4d° +1 (4d° + 1) 
we get the desired expression for S4m+. 
(3) Since S4mi3=Sam+2 + SBADS(4m+3)=S,,,,, —(a + Sug 2 dy(2ay""?, 
using part (2), we get the desired expression for S4n+3, noting that 


coefficient of m(2d)"""* is — 2d—1 —~l=-2d 2d +. +1 : 
4d? +1 4d? +1 


a(2d—1)  d(4d° +3d—1) 
2 + 2 2 
4d° +1 (4d° +1) 





coefficient of (2d)*""’ is -| —(a+d) 


2a(2d +1)  d(16d’ + 4d* + 8d + 3) 
as Gave a aan FL 
4d° +1 (4d° +1) 


(4) Since Sam+4=Sam+3 + SBADS(4m+4)=S,,,, + (a+ am-+3 ay(2ay, by part (3), 





coefficient of m(2d)*""* is 2d eee, ee zu —l) 
A4d° +1 A4d° +1 





3 2 
coefficient of (2d)*""? is af a8 +1) | d(l6d? + 4d* + 8d + 3) 


3 
2 fod 
Ad? +1 (4a? +1 i 





_ Ag? ae =1) , d(i2d* — 4d? + 5d - 2] 
4d* +1 (4d? + 1) ; 
and we get the desired expression for Sami. 

Now, corresponding to m=0, the expressions for S;, S2, S3 and S, are given as follows : 
S, =a, S)=—a(2d-1)-d’, S;=-a(4d?+2d—1)-d?(4d+ 1), 
S,=a(8d°—4d?—2d+ 1) + ?(12d?—4d— 1). 

All these complete the proof of the theorem. 
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Chapter3 The Smarandache Function 


Possibly the most widely studied arithmetical function of Smarandache type is the celebrated 
Smarandache function, introduced by Smarandache [1] himself. 


In this chapter, we study some of the properties of the Smarandache function, denoted by 
S(n), as well as its several generalizations. 


We start with the formal definition of the Smarandache function. Throughout this chapter 
and the following ones, we shall denote by Z* is the set of all positive integers. 


Definition 3.1 : For any integer n>1, the Smarandache function, S(n), is the smallest 
positive integer m such that 1.2.....m=m! is divisible by n. That is, 


S(n)=min{m: me Z*,n|m!};n21. 


Thus, for examples, 
(a) SC1)=1, since 1| 1!=1, 
(b) S(4) =4, since 4 divides 4!, and 4 does not divide any of 1!, 2! and 3!, 
(c) S(6) =3, since 6| 3!=6, and 6 divides neither 1! nor 2!. 


Since the function F(m)=m!, me Z", is strictly increasing in m, it follows that the function 
S(n) is well-defined. 


By Definition 3.1, for any integer n= 1, 
S(n)=mpo 
if and only if the following two conditions are satisfied : 


(1) n divides mo!, 
(2) n does not divide (mp—1)!. 


Note that, our definition of S(n) differs slightly from the traditional one in that both the 
domain and range of S(n) is Z*, while the traditional definition allows the range of S(n) to 
include the number 0. This makes the difference in the value of S(1) : According to the 
traditional definition, S(1)=0, whereas by Definition 3.1, S(1)=1. We prefer Definition 3.1, 
like several other researchers, on the following points : 

(1) generally, the other arithmetical functions in the Theory of Numbers, have both their 
domains and ranges as Z*, and so, Definition 3.1 is in consistence with the traditional 
approach, 

(2) the usual definition of m! is m!=1.2. ... .m for any integer m= 1, and we define 0!=1 only 
for the sake of convenience, particularly, in combinatorics. Moreover, by allowing the range 
to include 0, possibly we gain no extra advantage; rather on the contrary, some of the 
formulas might become complicated (see Corollary 3.1.3), 

(3) according to the classical definition of S(n), though S(1) is defined, S*(1) is not defined 
when k>2, where S‘(.) is the k-fold composition of S(.) with itself. 
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Several researchers, including Ashbacher [2] and Sandor [3], have studied some of the 
elementary properties satisfied by S(n). These are summarized in Lemmas 3.6—3.12. The proofs 
of some of these results depend on Lemmas 3.1 —3.5, some of which are almost trivial. 


Lemma 3.1 : Let p be a prime. Then, p divides ab if and only if at least one of a and b is 


divisible by p. 
Lemma 3.2 : If m divides a! then m divides b! for any integer b>a. 
Proof : Since b! can be written as 
b! =al(a+1)(a+2) ... (b), 
it follows that any integer m dividing a! also divides b!. @ 


Lemma 3.3 : For any integer k>3, (1) 2k divides k!, (2) 4k divides (2k)!. 


Proof : The proof of part (1) is by induction on k. Since 6 divides 3!=6, we see that the 


result is true for k=3. 
(1) We assume that the result is true for some integer k, that is, we assume that 


2k|k! for some integer k>3. 
Then, 





2k({k+ I|kKk+D=(k+1! S  2(k+1)\(k+1)!, 
which shows that the result is true for k+ 1 as well. 
(2) From part (1) above, 
(2k).(2k)|k!(2k) =>  (4k’)|(2k)!. 
Lemma 3.4 : 2(n+2) divides (2n+ 1)! for any integer n> 1. 
Proof : Wf n=2, then 2n+ 1>n+2, and so the result follows by observing that 
2(n+ 2) divides (2n+ 1)!=(n+2)!(n+3)... (2n).(2n+ 1). 


Since 2x3 divides 3!, the result is true for n=1 as well. @ 





Lemma 3.5 : For any integers a, b>1, a! b! divides (a+b)!. 


! 
Proof: Since (° ui °) me Chado) we get the desired result. 





a al b! ’ 


Lemma 3.6 : For any ne Z*, S(n)> 1. Moreover, 
(1) S(n)=1 if and only ifn=1, 
(2) S(n)=2 if and only if n=2. 


Proof : 'n either case, the proof of the “if” part is trivial. So, we prove the “only if” part. 


(1) Let S(n)=1 for some ne Z*. Then, by definition, n|1!, and hence, n= 1. 
(2) Let S(n)=2 for some ne Z*. Then, by definition, n|2!, and hence, n=2. 
Corollary 3.1 : S(o)=3 for any integer n=3. 
The following lemma gives an upper bound of S(n). 


Lemma 3.7: S(n)<n for all n= 1. 


Proof : Since n|n! for any integer n= 1, the result follows. m 
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Corollary 3.2: 0< a <1 for any integer n > 1. 
Proof : Evident from Lemma 3.6 and Lemma 3.7. & 


The lower bound of S(n), given in Corollary 3.1, can be improved in the case when n is a 
composite number. This is given in the following 


Lemma 3.8 : For any composite number n> 4, S(n)>max { S(d) : d|n}. 
Proof: Let 


S(n)=mpo for some moe Z*. 
By definition, n|mo! (and mo is the smallest integer with this property). Then, clearly any 
divisor d of n also divides mo!, so that S(d) < mo. 


Lemma 3.9 : (1) S(2n)<n for any integer n>3; (2) S(4n’)< 2n for any integer n>2. 
Proof : follows immediately from Lemma 3.3 as shown below : 

(1) (2n) |n! => S(2n)<n, 

(2) (4n’)|(2n)! =  S(4n’)<2n. 


Lemma 3.10: For any integers n;, n> 1, 
S(n) nz) < S(n,) + S(ny). 
Proof: Let 
S(n})=mj, S(n2) =m, for some integers m),m,> 1. 
Then, 
n,;|m;!,m|m! 2 n,n|m,! m)!. 
Now, appealing to Lemma 3.5, 
nynm|m!m! > n,ml|(m,+m)!, 
so that 
S(n) n2)< m; +m) =S(n,)+ S(n,). 


Lemma 3.11 : For any integers nj, Mm, .... 21, 
S(nj nz... n) <S(ny) + S(my) +... + S(ny). 
Proof : The proof is by induction on k. By Lemma 3.10, the result is true when k=2. So, 
we assume that the result is true for some integer k, that is, the induction hypothesis is 


S(m, nz... 0) <S(n1) + S(my) +... + Sy). 
Then, Lemma 3.10, together with the induction hypothesis, gives 
S((n) Ny... Nk) Nk) SSC My... NK) + SC) 
<[S(m) + S(mg) +... + Say) ] + SQ) 
= S(ny) + S(m2) +... + S(ny) + SC 1), 


which shows that the result is true for k+ 1 as well. @ 
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Lemma 3.12: For any integer m= 1, S(m!)=m. 
Proof : Since m!|m! for any integer m= 1, the result is obtained. 
Lemma 3.12 shows that, for any integer mp>1, there is at least one integer n>1, namely, 


n=mp!, such that S(n)=mp; moreover, such an n is the maximum number satisfying the 
equation S(n) = mp (since any n> mo! does not divide mp!). 


Lemma 3.11 leads to various interesting inequalities, as has been derived by Sandor [3]. 
These are given in the following corollary. 
Corollary 3.3 : The following inequalities hold : 
(1) for any integers n>1 and k>1, S(n‘)<kS(n); 
(2) for any integers n>1 andr=>1, [[s@') <r![S(n)]’; 
k=1 
(3) for any integers n>1 and k>1, S((n!)‘)<kn; 


(4) for any integers nj, nm, nl, and ky, ky, k,21, 


k, k, k, 
Sin De (ng De ge GD SK ny eke, se kn; 


Tr 


(5) if n; and n, are two integers such that n, divides nj, then 
n 
S(n,) ~ S(n,) S S(—). 
Nn, 


Proof : The proof is given below : 

(1) Choosing n, =n)=... =n,=n in Lemma 3.11, we get the desired result. 

(2) From part (1) with k=1, 2, 3, ..., r successively, we get 
S(n)<S(n), S(n’)< 2S(n), S(n*)< 3S(n), ..., S(n")< rS(n). 

Now, multiplying all these r number of inequalities side-wise, we get the result desired. 

(3) The inequality follows from part (1) above, together with Lemma 3.12 : 
S((n!)*) < kS(n!) = kn. 

(4) From part (1), we get 


k, kK, k, k, k, k, 
S((a,!) (i!) ©. @) SSC!) SCM!) 7) .. SCM.) ). 


Now, appealing to part (3), we get the desired result. 
(5) Let n;=kn, for some integer k> 1. Then, by Lemma 3.10, 
S(n)) = S(k n2) < S(k) + S(ny), 
so that 


S(n,) -S(n,) <S(k) = S(). 


All these complete the proof of the lemma. 
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Lemma 3.13 : p divides S(p‘) for any prime p>=2, and any integer k>1. 
Proof: Let 
S(p*)=m for some integer m>1, 
so that p* divides m!. Then, p must divide m, for otherwise 
p does not dividem => p*‘divides(m-1)! => S(p‘)<m-1, 
contradicting the hypothesis. ™ 
Corollary 3.4 : For any prime p=2, and any integer k> 1, 
S(p‘)= ap for some integer a> 1. 


Proof : follows immediately from Lemma 3.13. @ 


Lemma 3.14 : For any integer n and integers k, r with k> r, S(n‘)>S(n'). 
Proof: Let 


S(n‘) = mo for some integer mp2 1. 
Then, 


Tr 


n|ns=n'n*",n*|m! => n/m! => S(n')<m. & 
Lemma 3.15 : For any integers n,; and n, with n,>n), S(n,‘) = S(n2‘) for any k>1. 
Proof : Let, for any integer k> 1 fixed, 
S(n,‘) = Mp for some integer mp= 1. 
Then, 


n,‘| Mo! => n* | My! = S(n,*) <mp. Hf 


Lemma 3.16 : For any prime p=2, S(p***) <S(p*)S(p*) for any integers a,B>1. 
Proof : Let, 
S(p**®) =my for some integer mp> 1. 
Furthermore, let 
S(p*) =m, S(p®) =m for some integer m;,m)>1, 
where, without loss of generality, we may assume that m) < m). 


We want to show that mp <m,;m,. Let, on the contrary, mp>m,m, for some mo, m, and m). 
Then, using Lemma 3.10, we get the following chain of inequalities : 


min, <m,-Sm,+m;=2m, = Mm, <2, 
which is a contradiction to Corollary 3.4. 
This contradiction establishes the lemma. 
In §3.1, we give some simple explicit expressions for S(n). Two very important results in 
this respect are given in Theorem 3.1.1 and Theorem 3.1.2. Some generalizations of the 


Smarandache function are given in §3.2. §3.3 is devoted to some miscellaneous topics. We 
conclude this chapter with some remarks about the properties of S(n) in the final §3.4. 
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3.1 Some Explicit Expressions for S(n) 


In this section, we give the explicit expressions for S(n) and their consequences. 


First, we state and prove the following theorem, due to Smarandache [1]. 


Theorem 3.1.1 : Let 


a a, G; OL, 
Nn=p Pp, Py «+P, 


be the representation of n in terms of its distinct prime factors p, pj, po, 
necessarily ordered). Then, 


S(n) = max | S(p*), Sip.) S(pr 2). os (py } 


Proof : For definiteness, let 


S(p*)=max| S(p"), S(P"9, 8(623), Sep") }. 
Let 

S(p*) =m, for some integer m, 21, 
and let 

S(p,) =m, for some integer m, 21, 1<i<k. 
Then, by definition, mp is the minimum integer such that 

p"| m,!, 


and m; (1 <i<k) is the minimum integer such that 





Qi; 
p, Im! (<i<kh). 


Now, 
m,2m, foralll<i<k > m,! | m,! for all 1<i<k. 
Therefore, from (2), 


a. 
Pi | m,! forall 1<i<k. 


a, OG; 
Now, since (p,' , p;')=1 for i j, it follows that 





OL, Qh, Oy 
P, Po ++ Py m,!, 
and by the same reasoning, 
a GO, A, Oy, | 
n=P Pp, Po + Px | mo. 


Since, by (1), mo is the minimum integer with this property, it follows that 
S(n) =m, =S(p"), 


which we intended to prove. Hl 


sees Pk (not 


(1) 


(2) 
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From Theorem 3.1.1, we see that, in order to calculate 


Oe OL or 
S(n) =S(P De Ps eer Ns 


we have to know the values of 


Sip"). S(p,). S(pr2)s sn S(P,), 


which are not available till now. However, we have expressions in some particular cases. 


Lemma 3.1.1 : For any prime p=2, S(p)=p. 
Proof: Let 
S(n)=mp for some mye Z*, 
so that, p|mo!. By Lemma 3.1, one of the factors of mo! must be divisible by p. Now, since p|p! 
but p does not divide (p—1)!, the result follows. ml 


Lemma 3.1.2 : Let p1, po, ..., px be k distinct primes. Then, 
S(Pi p2--- Px) =Max {pj, Po, ..., Px}. 
Proof : By Theorem 3.1.1, 
S(P1 p2 --- Px) =max{S(p1), S(p2), .-., S(Px) }- 
Now, we get the desired result by virtue of Lemma 3.1.1. 


Lemma 3.1.3 : Let n,>1 and n,> 1 be two integers with (n;,, n.) = 1. Then, 
S(n) ny) = max {S(n1), S(n9)}. 
Proof : Let the representations of n; and n, in terms of their prime factors be 
a a, a, a 
N=Pp Pi, Pr. -Py > 
B,  B, BR, 
N, =; Gry +H >» 
where the primes p, pj, P2, ..., Pr aS Well as the primes qj, qp, ..., qr are all distinct. Then, 


a a a, a, B, 8B, B, 
nn, =p Pp, P2 --P, Qh q> oe Gh 


For definiteness, let 


a a a O, B B 
S(p aor S(p*), SP, ')s + S@,), S@r), -» S(ae') | 
Then, by Theorem 3.1.1, 


S(n, n,)=S(p")=S(n,). & 


An immediate consequence of Lemma 3.1.3 is the following. 


Corollary 3.1.1 : The function S(n) is not multiplicative. 
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Theorem 3.1.2 : Let ny, No, ..., N= 1 be k integers with (n), no, ...,n,) = 1. Then, 
S(m) ng... nk) =max {S(n,), S(m), ..., S(m4)}. 


Proof : The proof is by induction on k. The result is true for k=2, by virtue of 
Lemma 3.1.3. So, we assume the validity of the result for some k. 


To prove the validity of the result for k+1, let n),no,..., ny, y+; be k+1 integers with 
(Ny, Mo, ..., Nk, Ne )= 1. 
Then, by Lemma 3.1.3, together with the induction hypothesis, we get 
S(y nN... Nk N+) =max {S(nj Ny... Nk), S(MK+1)} 
= max {S(n;), S(n2), ..., S(m), Sx) } - 
Hence the theorem. 
From Lemma 3.1.1, 
S(p) =p for any prime p=2. (3.1.1) 
We now want to find expressions for S(p‘) for k>2. To do so, first note that, from (3.1.1), 


p divides p! but p does not divide (p—1)!. 


Therefore, 

p’| 2p)!=p(p+D(p +2) ... [P+ (PD I2p), (3.1.2) 
and clearly, 2p is the minimum integer such that (2p)! is divisible by p’. 
Again, 

p’| Gp)!= (2p) (2p + (2p + 2) ... [2p + (P— 1p), (3.1.3) 


and 3p is the minimum integer such that (3p)! is divisible by p°. 
Continuing the argument p—1 times, we see that (p—1)p is the minimum integer such that 


pl [(p-Dp]!=[(p — 2)p}!{(p — 2)p + UL(p — 2)p + 2] ... ((p—2)p +P] 
=[(p — 2)p]![(p — 2)p + H[(p — 2)p + 2] ... [((p — Dp]. (3.1.4) 
And continuing one more time, 
p? | (p?)!=[(p — Dp] ![( — Dp + NL — Dp + 2] ... (P-Dp +P] 
=[(p —Dp]!{(p — Dp + Lp — lp + 2]... (p*). (3.1.5) 
From (3.1.5), we see that 
p’"| (p’).. (3.1.6) 
Summarizing the results in (3.1.2) —(3.1.6), we have the following lemma. 
Lemma 3.1.4 : For any prime p>2, (1) S(p‘)=kp, if 1<k<p, (2) S(p""')=p’. 


By an analysis similar to that leading to Lemma 3.1.4, we have the following lemma. 
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Lemma 3.1.5 : For any prime p=2, 

(1) S(p?*""') =p’ + kp, if 1<k<p, (2) S(p??*”) = 2p”. 

Lemma 3.1.6 : S(n, nz) <S(n;) S(n2) for any integers nj, n.> 1. 

Proof : Let the representations of n; and n, in terms of their prime factors be 


Q, OO, a, B, 8B, B, V1 Y2 Y, 8 5, 5, 

n, =p, P, --P, q, --G, ,M,=p, Pp, «Pp, t, Us. aes Le 
where the primes p, pj, P2, ..., Pr, the primes qu, qo, ..., ds aS Well as the primes ty, to, ..., tk are all 
distinct, with oj, Oo, ..., O20; Bi, Bo, ..., B;20 with at least one B2=1; yy, yr, ..., 203 
51, 02, ..., Ok20 with at least one 6> 1. Then, 
+y, G+¥. O+7, BB, BO o o 
ny =p; DP» en Dy Gi Ge oan vel 

Therefore, by Theorem 3.1.1, 


+Y, 


1 s 5; dy 
eS. Sy SG Fy as s(q: ) S(t), S(t yf. 


Now, using Lemma 3.16, we get 


S(n,n, ) = max S(p," 


1 1 r r 1 Ss 6, on 
S(n,n,)<max} SE" )S(O", SP") 80", Ss"), .. SB, 805, ... s¢O5 | 


Y vi o 5 
<S(n,) | SG, ane S@e Dy me SU. se SEE) 
= S(n,)S(n, ), 
a. 
where we have used the facts that S(n,)>1, and S(p, ')<S(n,) for all 1<i<r. 


To complete the proof, note that, for any prime p, S(np) =max{S(n), p}<pS(n). m 


S(mn) {se S| 


Corollary 3.1.2 : For any integers nj,n2>1, 
nn, n n 


1 2 


Proof : follows from the following chain of inequalities (using Lemma 3.7) : 
S(nin,) — S@,) S(@,) -S@,) S@n,) _ Sa) S@,) _ S@,) 


|_| 
’ 
n,n, n, Nn, Nn, n,n, n, n, n, 


Lemma 3.1.7 : For any integers a,b2>2, ab2a+b. 
Proof : Letting a=2+A,b=2+B where A, B=0 are integers, we see that 
ab=(2+ A)(2+B)2=a+b=(2+A)(2+B) ifand only if A+B+AB2>0, 
which is true for any integers A, B=0, with strict equality sign only when A=0=B. @ 





Corollary 3.1.3 : For any integers n;,n,>1, 

(1) S(m; n2) < S(n,) + S(n2) < S(m)) S(ny), if both n,, n> 2, 

(2) S(q; n2) < S(n,) S(t) < S(n1) + S(ny), ifn; =1 or no=1. 

Proof : follows from Lemma 3.10 and Lemma 3.1.6, together with Lemma 3.1.7. M 
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3.2 Some Generalizations 


Since its introduction by Smarandache [1], the Smarandache function has seen several 
variations. This section is devoted to two such generalizations, and are given in the following 
two subsections. 


3.2.1 The Smarandache Dual Function S.(n) 


The Smarandache dual function, denoted by S.(n), introduced by Sandor [3], is defined as 
follows. 


Definition 3.2.1.1 : For any integer n>1, the Smarandache dual function, S+(n), is 


S.(n) = max {m :meZ’, m![n}. 


Let 
S.(n) = mo for some integer mp > 1. 


Then, by Definition 3.2.1.1, the following two conditions are satisfied : 
(1) mo! divides n, 
(2) nis not divisible by m! for any m<mpo. 
Lemma 3.2.1.1 : For any integer n> 1, 1<S+(n)<S(n) <n. 
Proof: Let 
S(n) =m, S+(n) =m for some integers mp>1, m= 1. 
Then, by definitions of S.(n) and S(n), 
m! |n, nl m,! => m! | m! => m,2m. 


Clearly, 
1 divides any integern>1 => S.(n)2>1. 


Finally, the right-most part of the inequality is due to Lemma 3.7. 
All these complete the proof of the lemma. 
Lemma 3.2.1.2 : For any prime p = 2, and any integer n= p, 
Sen! +(p—1))=p-1. 
Proof : Writing 
n!=(p—1)!p(pt+1)...n, 
we see that (p—1)! divides n!+(p—1)!; moreover, (p—1)! is the maximum integer that divides 
n!+(p—1)!, since p! divides n! but p! does not divide (p—1)!. 
Corollary 3.2.1.1 : The equation S:(n)=p-—1 has infinite number of solutions, where p is a 
prime. 
Proof: By Lemma 3.2.1.2, n=k!+(p—1)! is a solution for any k>p. @ 
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Lemma 3.2.1.3 : For any integers a, b> 1, S«(ab) > max {S.(a), S+(b)}. 
Proof: Let 
S+(a) =m for some integer mo> 1. 
Then, by definition, 
Mo! | a > m)! | ab => S(ab)>mpo=S-(a). 
Lemma 3.2.1.4 : S«(n(n—1)...(n—a+1))2a for any integers n anda withn>a>1. 
Proof : follows by virtue of the fact that 
a! | n(n-1) ..(n-atl)l= n} (Pat a 


(n—ay! a 


Lemma 3.2.1.4 : For any integer n> 1, 
( 2n+2, if 2n+3 is a prime 
S.((2n)! (2n + 2)!) 
>2n+3, if 2n +3 is not a prime 
Proof : lf 2n+3=p is a prime, then clearly, (2n+2) divides (2n)!(2n+2)!, but 

2n+3=p does not divide (2n)!(2n+2)!=(p—3)!(p—1)!. 
Hence, in this case, S-((2n)! (2n+2)!)=2n+2. 
Next, let 2n+3 be not prime, so that n>3. We want to show that, in this case 

2n+3 divides (2n)!. (1) 
If n=3, then (1) is satisfied, since 2n+ 3 = 3° divides (2n)! =6!. So, let n>4. 

Case 1 : When 2n+3=ab for some odd integers a and b with b>a>3. 

In this case, b<n, for otherwise 


b>n => ab>3b>3n>2n+3, a contradiction. 





Hence, a and b are distinct integers less than n, and hence, (1) is satisfied. 
Case 2 : When 2n+3=a’ for some odd integer (so that n>11, a>5). 
Here, a’—3> 2a, so that 
2n+3=a' divides al(a+1)(at+2)...(2a)...(a’—3)=(2n)!. 
Now, by virtue of (1), (2n+3)! divides (2n)!(2n+ 2)!, completing the proof. 
Lemma 3.2.1.5 : For any integer n> 1, S«((2n+ 1)! (2n+3)!) >2(n+ 2). 
Proof: By Lemma 3.4, for any integer n> 1, 
2(n+2) | (2n+1)! > [2(n+2)}!=(2n +3)! [2(n + 2)] | Qn4+D! (2n+3)!. 
This gives the desired result. ml 


Remark 3.2.1.1 : As has been pointed out by Sandor [3], in certain cases, Lemma 3.2.1.5 
holds true with equality signs. Some examples are given below : 


(1) S(3!5!I)=6, (2) S517!) =8, (3) S(7!9NV=10, (4) S-(9! 11!) = 12, 
(5) Se(13! 15!) =16, (6) Se(15! 17!) = 18, (7) Se(19! 21!) =22. ¢ 
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3.2.2 The Additive Analogues of S(n) and S.(n) 

The function, called the additive analogue of S(n), to be denoted by Sg(n), has been introduced 
by Sandor [3]. 


Definition 3.2.2.1 : For any real number xe€(1, ~), 


S,(x) = min {m :meZ’, x<mi}. 


The dual of Ss(x), to be denoted by Ss(x), is defined as follows (Sandor [3]). 
Definition 3.2.2.2 : For any real number xeE[1 ,~), 
Sso(x) = max {m :>meZ*, mi< x} ; 
From Definition 3.2.2.1 and Definition 3.2.2.2, it is clear that 
Ss(x) =k if and only if xe((k—1)!, k!] (for any integer k> 2), 
Ss+(x) =k—1 if and only if xe[(k—1)!, k!) (for any integer k> 2). 
We then have the following results, due to Sandor [3]. 
Lemma 3.2.2.1 : For any real number x > 1, and any integer k> 1, 
ion +1, if x e(k(k+1)!) 
Ss (x) = 
Boel), if x =(k+1)! 





Lemma 3.2.2.2: S.(X) ~ mares as X > 0, 


If the domain is restricted to the set of positive integers, Z*, we get the function S<(n), 
which assume the value k (= 1), repeated k! —(k—1)! times. Similarly, we get the function S¢g-(n), 
with domain Z*, which can take the value k (> 1), repeated k! —(k-— 1)! times. 


Lemma 3.2.2.3 : For any integer n> 1, S(n) > Ssg-(n). 
Proof: Let 
S(n) =m, Ss-(n) =m for some integers mp> 1 and m> 1. 
Then, by definitions of S(n) and Ssg.(n), 
Mo! >nandn>m! => m!>m!. 
Thus, mp>m, which we intended to prove. Hl 


The lemma below is concerned with the convergence of series involving Sg.(n), and is due 
to Sandor [3]. 


Lemma 3.2.2.4 : The series By —1__ ig convergent if and only ifs>1. 


nal n[S,.(n)] 
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3.3 Miscellaneous Topics 


In this section, we give some properties of the Smarandache function S(n). 
The following three lemmas are due to Ashbacher [2]. 
Lemma 3.3.1 : | S(n+ 1) — Si) | is unbounded. 
Proof: Let n+1=p, where p27 is a prime. Then, by Lemma 3.1.1 and Lemma 3.9, 
S(n+1)=S(p)=p, S(n)=S(p— 1) <P. 
Therefore, 


| S(n +1) — S(n) |=s(n+1)-Sqn)2p-P= =P, 


which can be made arbitrarily large (by choosing p large and larger). 
k+1 k 
SP") _S@) 


k+l k ? 


Pp 


Lemma 3.3.2 : For any prime p= 2 fixed, and any integer k> 1, 








(with equality sign only when p=2 and k= 1). 
Proof : By Corollary 3.4, 
S(p‘)=rp for some integer r>1. 
Now, since p* divides (rp)!, it follows that 


pL pyla+Dp > pel [+p]! > Sep") <@+Dp. 
Therefore, 
Sipe") -(+)p_r+1_S(p')_ 


k+l k+l k k k 


p p p p p 


if and only if rp>r+1, which is true for any p>2 and any r=1, with the exception when p=2 
and r= 1. In the latter case, the relationship holds with equality sign, as is verified below : 


S(2*)_4_2_ S(2) 








ae aa a 
Hence, the proof is complete. m 


n+l 
Lemma 3.3.3 : For any prime p22 fixed, lim law, =0. 


n+l 


Pp 





Proof : By Lemma 3.3.2, the sequence {S| is strictly decreasing for any prime 
p n=l 


p=2 fixed. Since the sequence is bounded (by Corollary 3.2), it follows that it is convergent. 
Now, for p22 fixed, given any ¢>0, however small, we can find an integer N> 1, such that 
S(p") 


n 


<e whenever n= N. 


This establishes the lemma. 
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Corollary 3.3.1 : Given any real number ¢>0, however small, it is possible to find an 
integer n> 1 such that 


(Og 


Proof : Given any real number ¢>0, we choose a prime p= 2. The proof of Lemma 3.3.3 
shows that there is an integer such that 


S(p") 


n 


<eé whenever n= N. 


Therefore, choosing n=p", where n is an integer such that n>N, we see that the inequality in 
the corollary is satisfied. ll 


S(2) 


Example 3.3.1 : For p=2, the successive values of = forn=1,2,..., are 


6_3 8_1 8 _1 8 _1 10 5 12 _ 3 


4 
7° 8 16 8’ 32 4’ 64 8’ 128 16° 256 128’ 512 128’ 


1 
2 ° 
Thus, for example, if ¢=0.05, then choosing n= 2° we get 


S(n)_S(2*)_ 5 
a2 252005264 
for eg 





Example 3.3.2 : An alternative proof of Corollary 3.3.1 is given in Ashbacher [2]. To find 
n such that 


Say é< 0.05, 
n 


we choose a prime q such that | ~1<¢=0.05. The choice q=23 serves the purpose. Now, 
q 


S(q) 
let p be a prime such that p>q. Then, letting n=pq, we get 


S(a) _ Seq) _ P 1.905. 6 


n Pq pq 4q 








The following result is due to Stuparu and Sharpe [4], who mentioned it without any proof. 


Lemma 3.3.4 : Any solution of the equation 
S(n) =p, 

where p= 2 is a given prime, is of the form 
n=kp, 

where k is an integer such that k divides (p—1)!. 


Proof : Clearly, n=kp, where k divides (p—1)!, divides p!. Moreover, p is the minimum 
integer such that p! is divisible by kp. Hence, 


S(kp) =p, 
establishing the lemma. 
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The proof of Lemma 3.3.4 shows that, S(n) =p (p= 2 is a prime) has d((p—1)!) solutions. 


Example 3.3.3 : Some particular cases of Lemma 3.3.4 are given below : 

(1) The equation S(n)=2 has only one solution, namely, n=2. 

(2) The equation S(n) =3 has two solutions, namely, n=3, 6. 

(3) The equation S(n)=5 has 4! =8 solutions, namely, n=5k, where k is a divisor of 4!. 
The eight solutions are n=5, 10, 15, 20, 30, 40, 60, 120. 


Lemma 3.3.5 : The only solutions of the equation S(n)=n are 
(1) n=1, (2) n=4, ) n=p, where p=2 is a prime. 
Proof : We consider separately the cases when n is odd and n is even. 
Case (1) : When n is even, say, n= 2k for some integer k> 1. 
In this case, 


n = 2k does not divide ()!=x! => k=1,2, 


where the last implication follows by virtue of Lemma 3.9. 
Thus, n=2 and n=4 are the only even integers that satisfy the equation S(n) =n. 
Case (2) : When n is odd with n=5. 
First, we consider the case when n is composite. Let 
n=ab for some integers a and b with b>a. 
Then, clearly 
n=ab|b!=al(a+ D(a+2)...(b) => S(n)<b<n. 
Next, let 


n=a’ for some integer a>3. 
In this case, 


n =a’|(2a)!= al(a+1)(a+2)...(2a) = S(n)<2a<a’ <n. 
Thus, no composite odd integer can be solution of the equation S(n)=n. And consequently, any 


odd integral solution of S(n)=n must be an odd prime. From Lemma 3.1.1, any odd prime is a 
solution the equation S(n) =n. 


All these complete the proof of the lemma. 
Corollary 3.3.2 : The equation S(kn) =n has an infinite number of solutions, for any 
integer k>1 fixed. 
Proof : Given the integer k> 1, let p be a prime such that p>k. Then, 
S(kp) =max {S(k), S(p)} = max {S(k), p} =p. 
Thus, n=p is a solution of the equation S(kn)=n. Since there is an infinite number of primes of 
the prescribed form, the result follows. mf 


Remark 3.3.1 : Since au <4 =1, it follows that the equation cu) =k _ has no solution 
n 


n 
ifk>2. 
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The following lemma is due to Ashbacher [5]. 


Lemma 3.3.6 : The equation S(n)S(n+ 1)=n has no solution. 
Proof : Clearly, neither n nor n+ 1 can be a prime. So, let 


a A a, a, B B B, B, 
n=p py Pp. --P, » Otl=q qv q. --% 
be the representations of n and n+1 in terms of their prime factors, where the primes 
P; Pi, P2, ..-, pr and the primes q, qi, qp, ..-, Gr are all distinct. Moreover, let for definiteness 


S(n) = S(p"), S(n +1) = S(q"). 
Then, the equation S(n)S(n+ 1)=n takes the form 


: a a a, a, ; 
Sip*)Sq@?\=p- Py Po ap, (1) 


By Lemma 3.13, S(q°) is divisible by q. Thus, the I.h.s. of (1) is divisible by q, but q does not 
divide the r.h.s. of (1). This contradiction establishes the lemma. 


Lemma 3.3.6 proves that the equation S(n)S(n+1)=n has no solution. However, the 
situation is different if we consider the equation 
S(n)S(n+ 1)=kn, k>2. 
Proceeding as in the proof of Lemma 3.3.6, the above equation becomes 
a a, a, a 
S(p*)Sq?)=kp Pp, Py, +P, > 
and the argument employed in the proof of Lemma 3.3.6 is no longer valid. For example, when 
k=2, besides the trivial solution n=1, another solution is n=15 (with S(15)=5, S(16) = 6). 
Again, n=2,5,8 are three solutions of S(n)S(n+ 1) =3n (with S(8)=4, S(9)=6). Corresponding 
to k=4, besides the prime solutions n=3, 7, 11, 23, a composite solution is n=2559 (with 
S(2559) = 853, S(2560) = 12). For k=5, in addition to the two prime solutions n= 19, 59, four 
composite solutions are n=74, 249, 674, 1574 (with S(74)=37, S(75)=10, S(249)= 83, 
S(250)=15, S(674)=337, S(675)=10, S(1574)=787, S(1575)=10). For k=6, eight prime 
solutions are n= 17, 47, 71, 79, 89, 179, 239, 359, and n=1214 is a composite solution (with 
S(1214) =607, S(1215)= 12). Corresponding to k=7, n= 13,41, 83, 139, 167,251 are six prime 
solutions and n= 146, 538, 734, 1322, 1371 are five prime solutions (with S(146)=73, 
S(147)= 14, S(538)=269, S(539)=14, S(734) =367, S(735)=14, S(1322)=661, S(1323) = 14, 
S(1371) =457, S(1372)=21). For k=9, n= 107, 269, 2186 are three solutions, only the third one 
being composite (with S(2186) = 1093, S(2187) = 18). For k= 10, in addition to the prime 
solutions n= 149, 199, 349, a composite solution is n= 1874 (with S(1874) = 937, S(1875)=20). 
For k= 11, six prime solutions are n=43, 109, 131, 197, 263,307, and three composite solutions 
are n= 362, 1814, 2661 (with S(362)= 181, S(363)=22, S(1814) = 907, S(1815) = 22, 
S(2661) = 887, S(2662) = 33). For k= 13, five prime solutions are n= 103, 181, 233, 311, 389, 
and one composite solution is n= 1858 (with S(1858) = 929, S(1859) = 26). Corresponding to 
k=17, four solutions are n= 67, 271, 373, 866 (with S(866) = 433, S(867) = 34). For k= 19, 
n=37, 113, 151,227,379, 1082 are solutions (with S(1082)=541, S(1083)=38), and for k=37, 
n= 73, 4106 are solutions (with S(4106) = 2053, S(4107) =74). 
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The problem of convergence of (infinite) series involving S(n) and its different variants has 
been treated by several researchers. The following two lemmas are due to Ashbacher [2]. 


ioe} 


Lemma 3.3.7 : The series ny | is divergent. 
n=l S(n) 


Proof : Since (by Lemma 3.7) S(n)<n for all n= 1, it follows that 





ice} 
since the harmonic series — is divergent. m 


n=! 





Lemma 3.3.8 : The series 1 is divergent, where p, is the n-th prime. 
S(,) : 
n=! n 


Proof: By Lemma 3.1.1, 


since the series oo 1 is divergent (Hardy and Wright [6], Theorem 19). m 
p 


n=! n 


Lemma 3.3.9 : The series >» 5 on is divergent. 


Proof : Letting p, be the n-th prime, by Lemma 3.1.2, S(2p,) = max {2, pa} =p, and so 


eel . ee, <toes 
2am sap 





n=! 











Lemma 3.3.10 : Both the series > s{o) and »: Ki ) are divergent. 
n=l n n=l n 


Proof: Let 
n=p,, n= 1 (where p, is the n—th prime). 
Then, 





Sq) _S@,) _ Pa n P, 





np, Pp, Sm S@,) ~ 








: 2 § 2° ; 
Therefore, both the series > (®,) and > oe ) are divergent. Hence, 
n=! Pa n=l P, 
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Next, we concentrate our attention to equations involving S(n) and other classical functions 
of Number Theory, such as the divisor function d(n) and the Euler phi function o(n). These are 
given in Lemma 3.3.13 — Lemma 3.3.19. To prove these results, we need the results below. 


Lemma 3.3.11 : Let n>2 be an integer. Then, 





(1) F(a)= n° i is strictly increasing in a> 1 for any n=>2 fixed, with F(1) > 1; 





a+ 
a-l 
(2) G(a)= fe 7 is strictly increasing in a>2 for any n>3 fixed, G(q) is strictly 
a(a 
increasing in a>3 when n=2; 
(nt+lyn™"’ . ll, Sas, ; 
(3) aera is strictly increasing in a>2 for any n=3 fixed, with F(1)> 1; 
a(a 


H(q) is strictly increasing in a>3 for n= 2, with F(2) = 1 =F(3) when n=2. 
Proof : The results corresponding to n=2 in cases (2) and (3) can easily be verified. 
(1) Note that 


atl a 
F(a+D= PEG) > =) if and only if n(a+1)>a+2, 





which is true for any a> 1 and any n=2. 
(2) In this case, 


G(a+l)= 





-1 
n n = F . . 
(a +1)(a + 2) > (a+) G(a) if and only if na>at+2 


which is true for any a >2 and any n=3. 
(3) Since 
(n+ 1)n* = (n+1)n*" 
(a+l)(a+2) a(atl) 


the result follows for any 0 >2 and any n>3. 


Ha+l)= =H(a) ifandonlyif na>a+t2, 


Hence the proof is complete. 


Lemma 3.3.12 : Let n>2 be an integer. Then, 











1) forn>2 N”_>9 for a> N53 fora>4 n* > 
(1) for n>2, (a) ae or a> 3, (b) eae” or a>4, (c) Ba at bor aed, 


a a a-l 
(2) forn>3,(a) + >3 fora>2, (b) —2— > 1 fora>3,(c) —4 >1 for a>4, 














atl 4a+l1 (a +1) 
a a-l 
(3) for n>5, (a) aq for a> 1, (b) [cep for a>3, 


a a-l 
(4) for n>7, (a) aoa for a> 1, (b) cap >1 for a>2, 


(n+1)n*" bs n(n+1)*" 
——— 21 f >1, (b) ———— 
ae eae 








(5) for n>2, (a) 21 fora>1. 
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We now consider the problem of finding the solutions of the equation 
S(n) + d(n) =n. 
The problem has been considered by Asbacher [5]. Here, we follow a different approach. 
Lemma 3.3.13 : The only solutions of the equation 
S(n) + d(n) =n. 
are n=8, 9. 
Proof : Let, for some integer n, 
S(n) +d(n) =n. (3.3.1) 
Clearly, n is not a prime, since for any prime p> 2, 
S(n)+d(n)=p+2>p=n. 
Thus, n must be a composite number. 
First, we consider some particular cases. 








Case | : When n is of the form n=p*, p>2 is a prime, (a> 2). 
In this case, the equation (3.3.1), together with Corollary 3.3(1), becomes 
p°=S(p*) + d(p”) < pat+(at1l)=a(pt+1)+1. (1) 
When o=2, from (1), p’< 2p +3, which is true only if p <3. 
Now, let p=2, so that (1) takes the form 2°<3a+1, which is absurd if a> 4 (by Lemma 3.3.12). 
Next, let p=3 in (1) to get 3°< 4a +1, which is impossible if a >3 (by Lemma 3.3.12). 
Thus, in this case, the only possible candidates for (3.3.1) to hold true are Oy ane ee 
Checking with these values of n, we see that 
S(4) + d(4)=4+3=7>4=n, S(8)+d(8)=4+4=8=n, 
S(9)+d(9)=6+3=9=n. 
Thus, in this case, n=8 and n=9 are two solutions of the equation (3.3.1). 




















Case 2 : When n is of the form n= 2p", p>3 is a prime. 
In this case, by parts (2) and (3) of Lemma 3.3.12, 


2p*>p*+2(at+ 1)>S(2p") + d(2p") if p=3 and a> 2, or if p>5 and a>. 
Now, checking with n=2x3 =6, we see that 
S(6) +d(6)=3+4=7>6=n. 


Thus, any n of the form n=2p* cannot be a solution of the equation (3.3.1) 





Now, to deal with the general case, let 


a Qh, a, QO, 
n=p* q’ PR, Py ~ Py (3.3.2) 


be the representation of n in terms of its distinct prime factors p, q, pj, P2, ---, Pk. 


Let, for definiteness, 
S(n)=S(p"). 
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Now, by Theorem 0.1 (in Chapter 0), 

d(n)=(a+1)(B+I(o1+1)(a2 41)... (@x+1). (2) 
Dividing throughout of (3.3.1) by d(n), using (2) together with Lemma 3.7 (that S(p") < p®), and 
the fact that B +121, a,+121 for all 1<i<k, we get the following chain of inequalities : 











a ge ir 408 Oe a a 
Pp q Pi P2 Pi BP 1 41< 4] 
atl B+loa,+1la,+1 a,+1 a+1 G+) (a,+)..(a,+1) ~ atl 
so that, after rearrangement of terms, we get 
bi ; OQ, a, Oy 
p q P, P2 Px = 1 < 1. (3) 











at+1}/B+lo,+1la,+1 a, +1 


Case 3 : When n is of the form n=p%q/, p and q are distinct primes. 
In this case, (3) takes the form 
a 6 
P| G@ ye 
24 )s. (4) 
Here also, we consider some particular cases. 
First, let p=2, q>3. 


a B 
2S >1 for any a= 1 (by Lemma 3.3.11(1)), (4) gives = <2, which is impossible if 


q=3 and B =2, or if q>5 and B = 1 (by parts (2) and (3) of Lemma 3.3.12). 





Since 


6 
For a 24, (4) with Lemma 3.3.12(1) give (G-) <1, which is impossible if q=3 and B= 1. 


Next, let p=3, q#3. 


= 3° 3 
When a=1, so that nl >1, (4) gives 


5 <2, which is impossible if q=2 and B 23, or 


<a 
B+1 
if q>5 (any B= 1). 

qs, 


; 3% ‘ 
Since ore ie 3 for a=2 (by Lemma 3.3.12(2)), (4) gives {g5 


}: 1, which is impossible 


if q=2 and B =2 (with strict equality sign when q=2, B =2 and a=2), orifq=5 andB 21. 
Thirdly, let p=5, q#5. 


a 


B 
P—>2 for anya >1 (by Lemma 3.3.12(3)), (4) gives a(5-1)<t 





In this case, since rs 


which is impossible if q=2 and B =2, or if q23 and B= 1. 
Thus, in this case, the only possible candidates for (3.3.1) to hold true are 
i302 32°32 Op 
The case n=2p“ has been verified in Case 2. Checking with the other values of n, we see that 
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S(12)+d(12)=4+6=10<12=n, 8(24) + d(24)=44+8=12<24=n, 
S(36) + d(36)=6+9=15<36=n. 
Hence, there is no solution of (3.3.1) of the form n=p“ q?. 














Now, we confine our attention to (3) with k> 1. From (3), we get 


Oh, Oh, Oh, 
q Pi Po Px eZ 
B+1 a,+1 a,+1 a, +1 


B 





2, 


where, without loss of generality, we may assume that p;25 for all 1<i<k. But then, by 
Lemma 3.3.12, we have a contradiction. 


In the proof of Lemma 3.3.13 above, we proved more. They are summarized below. 
Corollary 3.3.3 : Let d(n) be the divisor function. Then, 
(1) the equation S(n) + d(n) =n has the only solutions n=8, 9; 
(2) the inequality S(n) + d(n)>n has the solutions n= 1, 4, 6, p; 
(3) S(n)+ d(n) <n for any integer n¥ 1,4, 6,8, 9, p. 
The following lemma is due to Jingping [7]. 
Lemma 3.3.14 : The only solutions of the equation 
S(n) = o(n) (3.3.3) 
are n= 1, 8, 9, 12. 
Proof : Clearly, the equation (3.3.3) admits no prime solution, since for any prime p> 2, 
S(p)=p>p—1= o@). 


Thus, any solution n of (3.3.3) must be a composite number. So, let 


ap a a (or 
=p-G Oy py ee G22) 
be the representation of n in terms of its distinct prime factors p, q, pj, P2, ---, Pk. 
Let, for definiteness, 
S(n) = S(p"). 


Now, by Theorem 0.5 (in Chapter 0), @(n) is multiplicative, so that (3.3.3) can be written as 
a-l B OQ, Qh, OQ, % 
Pp’ (P-}) O°) 6, Pr. Pe JSP 


a, a a. 
=> oq") Op, Pr +: Py sts (1) 
which is impossible if k> 1, since in such a case 
a a a 
o(q®) O(p,' py Py) 222, 


Thus, any solution of the equation (3.3.3) can be either of the two forms n=p% and n=p%q’. 
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We now consider these two possibilities below. 
Case 1 : When n is of the form n= p* (a> 2). 
In this case, note that, if p=2, then 


(2) =2° '>2a>S8(2") if a5, 
and if p>3, a>3, then 
o(p°)=p* '(p- 1) > 2p"! > ap2S(p*). 
Thus, in this case, the only possible candidates for (3.3.3) to hold true are 
1=27,2°,2773°, 
Checking with these values of n, we see that 
S(4)=4>2=90(4), S(8)=4= 0(8), S116) =6< 8 =0(8), S(9)=6=0(9). 
Thus, in this case, there are two solutions, namely, n=4, 9. 


Case 2: When n is of the form n= p%q/. 
In this case, from (1), we get 
oq") <5 <2 > O@')=2 > Bal p=2,4=3. 
With n=3.2", (3.3.3) takes the form 
(3.2°) = 2° =S(3.2") = max {S(2*), S(3)} =S(3.2°), 


with the solution oa =2. 
Hence, n= 12 is the only solution in this case, with 


S(12)=4=9(12). 


All these establish the lemma. 





The following three lemmas are due to Yi Yuan [8]. 

Lemma 3.3.15 : The only solutions of the equation S(n’) = $(n) are n= 1,24, 50. 
Lemma 3.3.16 : The only solutions of the equation S(n*) = $(n) are n= 1, 48, 98. 
Lemma 3.3.17 : The only solution of the equation S(n*) = 0(n) is n=1. 


The following result has been established by Maohua Le [9]. 


Lemma 3.3.18 : The only solution of the equation S(n+ n’?+...+n")=¢(n)S(1)S(2) ... S(n) 
isn=1. 


Weiguo Duan and Yanrong Xue [10] have established the following result. 





Lemma 3.3.19 : The only solutions of the equation S(1) + S(2)+...+ S(n) =0( an ) ) 


are n= 1, 10. 
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Lemma 3.3.20 : A necessary and sufficient condition that the equation 


[S(n)]° + S(n)=kn (3.3.4) 
possesses a solution for some integers n>1 and k=1, is that the following equation has a 
solution : 

r(r +1) : 
Ss —) =r for some integers r>1 andk=1. 


Proof : Solving the equation 
[S(n)]’ + S(n)—kn=0 
for positive S(n), we get 
S(n) => (vi+ 4kn — 1). (3.3.5) 
Thus, a necessary condition such that the equation (3.3.4) has a solution is that, k and n must be 
such that 1 + 4kn is a perfect square. Let 


1+4kn=x’ for some integer x>1. 








Then, 
4kn=x?-1=(x-1)(x+1). (1) 
Since x—1 and x+1 has the same parity, from (1), both are even. Letting x— 1 =2r, from (1), 
4kn=(2r).2r+2) > 4) 
Finally, we get from (3.3.2), 
sc Dag (3.3.6) 


Conversely, n= 





satisfies the equation (3.3.4), as is shown below : 


r(r +1) 
k 





[S(n) + S(n)=1? +r=r(r+ 1) =kn. 
All these complete the proof of the lemma. 


Lemma 3.3.21 : For any integer k>2 fixed, the equation 


n(n +1) 


S( = 


has an infinite number of solutions. 
Proof : Given the integer k>2, let p be a prime of the form 
p=ka-1l,a>l. (1) 


pe 


By Lemma 3.7, S(——)< a a =—<p, so that by Lemma 3.1.3, 


spar) , max{S(p), S(2*)} = 8(p) =p. 


This shows that n=p is a solution of the given equation. Now, since there are an infinite number 
of primes of the form (1), the lemma is proved. 
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Remark 3.3.2 : Equation (3.3.6) allows us to find the solutions of the equation (3.3.4) for 
any particular value of k, as given in Lemma 3.3.21. 


(1) When k=1, the solutions of (3.3.4) are 
n=p(p+ 1), where p=S is a prime. 
When p= 5, p+1>6 is a composite number, and so by Lemma 3.9, 
S(p+ 1) < pa <p. 
Now, since (p, p+ 1)=1, by Lemma 3.1.3, 
S(p(p + 1))=max {S(p), S(p+ 1)} =S@)=p. 
(2) When k=2, besides the trivial solution n= 1, other solutions of (3.3.4) are 


_ p(p+)) 
owe 


In particular, any even perfect number n= 2°(2**'—1) is also a solution of (3.3.4), 
where a>1 is an integer such that 2**'—1 is prime : In sucha case 


SQ) <2722"'241. -=s- -S(a)=max{S(2), SO 1) } $2?" 1, 





, where p>3 is a prime. 


(3) When k=5, r=4 is a solution of (3.3.6), and n=4 is a solution of (3.3.4), besides the 
solutions given in Lemma 3.3.21. 


Following a different approach, the above results have also been found by Rongi Chen and 
Maohua Le [11] 


The Smarandache perfect number and the completely Smarandache perfect number are 
defined as follows. 


Definition 3.3.1 : Given an integer n= 1, 
(1) nis called Smarandache perfect if and only if 


k 
n=) S(d,). 
i=l 
where d,=1, do, ..., d, are the proper divisors of n. 
(2) nis called completely Smarandache perfect if and only if 
n= > /S(d), 
din 


where the sum is over all divisors d of n (including n). 


Remark 3.3.3 : The proof of Maohua Le [12], with the modification that S(1)=0, shows 
that the only Smarandache perfect number is n= 12. Gronas [13] has shown that, under the 
condition S(1) = 0, all completely Smarandache perfect numbers are n=p, 9, 16, 24. 
However, the situation is different if S(1)= 1. 


The Smarandache perfect numbers and the completely Smarandache perfect numbers are 
given in Lemma 3.3.22 and Lemma 3.3.23 respectively. 
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Lemma 3.3.22 : The only Smarandache perfect numbers are n= 1, 6. 
Proof : Let n be an Smarandache perfect number, so that, by Definition 3.3.1, 


ne y S(d). (3.3.7) 


Clearly, no prime is a solution of (3.3.7). Also, note that, if n is of the form n=p* (a=2), then 
the proper divisors of n are 1, p, p. wane pes with S(1)=1, so that the r.h.s. of (3.3.7) is not 
divisible by p, while p divides the |.h.s. Thus, there is no solution of the form n=p”. 
By Lemma 3.8, for any divisor d of n, S(d) < S(n), with strict inequality sign for at least one 
divisor of n. Therefore, from (3.3.7), we get 

n= > S(d)<[d@)-I]Sm) => n<d(n)S(n). (1) 

ded 
Thus, any solution n of (3.3.7) must satisfy the inequalities in (1). 
We first consider some particular cases. 
Case 1 : When nis of the form n= pq, p and q are primes with q>p. 

In this case, d(n)=4, and so, from (1) we get 

n=pq<3q > p=z2. 
Now, if p=2, then 

>) S(d) =S() + S(p) + S(q)=1+p+q=3+q=n=2q > q=3. 


dln 
l<d<n 





Thus, in this case, n=2x3 =6 is the only solution of the equation (3.3.7). 
Case 2 : When n is of the form n=2°%q, a>2, q>3 is a prime. 

First, let S(n) = S(2°). Since d(n)=2(a+ 1), from (1), we get 
n=2%q<2(a+)S(2")<2°a(at+l) => 2%°q<a(at+)), 

which is impossible if (1) q=3 and a= 6, or if (ii) q=5 and a =4, or if (iii) q>7 and a=2. 

Thus, the possible candidates for the equation (3.3.7) to hold true are 
n=3.2%,2<a<5; (n=5.2’ is to be excluded since S(5.2°) # S(2°)). 

But, when n=2’q, ~ S(d) = S(1) + S(2) + S(2”) + S(q) + S(2qg) =14+. 24+ 44+q+q =7 + 2q; 


din 
l<d<n 


when n=2'q, »; S(d) = S(1) + S(2) + S(2”) + S(2*) + S(q) + S(2q) + S(2” q) =15 + 2q; 


dln 
l<d<n 


for n=24q, > S(d) =S(1) + S(2) + S(2”) + 8(2*) + S(2*) + S(q) + S(2q) + S(2?q) + S(2* q) = 25 + 2g; 


din 
l<d<n 


for n=2°q, x 





S(d) = S(1) + S(2) + S(2?) + S(2°) + S(2*) + S(2°) + S(q) + S(2q) + S(2? q) + S(2’.q) + S(2* gq) = 39 + 2q; 
din 
1<d<n 


so that, in each case, the term on the right of (3.3.7) is odd, while n is even. 
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Next, let S(n) =q. Then, from (1), we get 
n=2°q<2%a+lq => 2%'<a+4+l, 
which is possible only for «= 2, and so, n=2’q, which is not a solution of (3.3.7) for any q>3. 
Thus, there is no solution of the equation (3.3.7) of the form n=2" q. 
Case 3 : When n is of the form n=p*q’ (a21, B>1, aB=2). 
Let S(n)=S(p"). Now, since d(n)=(a+1)(B + 1), (1) takes the form 








a-l B 
a a Pp q 
= 1 1S < 1 1 ——<l. 2 
n=p'g’ <(a+NB+NS")<(a+NB+Dop > soa a<l. 
a-l 
Now, since P ra >1 for p27 and a= 2, (2) is impossible for p27, q#p, a2=2 and B2>1 


(by part (4) of Lemma 3.3.12). Thus, it is sufficient to check for the primes p =2, 3, 5 only. 
First, let p=2 (so that q>3, a2B =2). Then, (2) reads as 
B 








ee: ie 
<1, 
a(a+1) B+1 3) 
B 
Since eui2? if q=3 and B =2, (3) gives nCes +1) <1, which is impossible for any a2 1 


(by Lemma 3.3.12(5)). Thus, in this case, (3.3.7) has no solution (by Case 2 above). 
Next, let p=3, so that from (2) 
ees q? 
——<l. 4 
a(a+l) B+1 . (4) 








B 
If q=5 and B= 1 (so that eal >2), (4) gives n CES 7 <1, which is impossible for any a= 1 


(by Lemma 3.3.12(5)); if q=2 and B>3 (so that pa 2), from (4), <1, which is 





= 


impossible for any a = 1. Moreover, from (4), <1, which is impossible for a 24. 





os 

(a +1) 
Thus, the only possible candidates for (3.3.7) to hold true are n= 2.3%, 27.3% with 2<a<3. 
When n = 2.3", > S(d) = S(1) + S(2) + S(3) +... +S(3%) + S(2.3) + S(2.37) + ... +S(2.3°7) 


l<d<n 


= 1424 013k) + ¥ Gk) = 30? 1), 


and the equation 3(a” + 1) =2.3" has no solution for @>2. And when n=2’.3°, 
ys S(d) =S(1) + S(2) + S(2”) + S(3) +... + S(B*) +. S(2.3) +... + S(2.3%) +S(27.3) + ... + 9(27.3"7) 
| 


l<d<n 





a a-l 
=14+2+4+2)°Gk)+4+ Gk), 
k=l k=2 


which is not divisible by 3. 


79 Chapter 3 : The Smarandache Function 


Finally, let p=5, so that (2) takes the form 
B 








Sree! od 
—— 5 
a(atl) B+1 ©) 
q’ a5 
If q=7 and 8 =1, then since Bri >3, (5) gives Gi sy <1, which is impossible for any 


25° 
a(a +1) 





B 
a2 1; if q=2 and B23 (so that aie 2), then from (5), <1, which is impossible 





B a-l 
for any a21; if q=3 and B=2, then since eae? from (5), car which is 





a-l 
impossible for any a = 1. Also, from (5), 7 2) <1, which is impossible for a 2 3. 
a(a 
Thus, in this case, the only possible candidates for (3.3.7) to hold true are n=3.5°, 2.57, 27.5’. 


Note, however, that n= 3.5° violates the inequalit (5), since 52 >1. 
q y 62 


Now, when n=2.5*, }) S(d) =S(1) + S(2) + S(5) + S(S”) + S(2.5) =14 24541045 = 23; 


dln 
l<d<n 


forn=27.5°, >) S(d) =S(1) + S(2) + S(2”) + S(5) + S(5”) + S(2.5) + S(2”.5) + S(2.5”) = 42. 


din 
l<d<n 


Thus, there is no solution of (3.3.7) of the form n=p%q°. 
Now, we consider the general case. So, let 
a B a a, Oy, 

n=p q Pi Po «+ Px 
be the representation of n in terms of its distinct prime factors p, q, p, Pi, P2 ---» Px (k= 1). 
Let, for definiteness, S(n) =S(p*). Then, from (1), we get 

n < d(n)S(n) < d(n)S(p*) 

& B OL, Q, Oh, 
p q Pi P2 Px 
a+1B+lo,+1lo0,+1  a,+1 





<S(p*) <ap. (6) 


Now, if p= 2, without loss of generality, q=5, and so (6) takes the form 
- Oh, Q, Oh, 
2 P, P2 Px < 1 
a(at+l) a,+1 a,+1 °° a,4+1 ° 











which is impossible. On the other hand, if p=3, with q=5, (6) takes the form 
or or or 
23° Pi P2 : Px : 2 
a(at+l) a,+1 a,+1 °° a, +1 
which is also impossible. 





1, 


All these show that n= 1, 6 are the only solutions of (3.3.7), which we intended to prove. 
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Lemma 3.3.23 : The only completely Smarandache perfect numbers are n= 1, 28. 
Proof : Let n be a completely Smarandache perfect number, so that, by Definition 3.3.1, 


ae ry S(d). (3.3.8) 


Clearly, no prime is a solution of (3.3.8). Thus, any solution of (3.3.8) must be a composite 
number. 
In this case, any solution of (3.3.8) must satisfy the following condition : 
n= > S(d)<d(n)S(n). (1) 
oe 
We proceed like that in the proof of Lemma 3.3.22, considering the following cases : 


Case 1 : When n is of the form n= p* (a> 2). 
In this case, however, there is no solution of the equation (3.3.8). 


Case 2 : When n is of the form n= pq with q2p. 
In this case, 
>, S(d) =Sd) + S(p) + Sq) + S(pq) =1+ p+q+q=1+p + 2q, 
Sten 
which is odd only if p=2. But, then 
>) S(d) =3 + 2q>2q. 
Sen 
Thus, there is no solution in this case. 
Case 3 : When n is of the form n=2°%q, q>3, a=2. 


Assuming that S(n) = S(2"), the possible candidates for the equation (3.3.8) to hold true are 

n=327, 3.2", 

But, when i= 2d: the divisors are 1, 2, 2, q, 2q and 2a; so that 
>) S(d) = S(1) + S(2) + S(2”) + S(q) + S(2q) + S(2’ gq) =14+24+4+4q4+q4+4=11+42q, 
ieacs 

which is odd. 

Again, when n= 2°q, the divisors are 1, 2, 2°, 2°, q, 2q, 2’q and OG. so that 

>> S(d) = S(1) + S(2) + S(2”) + S(2) + S(q) + S(2q) + S(2” gq) + S(2’ q) 

dl 


n 
l<d<n 


=14+2+4+4+q+q+4+4=19 + 2q, 
which is odd. 
Next, assuming that S(n) =q, so that a = 2, we get from (1), 


n=2%q<2at+lq > 2°%'<atl, 


which is possible only for a=2, and so, n= 27g. Now, since 
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S(d) = S(1) + S(2) + S(2”) + S(q) + S(2q) + S(27 gq) =14+.24+44+q+q+q=7+3q, 


In 
d<n 


lA & 


1 
we see that 





S(d)=7+3q=2’?q => q=7. 


In 
d<n 


1 
Thus, in this case, n=27.7 =28 is the only solution of the equation (3.3.8). 

Case 4: When n is of the form n= p%q). 
Letting S(n) =S(p*) with p=3, the only possible candidates for (3.3.8) to hold true are 


n=2.3%, 27.3% with 2<a<3. 





When n=2.3%, 
> S(d) =S(1) + S(2) + S(3) + $B") + ... +S") + $(2.3) + $(2.37) +... +.8(2.3%) 
ee é 
=1+2+2) (3k) 
k=1 
ere cue 
=3(a° +a+4+)), 


and the equation 3(a” + a+ 1) =2.3" has no solution for a> 2. 

Again, when n= 27.3", 

> S(d) = S(1) + S(2) + S(2”) + S(3) +S(3’) +... +S") 
din 

l<d<n 


+ §(2.3) + S(2.3) + ... + $(2.3*) + 8(22.3) + S(22.32) + ... +8(22.3%) 


=14+2+44+2) (3k)+4+ >) (k), 
k=l k=2 
which is not divisible by 3. 
When p=5, the only possible candidates for (1) to hold true are n=5.2’, 2.5’, 27.5”. 
But, when n=2.5*, 5° S(d) =S(1) + S(2) + S(5) + S(5”) + S(2.5) + S(2.5*) = 33; 
din 
l<d<n 


and when n=2°.5”, 


SY” S(d) =S(1) + S(2) + S(2”) + S(5) + S(S?) + S(2.5) + S(2?.5) + S(2.5°) + S(2?.5?) = 52. 


din 
l<d<n 
a Bp a a, Oo fe es : 
In the generalcase when n=p q p, p, .. p, with k21, an analysis similar to that in 


the proof of Lemma 3.3.22 shows that the equation (3.3.8) has no solution. 
All these complete the proof of the lemma. 


The following result is due to Ashbacher [2]. Here, we give a simplified proof. 
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Lemma 3.3.24 : Given the successive values of the Smarandache function 
S(1)=1, S(@)=2, 8(3)=3, Z(4) =4, S(5) =4, S(6) =3, S(7)=7, S(8) =4, ..., 

the number r is constructed by concatenating the values in the following way : 

r=0.12345374.... 

Then, the number r is irrational. 

Proof : The proof is by contradiction. Let, on the contrary, r be a rational number. Then, 
from some point on, a group of consecutive digits must repeat infinite number of times, that is, r 
has the form 

r=0.12345374...dido... dk dido... dk... . 
Let N be the integer such that S(N) =did2... di, 1 <i<k. By Lemma 3.12, 

S((did2 ists di)!) = did, sate di, 
and (did, ... d,)!_ is the maximum such number (so that, for any integer n>(djd) ... dj)!, 
S(n) # did2...d)). Thus, the digits d;d....d; in r cannot repeat infinitely often. This leads to a 
contradiction, and consequently, r is irrational. 


The following lemma, giving an exact formula for the number of primes less than or equal 
to given integer N = 4, is due to Seagull [14]. 


Lemma 3.3.25 : Given any integer N >4, the number of primes less than or equal to N, 
denoted by n(N), is 


m™(N) = ys Ea -1, 


where [x] denotes the greatest integer less than or equal to x. 
Proof : By Lemma 3.3.5 and Lemma 3.7, 


[sm ‘ 1, if n=4 orifn is prime 
n 5 
0, otherwise 

Thus, in the above sum, a prime contributes 1, increasing the count of prime by 1. Since n=4 is 
not prime, its contribution to the sum is to be deducted. ™ 


The idea of Lemma 3.3.25 can be extended to find an exact formula for the number of twin 
primes less than or equal to a given integer N>3. Recall that, p and p+2 are called twin primes 
if both p and p+2 are primes. Some of the twin prime pairs are (3,5), (5,7), (11, 13), (17, 19), 
(29, 31) and (41,43). A formula has been put forward by Mehendale [15] to find the number of 
twin primes less than or equal to a given integer N23. In the following lemma, we reproduce 
the formula in a modified form. 


Lemma 3.3.26 : Given any integer N > 3, the number of twin primes less than or equal to N, 
denoted by 1,(N), is 


~~ [sense 


n=3 


([x] denotes the greatest integer not exceeding x). 
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Proof: By Lemma 3.3.5 and Lemma 3.7, 





S(n) S(n+2)]_ 1, if both n and n + 2 are primes 
n n+2 |. 


0, otherwise 


Thus, in the sum, a contribution of a count of 1 comes only from a twin prime pair. lf 


Since it is known that, the first twin prime pair in the sequence of twin primes is (3, 5), it is 
reasonable to start searching from n=3; and this automatically excludes the case n= 4. 


The idea is extended further in the following lemma, due to Mehendale [15]. 


Lemma 3.3.27 : Given any integer N > 3, the number of prime pairs (p, p+2k) (where 
k> 1 is a pre-specified integer) less than or equal to N, denoted by 12,(N), is 
Nk | S(n) S(n + 2k) 
Fae (N) = yz n  n+2k / 


n=3 
(where [x] denotes the greatest integer less than or equal to x). 


And we can extend still further to find a formula of the number of prime-triplets less than 
or equal to a given integer N. A prime—triplet is of the form (p, p+2, p+6) where p, p+2 and 
p+6 are all primes, or of the form (p, p+4, p+6) with p, p+4 and p+6 all primes. The triplets 
(5, 7,11) and (11, 13,17) are examples of prime-triplets of the first kind, while two 
prime-triplets of the second kind are (7, 11,13) and (13, 17, 19). It is conjectured that, like the 
twin-primes, the twin-triplets (of both kinds) are infinite in number (Hardy and Wright [6], 
pp. 5), but the conjectures still remain open. 


Lemma 3.3.28 : Let N=5 be any given integer. 
(1) The number of prime-triplets of the form (p, p+2, p+6) less than or equal to N, 
denoted by 73(N), is 


n,(N)= 5 ES S(n +2) S(n+ 2 


n n+2 ° n+6 Pf 





(2) The number of prime-triplets of the form (p, p+4, p+6) less than or equal to N, 
denoted by 1’3(N), is 
SS | Sn) S(n +4) S(n +6) 
»(N) = ‘ : 
#s(N) 2, n n+4 n+6 


n=7 


3) 





(where [x] denotes the greatest integer less than or equal to x). 


Lemma 3.3.25 — Lemma 3.3.28 show how the Smarandache function comes into role in the 
formulas for determining the exact number of primes, twin primes or prime—triplets upto a 
given integer N. However, it should be borne in mind that, from the computational point of view, 
these formulas are not that useful, because the calculation of S(n) for large values of n involves 
much memory. 
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3.4 Some Observations and Remarks 


In this section, some observations about some of the properties of the Smarandache 
function are given. Some questions are raised in the relevant cases. 


Remark 3.4.1 : The proof of Lemma 3.3.1 shows that S(n+1)—S(n) is both unbounded 
above and unbounded below; in fact, the proof also shows that 


lim sup | Sn +1) —S(n) |= +00. 

The minimum value of |S(n+1)—S(n)| is clearly 1, and some instances are given below : 
Is(2)-s@l=1, |s@)-s@)l=1, = 19(4)-s@)l=1, 186) -9(4)|=1, 
|s(9)-Sd0)|=1, |S@6)-Sds5)l=1, |S@5)-S@G6)l=1, |S(4) - $(3)|=1, 
| S99) — $100) | =1, |S(176) — S175) | =1, | $96) — S195) | =1. 

The question is : Is there infinitely many n with | S(n + 1) — S(n) |= 1? (see Jason Earls [16]). 

Remark 3.4.2 : Since for any prime p= 5, 
sp - 1) <?+ <p=sep, 

it follows that, the inequality S(n+ 1)>S(n) holds for infinitely many n. Again, for any p> 5, 
sp +) <P <p=s(p), 


which shows that the inequality S(n+ 1) <S(n) holds for infinitely many n. 

Lemma 3.3.6 proves that the equation S(n)S(n+1)=n has no solution. However, for the 
equation, S(n)S(n+1)=kn, k>2, the situation is quite different : If n is a prime, say n=p, then 
the equation has a solution corresponding to k = S(p+1). Besides this trivial case, there are 
solutions of the equation for particular values of k. We have examples corresponding to 
k=2,4,5, 6, 7,9, 10,11, 13,17, 19,37, which shows that the equation S(n)S(n+1)=kn has more 
than one solutions for these values of k. For these values of k, there are composite n as well. 
A limited search upto n=4800 reveals that, there are solutions for other values of k as well. 
These are given below : 


k=8 :n=31, 127, 191, 223, 383, k= 14: n=97, 293, 
k=22 :n=241, k=23 : n=137, 229, 367, 
k=26 : n=337, k=41 : n=163, 409, 
k=43 : n=257, k=47 : n=281, 

k=53 :n=211,317, k=59 : n=353, 

k=67 : n=401, k=71 :n=283, 

k=79 : n=157, k=83 :n=331, 

k=97 : n=193, k=139 : n=277, 
k=157 :n=313, k=199 : n=397. 


Note that, in each case, n is prime. 
The question is : Is there a solution of the equation S(n)S(n+1)=kn for any k> 2? 
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Remark 3.4.3 : In more detailed study of the properties of the Smarandache function S(n), 

the inequalities given in Lemma 3.1.6 and Corollary 3.1.3 may prove very useful. Sandor [3] 
derives a number of equations and inequalities involving S(n). The derivations of some of them 
become simpler if Lemma 3.1.6 is exploited. For example, from Lemma 3.1.6, it follows 
immediately that 

S(n; nz) < S(n;)S(n2) <n S(n2) for any integers nj, n> 1. 
As another example, let us consider the problem of finding the solution of S(ab) =a‘ S(b). 
If a=1=b, the equation becomes trivial. So, let a,b >1. Then, by Lemma 3.1.6, 

S(ab) = a‘ S(b) < S(a) S(b) => a‘ <Sa)<a => k=l, S(a)=a. 
Therefore, S(ab) = S(a)S(b), and hence, by Corollary 3.1.3, we must have S(ab) = S(a) + S(b). 
Now, the proof of Lemma 3.1.7 shows that, we must have a=2=b. 


Remark 3.4.4 : As has been proved by Sandor [3], 
him inf se eo) =0, lim sup St) 1 =max |S ineZ'}. 


no no 





The proof is simple : In the first case, the proof follows from Lemma 3.3.3. In the second case, 
the proof follows from the fact that, for any prime p, 


Sp) _ | 
p 


Remark 3.4.5 : The following results have been established by Sandor [3] : 
him inf 35m) =0, lim sup SC) = max Sm ine Z| 


no no 
To prove the first part, note that 


< SS) _ SP) _ 1 
of sp ae @-D! > Oaspoo,. 
The proof of the remaining part is as follows : For any prime p, 
SSP) _ SP) _, 
Pp Pp 





Remark 3.4.6 : The proof of Lemma 3.3.13 shows that, the inequality S(n) + d(n)>n holds 
true for infinitely many n (namely, when n=p is a prime), and the inequality S(n)+d(n)<n also 
holds true for infinitely many n (namely, when n is of the form n=2p*, where p > 3 is a prime). 


Remark 3.4.7 : In [3], Sandor conjectures that 
S.((2n+ 1)! (2n+3)!)=q,—1, where qy is the first prime following 2n+ 3. 


From the values of S-((2n+ 1)! (2n+3)!), given in Remark 3.2.1.1, we see that the case n=2 is a 
violation to the above conjecture. However, for values up to n= 10, given in Sandor [3], n=2 is 
the only exception to the conjecture. 

The question is : Is the conjecture true for n#2? 

In this respect, we have only the result given in Lemma 3.2.1.5. 
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Remark 3.4.8 : Several researchers have considered the function 
Ton) = 5 [a2], 
kl LP 

which counts the exponent of the prime p in m! (where [x] is the greatest integer less than or 
equal to x). Since for any prime p and any integer a2 1, 

S(p*) = min{m : p*|m!}, 
it follows that 

S(p*) = min {m : T,(m) 2 a}. 
Using T,(m), Farris and Mitchell [17] have proved the following result. 


p‘ =k k 
Lemma 3.4.1: S\p =(p—l)p* fork 21. 


Remark 3.4.9 : From Lemma 3.3.5, S(n)<n for any composite number n#4. To find the 

















k 
maximum value, max ( n#4, Pf , it is sufficient to consider max | ) :p>2,k= 2, 
p 
where the maximum is over all primes p and all k>2. By Lemma 3.3.2 and Lemma 3.1.4, the 
k ioe} 
sequence (88 | is strictly decreasing in k for any prime p fixed, with 
k=1 
k 
oe if1<k<p. 
Since is is strictly deceasing in both k and p, to find max [S@ n#4, | , it is sufficient to 
p 
consider only the cases when p =2 with k=3 and p=3 with k=2. Since 
83’) _6_2, 82’) _1 
3? 9 3 2? 2). 
we have the following lemma. 
, S(n) 2 

Lemma 3.4.2 : For any composite number n>4, aa < = 

(with the equality sign for n=9 only). 
Ashbacher [2] raises the following question : 

Question 3.4.1 : For what rational numbers r there exists an n such that a =r? 


From Lemma 3.4.2, we see that Question 3.4.1 is valid only when re(0, 3h Ashbacher [2] 


also proved that, ifr is of the form r= = where p is a prime, then n=8, 27, and these are the 


only solutions. 
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A simpler proof is as follows : In order that mat, n must be of the form n=p*. From 


Lemma 3.1.4, Lemma 3.1.5 and Lemma 3.4.1, it is clear that a<p+ 1. 
Now, when a <p, then 








> a=p,a-2=l1 > p=3=a, 


a a a-l 


p pp 


and when a=p+1, 


S p+l 2 
Segoe a > p-l=l => p=2. 


Se) _op__a _1 
p 








We conclude this chapter with the following conjecture related to S(n). 
Conjecture 3.4.1 : For any integer n= 1, S(n+1)#S(n). 
Let, on the contrary, 
S(n+ 1)=S(n) =m, for some integers n and mp. (1) 
Clearly, neither n nor n+ | can be prime. So, let 


a GQ A, OL, B PB, B, B, 
n=p p, Pp, -«P, » n+l=q q 2 me 


be the representations of n and n+1 in terms of their prime factors, where the primes 
P; Pi, Po ..-, pr and the primes q, q:, qz, ..-, q: are all distinct. Moreover, let for definiteness 


S(n) = S(p"), S(n + 1) =S(q’). (2) 


Thus, the problem of finding the solution of (1) reduces to finding the primes p and q, and the 
integers o and B such that 


S(p*) = S(q?). (3) 


Without any loss of generality, we may assume that p>q, so that a < B. From (3), it follows that 
p must divide S(q*) and q must divide S(p%). From Lemma 3.1.4 and Lemma 3.1.5, we see that, 
since p>q, we must have 1< a<p-—1,B2=qt+1, so that 


S(p*) = kp for some integer 1 < k < p —1 (p does not divide k), 


S(q*) = q°(q + b) for some integers a and b (q does not divide b). 
Again, since n| mo!, (n+ 1)| mo!, and since (n,n+1)=1, it follows that 

n(n+1)| m! => S@Mmt+l)<m > SMMmtl))=m, 
since, by Lemma 3.8, S(n(n+ 1)) > S(n) = mp. Therefore, 

Sat+1=SM) => SMmt+l1)=S()=SM(n-+ 1)). 
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Chapter 4 The Pseudo Smarandache Function 


Chapter 3 gives some properties of the Smarandache function S(n). The other function, 
widely-studied by the Smarandache number theorists, is the pseudo Smarandache function. In 
this chapter, the pseudo Smarandache function, denoted by Z(n), is considered. 


The pseudo Smarandache function, Z(n), introduced by Kashihara [1], is as follows : 


Definition 4.1 : For any integer n>1, the pseudo Smarandache function Z(n) is the 
_ m(m+1) 





smallest positive integer m such that 1+2+...+m is divisible by n. Thus, 


m(m + 1) 


Z(n)=min{m: me Z*, n| }3;n21, 


(where Z” is the set of all positive integers) : 


Let T(m) be m-th the triangular number 


Tem= Et) mez". 


Then, T(m) is strictly increasing in m. This implies that the function Z(n) is well-defined. 





By Definition 4.1, Z(n) is the smallest positive integer m such that the corresponding 
triangular number T(m) is divisible by n. Thus, 
Z(n)=mMo 
if and only if the following two conditions are satisfied : 


m,(m, + 1) 


(1) n divides 


m(m + 1) 


(2) n does not divide for any m with 1<m<mp-1. 


Let, for any ne Z* fixed, 
Z(n) =m, 
so that 


m,(m, +1) 


T(mo)= =kn for some ke Z*. 


Then, my can be found by solving the above equation for the positive root. Thus, 
Mo= sol + 8kn -1), 


where k is such that 1+8kn is a perfect square; moreover, the smallest mg is found by choosing 
the smallest such k. Conversely, if k is the smallest integer such that 1+8kn is a perfect square, 


m,(m, +1) 


then mp is the smallest integer such that n| , and hence, Z(n)=mo. We thus arrive at 


the following equivalent definition of Z(n), as has been pointed out by Ibstedt [2]. 
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Definition 4.2 + Zn) = min Sol + 8kn —1):k eZ", 1+8knis a perfect square}. 
k 


Kashihara [1], Ibstedt [2] and Ashbacher [3] studied some of the elementary properties 
satisfied by Z(n). Their findings are summarized in the following Lemma 4.2—Lemma 4.6. The 
proofs of some of these results depend on the following lemma which is almost trivial. 


Lemma 4.1 : Let p be a prime. Let an integer m (>p) be divisible by p* for some integer 
k (21). Then, p* does not divide m+1 (and m—1). 


Lemma 4.2 : For any ne Z* , Z(n)=> 1. Moreover, 

(1) Z(n)=1 if and only ifn=1, 

(2) Z(n)=2 if and only ifn=3. 

Proof : In either case, the proof of the “if” part is trivial. So, we prove the “only if” part. 
(1) Let Z(n)=1 for some ne Z*. Then, by definition, n|1, and hence, n= 1. 


(2) Let Z(n) =2 for some ne Z*. Then, by definition, n|3, and hence, n=3. 

The following lemma gives lower and upper bounds of Z(n). 

Lemma 4.3 +3 < Z(n) <2n-1 for all n=4. 

Proof : T(m)= mins) is strictly increasing in m (me Z* ) with T(2)=3. Thus, Z(n)=2 if 
and only if n=3. Therefore, for n> 4, Z(n)> T(2)=3. 
Again, since n|T(2n-1), it follows that Z(n) cannot be greater than 2n—1. 


The upper bound of Z(n) in Lemma 4.3 can be improved in the case when n is odd. In fact, 
we can prove the following result. 


Lemma 4.4 : Z(n)<n-1 for any odd integer n=3. 
Proof : If n=3 is an odd integer, then n—1 is even, and hence, n| T(n—1)= ce a 
The lower bound of Z(n) can also be improved. For example, since T(4)=10, it follows 


that Z(n)>5 for all n=>11. A better lower bound of Z(n) is given in Lemma 4.5 below for the 
case when n is a composite number. 


Lemma 4.5 : For any composite number n> 4, Z(n)>max{Z(d) : d|n}. 
Proof: Let 


Z(n)=mp for some me Z”. 
m,(m,+)) _ ; F : ; 
Then, n| a aa T(mp) (and mo is the smallest integer with this property). Clearly, any 
divisor d of n also divides T(mo), so that Z(d) < mo. 
Lemma 4.6 : For any integer n24, Z(n)= sol +8n -1)>nh. 


Proof : From Definition 4.2, since the minimum admissible value of k= 1, 


Z(n) > 5 (VI+ 8n -l)>vn. @ 
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This chapter gives some results related to the pseudo Smarandache function Z(n). 


In §4.1, we give some preliminary results which would be needed in the following section. 
§4.2 gives some simple explicit expressions for Z(n). An expression for Z(pq) is given in 
Theorem 4.2.2, whose proof shows that the solution of Z(pq) involves the solution of two 
Diophantine equations in p and q. Some particular cases of Theorem 4.2.2 are given in 
Corollaries 4.2.3—4.2.18. Some generalizations of the pseudo Smarandache function are given 
in §4.3. §4.4 is devoted to some miscellaneous topics. We conclude this chapter with some 
remarks about the properties of Z(n) in the final §4.5. 


4.1 Some Preliminary Results 


In this section, we give some preliminary results that would be required in the next section to 
find explicit expressions of Z(n) in some cases. 


Lemma 4.1.1 : 6|m(m+1)(m+2) for any me Z*; and 6|(p’—1) for any prime p>5. 

Proof : The first part is well-known : Since the product of two consecutive integers is 
divisible by 2 and the product of three consecutive integers is divisible by 3, and since (2,3)=1, 
the result follows. In particular, for any prime p=5, 6|(p—1)p(p+1). But since p (25) is not 


divisible by 6, it follows that 6|(p—1)(p+1). m 


Lemma 4.1.2 : For any integer k= 0, 
(1) 4 divides 3°*— 1, (2) 4 divides 3°"! +1. 
Proof : tn either case, the proof is trivial for k=0. So, let k>1. 
(1) Writing 37*— 1 =(3‘—1)(3*+1), the result follows immediately. 
(2) Since 3°**'+ 1 =3(3"*—1)+4, the result follows by virtue of part (1). ml 


Lemma 4.1.3 : For any integer k>0, 
(1) 3 divides 2**—1, (2) 3 divides 2°°°'+1. 
Proof : In either case, the proof is trivial for k=0. So, let k> 1. 
(1) By Lemma 4.1.1, 3 divides (2‘—1)2‘(2‘+1). Since 3 does not divide 2‘, 3 must divide 
QaHO fs?" +1. 
(2) Noting that 2***'+ 1=2(2*—1)+3, the result follows by virtue of part (1). ll 


Lemma 4.1.4 : For any integer k>0, 5 divides 2**—1. 
Proof : The proof is by induction on k=1. The result is clearly true for k=1. So, we 
assume its validity for some integer k. Now, since 


24) _ 1 = 162-1) +15, 
it follows that the result is true for k+1 as well, completing induction. 
Lemma 4.1.5 : For any integer k>0, 7 divides 2°*—1. 


Proof : The result is clearly true for k=1. To proceed by induction, we assume the validity 
of the result for some integer k. Now, 


er) _ 1 =8(2**-1) +7, 
showing that the result is true for k+1 as well, which we intended to prove. Hl 
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Lemma 4.1.6 : For any integer k= 0, 
(1) 11 divides 2°? +1, (2) 11 divides 2'"—1. 
Proof : In either case, the result is true when k=0. So, let k> 1. 


(1) The result can easily be checked to be true for k=1. Now, assuming its validity for some 
integer k, by the induction hypothesis, together with the fact that 


2523) 4 919 952K 4 17_ (254 125-1), 
it follows that the result is true for k+1 as well, completing induction. 
(2) Since o"™=1=2"= 1y(2*+ 1), the result follows by virtue of part (1). Mf 
Lemma 4.1.7 : For any integer k= 0, 
(1) 13 divides 2° +1, (2) 13 divides 2'**—1. 
Proof : In either case, the result is trivially true when k=0. So, let k2> 1. 


(1) The result is true for k=1. To proceed by induction, we assume that it is true for some 
integer k. Now, 


O2K+3) 4 4 = 2!2(p29eer) + be (26+ 1)(2°~ 1), 
which shows the validity of the result for k+1. This completes induction. 
(2) Noting that 2'*—1=(2—1)(2™ + 1), the result follows by part (1) above. 





Lemma 4.1.8 : For any integer k>0, 
(1) 17 divides 2°" +1, (2) 17 divides 2°*— 1. 
Proof : In either case, the result is true when k=0. So, let k> 1. 


(1) The result is clearly true for k=1. To proceed by induction, we assume its validity for some 
integer k. Then, since 


2423) 4 1 = 98((74CK 4 17 (24+ 124-1), 
we see that the result is true for k+1 as well. This completes the proof by induction. 
(2) Since 2**—1=(2**—1)(2**+ 1), the result follows by virtue of part (1). ml 


Lemma 4.1.9 : For any integer k= 0, 
(1) 19 divides 2°°* +1, (2) 19 divides 2'**—1. 
Proof : In either case, the result is true when k=0. So, let k> 1. 


(1) The result is clearly true for k=1. To proceed by induction, we assume its validity for some 
integer k. Then, 


2409) 41 = 2824 4 1] (24+ 1)(2*- D, 
showing that the result is true for k+1 also. This completes the proof by induction. 
(2) Writing 2**—1=(2**— 1)(2**+ 1), the result follows by part (1) above. ml 
Lemma 4.1.10 : For any integer k>0, 31 divides 2**—1. 


Proof : The proof is by induction on k=1. The result is clearly true for k=1. So, we 
assume its validity for some integer k. Now, since 


2°) _ 1 = 32°21) +31, 
it follows that the result is true for k+1 as well, completing induction. ™ 
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4.2 Some Explicit Expressions for Z(n) 


<a D702) and Z(p") in 
Lemmas 4.2.1 — 4.2.3 (see Kashihara [1] and Ashbacher [3]). Lemmas 4.2.4—4.2.5 give the 
expressions for Z(np) and z(np’) for some particular n. We also derive the explicit forms of 
Z(3.2'), Z(5.2*), Z(7.2'), Z(11.25), Z(13.25), Z(17.25), Z(19.25), Z(31.2"), Z(2p*) and Z(3p‘), as 
well as the expressions for Z(4p), Z(5p), Z(6p), Z(7p), Z(8p), ZO9p), ZU10p), ZC. 1p), Z12p), 
Z(13p), Z(16p), Z(32p), Z(24p), Z(48) and Z(96p) in Lemmas 4.2.6—4.2.30 respectively. 
Theorems 4.2.1—4.2.2 give two alternative expressions for Z(pq). 





In this section, we first give the explicit expressions for Z( 


k(k +1) 
2 
Proof : Noting that k(k+1)=m(m+1) if and only if k=m, the result follows. m 


Lemma 4.2.2 : For any ke Z* , Z(2')=2"*'-1. 
Proof : By definition, 


Lemma 4.2.1 : Z( )=k for any ke Z*. 


m(m + 1) 
2 
Now, note that, only one of m and m+ 1 is even, and as such, 2**" divides exactly one of m and 


Z(2‘)=min{ m : 2*| }=min{m: 2"*'|m(m+1)}. (1) 


m-+1. Hence, the minimum m in (1) is 2‘*'. This proves the lemma. 


Lemma 4.2.3 : For any prime p>3 and any ke Z*, Z(p‘)=p*—1. 

Proof : By definition, 

m(m + 1) 
2 

If p* divides m(m+1), then p‘ must divide either m or m+1, but not both (by Lemma 4.1). 

Again, note that, if p* divides one of m and m+1, then 2 divides the other. Thus, the minimum 


Z(p*)=min{m : p*| }=min{m : 2.p‘|m(m+1)}. (2) 


m in (2) may be taken as p‘— 1, which establishes the lemma. 


Lemma 4.2.4 and Lemma 4.2.5 give respectively the expressions for Z(np) and Z(np’) (p is 
a prime) for some particular n. Then, the expressions for Z(2p) and Z(3p) follow from 
Lemma 4.2.4, and are given in Corollary 4.2.1. The expressions for Z(2p’) and Z(3p’), which 
follow from Lemma 4.2.5, are given in Corollary 4.2.2. 


Lemma 4.2.4 : If p=3 is a prime and n=2 is an integer (not divisible by p), then 
_}p-l, if2n|(p—1) 
ZAnp)=\ 5, if n|(p+) 
Proof: By Definition 4.1, 


m(m + 1) 


Z(np)=min {m : np| }=min{m: 2np|m(m+1)}. (3) 


Then p must divide either m or m+1, but not both (by Lemma 4.1). Thus, the minimum m in (3) 
is p—1 or p depending on whether p— lor p+1 respectively is divisible by 2n. 
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Corollary 4.2.1 : Let p be an odd prime. Then, 


(1) for p> 3, 
_fp-L if4|(@-l) 
za2p)={° if 4|(p +1) 

(2) for p=5, 
fply se3i@at) 
zp)={P if 3|(p +1) 


Proof : The above results follow immediately from Lemma 4.2.4, in Case 
(1) since any prime p=3 is either of the form 4a+1 or 4a+3 (for some integer a> 1), 
and in Case 


(2) since any prime p is of the form 3a+1 or 3a+2 (for some integer a> 1), and since both 
p—1 and p+1 are divisible by 2. m 


Lemma 4.2.5 : If p=3 is a prime and n is an integer not divisible by p, then 
224 ; opie 
Z(np’ ) = P iF on | (P 1) 
Pp, if 2n|(p° +1) 
Proof : Using the definition, 
m(m + 1) 
2 


Therefore, p” must divide exactly one of m and m+1 (by Lemma 4.1), and then 2n must divide 
the other. Now, if 2n divides p’—1, then the minimum m in (4) may be taken as p’—1; on the 


Z(np*)=min{m : np’ | }=min{m: 2np*|m(m+ 1)}. (4) 


other hand, if p’+1 is divisible by 2n, the minimum m is p’+1. 


Corollary 4.2.2 : Let p be an odd prime. Then, 

(1) Z(2p’)=p°—1, for p>3; 

(2) Z(3p’)=p°—1, for p>5. 

Proof : In both the cases, the results follow from Lemma 4.2.5. 
(1) Noting that 4 divides (p—1)(p+1)=p’—1, the result follows immediately. 
(2) By Lemma 4.1.1, 6 divides p’—1. The result then follows. l 


Remark 4.2.1 : Since 

Z(2p) #3(p—1)=Z(2) Z(p) for any odd prime p, 
and 

Z(3p’)=p’—14#Z(2p’)+Z(p’) for any prime p>5, 
it follows that Z(n) is neither multiplicative nor additive. 


The expressions for Z(3.2") and Z(5.2‘), due to Ashbacher [3], are given in Lemma 4.2.6 
and Lemma 4.2.7 respectively. Lemma 4.2.8 gives an expression for Z(7.2‘). This result also 
appears in Ibstedt [4], but we follow a different approach to the proof. Note that, for any prime 
p2>3 fixed, the values of Z(p.2‘) depends on the form of k. 
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Lemma 4.2.6 : For any integer k> 1, 
k+l ‘ : 
z32%)={7 1, ifkis odd 


Oe if k is even 
Proof : Using the definition, 


m(m + 1) 


Z(3.2')=min{m : 3.2*| }=min{m : 3.2‘*'|m(m+ 1}. 


Then, 2‘"! must divide one of mand m+1 and 3 must divide the other. 
Now, we consider the two possibilities separately : 





Case (1) : When k is odd, say, k=2a+1, for some integer a >0. 


In this case, by Lemma 4.1.3(2), 3 divides 2°"! +1=2*+1. By Lemma 4.1.3(1), 


3 | Ort an = 3.Qkt! Moria 
and hence, the minimum m in (5) may be taken as 2‘*!—1., 
Case (2) : When k is even, say, k=2a, for some integer a> 1. 
By Lemma 4.1.3(1), 3 divides 2”*—1=2-1. Also, 
3| (errs: 1) = 3k! | ae tegktt 4 1), 


and hence, in this case, the minimum m in (5) may be taken as 2". m 


Lemma 4.2.7 : For any integer k> 1, 

Phar if 4|k 
ets if 4|(k-1 
2k? 1, if 4| (k—2) 
21 _1, if 4] (k-3) 
Proof : Using the definition, 


762°)= 


76 nings oj 


Here, 2‘"! must divide one of m and m+ 1, and 5 must divide the other. 
We have to consider separately the four possible cases : 
Case (1): When k is of the form k=4a for some integer a> 1. 
In this case, by Lemma 4.1.4, 5 divides 2 _1=2*-1. Now, since 
okt? +1 =4(2*-1)4+5, 
we see that 
5| Ot: 1) as 52k! | 2e*2¢okt2 4. 1), 
and hence, the minimum m in (6) may be taken as 2**”. 
Case (2) : When k is of the form k=4a+ 1 for some integer a>0. 
By Lemma 4.1.4, 5 divides 2*_1=2*'_1. Now, since 
ak + 1=4(2"'_1)+5=4(2"-1)4+5, 
we see that 
5| Qe ls 1) = 52k! [eae 1), 
and hence, in this case, the minimum m in (6) may be taken as 2*"!. 





}=min{m : 5.2"*'|m(m+1)}. 


(5) 


(6) 
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Case (3) : When k is of the form k=4a+ 2 for some integer a>0. 
In this case, writing 


ak*?_ 1 =16(2* 7-1) +15, 

and noting that, by Lemma 4.1.4, 5 divides 2“*—1=2*-1, we see that 
5| aes 1) = 52k! | Phe Osada 1: 

Hence, in this case, the minimum m in (6) may be taken as 2*?—1. 


Case (4) : When k is of the form k=4a+3 for some integer a>0. 
Here, since 


21 =16(2" ° =1) +15, 
and since 5 divides 2“ —1=2**—1 (by Lemma 4.1.4), we see that 
5| Oe ) = 52k! are a iby 
Hence, in this case, Z(5.2")=2**!—1. 
All these complete the proof of the lemma. 


Lemma 4.2.8 : For any integer k> 1, 
Bot if 3|k 
Z(7.2*)=4 2*? -1, if 3|(k-1) 
"1, if 3|(k-2) 
Proof : By definition, 


m(m + 1) 


Z(7.2*)=min{m : 7.2*| }=min{m: 7.2“*'|m(m+ 1)}. (7) 


Here, 2‘"!' must divide one of m and m+ 1, and 7 must divide the other. 
We now consider the three possible cases below : 


Case (1): When k is of the form k=3a for some integer a> 1. 
By Lemma 4.1.5, 7 divides 2**—1=2*—1. Now, 
3.2"! + 1=6(2"—-1)+7, 
which shows that 3.2"'+1 is divisible by 7. Hence, 7.2“*' divides 3.2*'(3.2**! + 1), and 
consequently, the minimum m in (7) can be taken as 3.2". 
Case (2) : When k is of the form k=3a+ 1 for some integer a>0. 
Here, by virtue of Lemma 4.1.5, 
Ni 1) S80 1) 478" Spee? S12 ea) 
and hence, in this case, the minimum m in (7) may be taken as 2“**— 1. 
Case (3) : When k is of the form k=3a+ 2 for some integer a>0. 
In this case, by virtue of Lemma 4.1.5, 
7| 2***—1)=8(2*?-1)+7=8(2"-D+7 => 7.2! [201 1), 
and hence, Z(7.2")=2*"!-1. 
Hence, the lemma is established. m 








In Lemmas 4.2.9 — 4.2.13 respectively, the expressions for Z(11.2"), Z(13.2‘), Z(17.2'), 
Z(19.2*) and Z(31.2') are given. These results would be needed later in § 4.4. 
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Lemma 4.2.9 : For any integer k> 1, 

528. af 10K 
3.2" -1, if 10|(k-]) 
a, if 10|(k —2) 
One if 10|(k—3) 
vines if 10|(k—4) 
5.2*" —1, if 10|(k-5) 
3.2"", if 10| (k—6) 
2*3 1, if 10|(k-7) 
2? 1, if 10|(k—8) 
2*"_1, if 10|(k—9) 


Z(11.2*) = 











Proof : By definition, 


m(m + 1) 


Z(11.2‘)=min{m : 11.2*| }=min{m : 11.2"*'|m(m+ 1)}. (8) 


Here, 2‘*!' must divide one of m and m+ 1, and 11 must divide the other. 
We now consider all the possible cases below : 


Case (1) : When k is of the form k= 10a for some integer a> 1. 
By Lemma 4.1.6(2), 11 divides 2'* —1=2—1. Now, 


HAG.2'+1)=10Q-1)+11 > 1.21 6.2,6.2" +0, 
Therefore, the minimum m in (8) can be taken as 5 Pies 


Case (2) : When k is of the form k=10a+ 1 for some integer a= 0. 
Here, by virtue of Lemma 4.1.6(2), 


111G.2"!-1=122"'-1p4+i = 11.271 .2"4.6.2"!- 1, 
and hence, in this case, the minimum m in (8) may be taken as 3.2“"'—1. 
Case (3) : When k is of the form k=10a+2 for some integer a= 0. 
In this case, writing 2“**=2'** in the form 
gk+3 91a _ (91a 197954 1) 425-41) —(2!*—1)-1, 
we see, by virtue of Lemma 4.1.6, that 
1] | (egaee 1) = 11.2"*! | kt3(gkt3 4 1), 
and hence, Z(11.2")=2*"*. 
Case (4) : When k is of the form k=10a+3 for some integer a= 0. 
Here, since 2"*?=2'™">, it follows that 
wlk?+1) = 11.2"! fakery = Z11.25=2"?, 
Case (5) : When k is of the form k=10a+4 for some integer a= 0. 
Here, since 2"*'=2'™">) it follows that 


wlakt+1) = 1.2 fata +1 => za125=21 
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Case (6) : When k is of the form k=10a+5 for some integer a= 0. 
In this case, 
50) = 102 Sth STG, 
and hence, Z(11.2")=5.2"*!-1. 
Case (7) : When k is of the form k=10a+ 6 for some integer a= 0. 
Here, the result follows from the following chain of implications : 
3.241 =122'54 1-11 => 111628141) => 211.29=3.2", 
Case (8) : When k is of the form k=10a+7 for some integer a= 0. 
In this case, 
PSC = Oa) SS ZOD Ro re 
Case (9) : When k is of the form k=10a+ 8 for some integer a= 0. 
Here, the desired result is obtained as follows : 
DCR) 8 AOS es ZIPS 
Case (10) : When k is of the form k=10a+9 for some integer a> 0. 
In this case, the result follows, since 
eS ge es. A Ota 1). es ZI 2 1, 
All these complete the proof. mf 
Lemma 4.2.10 : For any integer k> 1, 
32 if 12|k 
ee ar if 12) (k—1) 
5.2" -1, if 12|(k—2) 


Paar if 12|(k-3) 
pee if 12|(k—4) 
cage if 12|(k-5) 


Z(13.2*) = 
( ) 3.2? 1. if 12)de—6) 


3.2" -1, if 12|(k-7) 
5.2", if 12|(k-8) 
a8 _], if 12|(k-9) 
7 1, if 12|(k-10) 
2eh 1 4f 12] (ce=11) 








Proof : By definition, 


m(m + 1) 


Z(13.2")=min{m : 13.2*| }=min{m: 13.2*'| m(m+ 1}. (9) 


Here, 2‘*' must divide one of mand m+ 1, and 13 must divide the other. 
We now consider all the possible cases, twelve in number : 


Case (1) : When k is of the form k= 12a for some integer a> 1. 
By Lemma 4.1.7(2), 13 divides 2'** -1=2‘—1. Now, 


3.2K 41=1272%-1)+13 => 1316.2" +)), 
so that, 13.2"! divides 3.2**7(3.2‘** + 1). Hence, the minimum m in (9) is 3.2"*”. 
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Case (2) : When k is of the form k=12a+ 1 for some integer a= 0. 
Here, by virtue of Lemma 4.1.7(2), 
13 (33 Sse =) 13: S- 132" (62").G2' +1); 
and hence, in this case, the minimum m in (9) may be taken as 3.2"! 


Case (3) : When k is of the form k=12a+2 for some integer a= 0. 
In this case, 


5 S400 1) 439) = 1G Go Ga 1): 
and hence, Z(13.2")=5.2"*!—1. 
Case (4) : When k is of the form k=12a+3 for some integer a= 0. 
2k*3=2'**° Expressing this as follows : 
gk3 912046 (9!8_ 125+ 1) + (26+ 1) —2*1)-1, 
we see, by Lemma 4.1.7, that 
31(2k34+1) = 13.2"! [ok 41) => Z(13.259=2", 
Case (5) : When k is of the form k=12a+4 for some integer a= 0. 
Here, since 2"*?=2'**® it follows that 
131](2k?+1) = 13.2"! ok 41) => 713.259=2"?, 
Case (6) : When k is of the form k=12a+5 for some integer a2 1. 
In this case, 
gktl y=2 1286 bpr yr 43 | ak! + 1), 
and hence, Z(13.2")=2*"!. 
Case (7) : When k is of the form k=12a+ 6 for some integer a= 0. 
Here, the result follows from the chain of implications below : 
3.227 =1272""41)-13 => 1318.2-1) = 213.2) =3.2"?-1, 
Case (8) : When k is of the form k=12a+7 for some integer a= 0. 
In this case, the result is obtained as follows : 
3.217 =1202""41)-13 => 13162'-1) => 2(03.2)=3.21-1, 
Case (9) : When k is of the form k=12a+ 8 for some integer a= 0. 
Here, 


Here, 








5.2141 =4002'6+1)-39 => 13165.2'41) > 213.2) =5.271. 
Case (10) : When k is of the form k=12a+9 for some integer a>0. 
In this case, by Lemma 4.1.7(2), 


oe S2VOM i. ss AOR): S&S 203 25S2 1 


Case (11): When k is of the form k=12a+10 for some integer a>0. 
In this case, 


pee OVEN) 1 So 13 Oa), Se Za 29S2 
Case (12) : When k is of the form k=12a+11 for some integer a>0. 
In this case, the result follows by virtue of the fact that 13 | Oat). 


Hence, the lemma is established. 
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Lemma 4.2.11 : For any integer k> 1, 

via if 8|k 
ae if 8|(k-1) 
ee if 8|(k —2) 
Plas if 8|(k—3) 
a4 1, if 8|(k-4) 
3-1, if 8|(«k-5) 
2? _1 if 8|(k-6) 
a1, if 8\(k-7) 


ZAG 2°) = 








Proof : By definition, 


2(17.2')=min{m : 17.2*| MO2+) 


}=min{m: 17.2*'|m(m+ 1)}. (10) 


Here, 2‘*!' must divide one of m and m+ 1, and 17 must divide the other. 


We now consider all the possibilities cases below : 
Case (1): When k is of the form k=8a for some integer a> 1. 
By Lemma 4.1.8(2), 17 divides 2** — 1=2*—1. Now, 
2e44.1=16(2%-1)+17 = 171(2***+), 
so that 17.2*** divides 2**4(2‘**+ 1), and the minimum m in (10) can be taken as 2“"*, 
Case (2) : When k is of the form k=8a+ 1 for some integer a>0. 
Here, by virtue of Lemma 4.1.8(2), 
17| (253 +1)=16(2**—1)+17=16(2" !—1)+17, 
and hence, in this case, the minimum m in (10) may be taken as 
Case (3) : When k is of the form k=8a+ 2 for some integer a>0. 
In this case, 2“*'=2***. Then, since 
gk+2_p8at4 — (288 124+ 1) moe 20" al 
by virtue of Lemma 4.1.8, it follows that 
W7l2k?+1) = 17.2! [2k 41) => Z017.259=2", 
Case (4) : When k is of the form k=8a+ 3 for some integer a>0. 
Here, since 2“*'=2**** it follows that, 17 divides 2‘*'+ 1. Hence, Z(17.2') = 
Case (5) : When k is of the form k=8a+ 4 for some integer a>0. 
In this case, 2“*'=2***>, so that 2***— 1 =16(2**"4+1)-17 is divisible by 17. 
Hence, Z(17.2‘)=2***-1. 
Case (6) : When k is of the form k=8a+5 for some integer a>0. 
In this case, 17 divides 2‘*?—1=16(2**"*+1)—17, and hence, Z(17.2")=2"**-1. 
Case (7) : When k is of the form k=8a+ 6 for some integer a>0. 
Here, 2‘*?—1=2°**)_ 1, which is divisible by 17. Thus, Z(17.25)=2'*?-1. 
Case (8) : When k is of the form k=8a+7 for some integer a>0. 
In this case, the result follows, since 17 divides 2"*'—1=28°')_1. = 


k+3 
20 
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The same procedure can be followed to find explicit expressions for Z(p.2‘), where p is an 
odd prime. But, in some cases, it would be complicated as the number of possible cases to be 
considered becomes larger and larger. For example, to find Z(19.2), we have to consider 18 
possible cases. In the following two lemmas, we give the expressions for Z(19.2*) and Z(31.2'), 


with outlines of the proofs. 


Lemma 4.2.12 : For any integer k> 1, 


9 2k , 

5 Oe =, 
B08 ak 
30." 21, 
3 ay. 
ok ; 

9k8 : 

pha : 
Z09.2")=4 2° 
52, 
39k ; 
30K : 

2 O80 ; 
aka _ 1 
kes = 1, 
okt —] 
kel =] 





Proof : By definition, 
Z(19.2')=min{m : 19.2*| 


The eighteen possible cases are given below. 














if 19|k 
if 19|(k—-1) 
if 19 | (k—2) 
if 19|(k —3) 
if 19 | (k—4) 
if 19|(k—5) 
if 19|(k—6) 
if 19|(k—7) 
if 19 | (k-8) 
if 19|(k—9) 
if 19 | (k—10) 
if 19| (k-11) 
if 19|(k —12) 
if 19| (k —13) 
if 19|(k —14) 
if 19 | (k —15) 
if 19|(k —16) 
if 19|(k-17) 
m(m + 1) 


}=min{m: 19.2*'| m(m+ 1)}. 


Case (1) : When k is of the form k= 18a for some integer a> 1. 
Here, by Lemma 4.1.9(2), 19|(9.25°' + 1)=18(2'**—1)+ 19. Thus, Z(19.2")=9.2""1. 


Case (2) : When k is of the form k=18a4 


+ 1 for some integer a>0. 


Since 19 divides 5.2**!—1=20(2'**—1) + 19, we have, Z(19.2')=5.2*!=1. 


Case (3) : When k is of the form k=18a4 
In this case, 19 divides 12.2‘*'-1=96(2'**— 


Case (4) : When k is of the form k= 18a4 


+ 2 for some integer a>0. 
1) +95. Hence, Z(19.2") =3.2""3-1. 
+ 3 for some integer a>0. 


Here, 19 divides 6.2*'—1=96(2'**—1)+95. Consequently, Z(19.2‘) =3.2"*?-1. 


Case (5): When k is of the form k=18a4 
In this case, 19 divides 3.2**'— 1=96(2'**— 
Case (6) : When k is of the form k=18a4 





+ 4 for some integer a>0. 
1)+ 95. Therefore, Z(19.2") =3.2""'-1. 
+ 5 for some integer a>0. 


In this case, 19 divides 8.2"! + 1=512(2'**—1) +513, and so, Z(19.2")=2*"*. 
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Case (7) : When k is of the form k=18a+ 6 for some integer a= 0. 
Here, 19 divides 4.2**!+ 1=512(2'**—1)+513, and hence, Z(19.2")=2*"?. 
Case (8) : When k is of the form k=18a+7 for some integer a= 0. 
In this case, 19 divides 2.2“*!+ 1=512(2'*"—1) +513. As such, Z(19.25) =2*”, 
Case (9) : When k is of the form k=18a+ 8 for some integer a= 0. 
Writing 2**'=2'%"9 = 2'**_ 1)(2? + 1) +2? + 1)-(2'*-1)-1, it follows, by Lemma 4.1.9(1), 
that 19 divides 2‘*'+ 1. Consequently, Z(19.2")=2""', 
Case (10) : When k is of the form k=18a+9 for some integer a> 0. 
Here, 19 divides 9.2**!—1=18(2'***?+ 1)—19, so that, Z(19.2") =9.2"*'-1. 
Case (11) : When k is of the form k=18a+ 10 for some integer a>0. 
In this case, 19 divides 5.2“! + 1=20(2'***° + 1)—19, and hence, Z(19.2")=5.2""', 
Case (12) : When k is of the form k=18a+11 for some integer a>0. 
Here, 19 divides 12.2‘*'+ 1=96(2'***°+ 1)—95. Then, Z(19.25) =3.2"°. 
Case (13) : When k is of the form k=18a+ 12 for some integer a>0. 
In this case, 19 divides 6.2“*' + 1=96(2'***? + 1)—95. Thus, Z(19.2)=3.2"°”. 
Case (14) : When k is of the form k=18a+ 13 for some integer a>0. 
Here, 19 divides 3.2“*!+ 1=96(2'**'°+ 1)—95. Therefore, Z(19.2*)=3.2""1. 
Case (15) : When k is of the form k=18a+ 14 for some integer a>0. 
In this case, 19 divides 2‘**— 1=2'***") — 1, And consequently, Z(19.2) =2***—-1. 
Case (16) : When k is of the form k=18a+15 for some integer a>0. 
Here, 19 divides 2***—1=2'***) _1, so that, Z(19.2') =2*?-1. 
Case (17) : When k is of the form k=18a+ 16 for some integer a>0. 
In this case, 19 divides 2“**— 1=2'***" — 1, Therefore, Z(19.25) =2**?-1. 
Case (18) : When k is of the form k=18a+17 for some integer a>0. 
Noting that, 2‘*'—1=2'8°*) _1 is divisible by 19, it follows that Z(19.25)=2*!-1. 
Hence, the lemma is established. 








Lemma 4.2.13 : For any integer k> 1, 
152, af Silke 
2" 1, if 5[((k-1 
Z(31.2")=4 2* -1, if 5|(k—-2) 
2"? 1, if 5|(k—3) 
2"? —1, if 5|(k—3) 
Proof : Using the definition, 


2731.2) =min{m : 31.24 Mn+) 


}=min{m : 31.2*'|m(m+ 1}. 

We now consider the five possible cases separately below : 
Case (1): When k is of the form k=5a for some integer a> 1. 

By Lemma 4.1.10, 31 divides 15.2“! + 1=30(2**—1) +31. Thus, Z(31.2")=15.2""'. 
Case (2) : When k is of the form k=5a+ 1 for some integer a>0. 

Here, since 31 divides 8.2‘*'—1=32(2°*—1) +31, it follows that Z(31.2")=2***-1. 
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Case (3) : When k is of the form k=5a+ 2 for some integer a>0. 
In this case, 2“*'=8(2°*—1)+8, so that 31 divides 4.2“*'—1. Thus, Z(31.25)=2""*-1. 
Case (4) : When k is of the form k=5a+3 for some integer a>0. 
Here, 2.2‘*'—1=32(2*—1)+31 is divisible by 31. Therefore, Z(31.2')=2**?-1. 
Case (5): When k is of the form k=5a+4 for some integer a>0. 
In this case, 31 divides 2“*'!—1=2°**” -1, And so, Z(31.2")=2"*!-1. 
All these complete the proof of the lemma. ™ 


The expressions for Z(2p*) and Z(3p‘) (k>3) are given in Lemmas 4.2.14 — 4.2.15. 


Lemma 4.2.14 : If p2=3 is a prime and k23 is an integer, then 


k : zi 
k, _ JP; if 4| (p +1) and k is odd 
ACp = te —1, otherwise 








Proof : By definition, 
Z(2p‘)=min{m : 2p*| mae }=min{m : 4p“|m(m+ 1)}. 
We consider the two possibilities : 
Case | : p is of the form 4a+1 for some integer a> 1. In this case, 
p\=(4a+1)*=(4a)‘+4C, (4a)S 1+... +4C a (4a) +1, 


showing that 4 divides p‘—1. Hence, in this case, Z(2p‘)=p‘—1. 





Case 2: p is of the form 4a+3 for some integer a> 1. Here, 
p‘=(4a+3)*=(4a)<+4C (4a) 13) +... +4Ca-1 (4a)35 1+ 3%, 
(1) Ifk>2 is even, then by Lemma 4.1.2, 4|(3‘—1), so that 4|(p‘—1). Thus, Z(2p‘)=p*—1. 
(2) If k>3 is odd, then by Lemma 4.1.2, 4|(3*+ 1), and so 4|(p*+1). Hence, Z(2p")=p*. 
All these complete the proof of the theorem. 





Lemma 4.2.15 : If p=5 is a prime and k23 is an integer, then 
k . . 
ess Des if 3|(p+1) and k is odd 
400) = He —1, otherwise 
Proof : Using the definition, 
Z(3p‘)=min{m : 3p*| an 
We now consider the following two possible cases : 


}=min{m: 6p‘|m(m+ 1)}. 


Case | : p is of the form 3a+1 for some integer a> 1. In this case, since 
p‘=(3at 1)*=(3a)*+,C 3a)e +... +4C at (3a) +1, 
it follows that 3 |(p‘—1). Thus, in this case, Z(3p‘)=p‘—1. 
Case 2: p is of the form 3a+2 for some integer a> 1. Then, 
p‘=(3a+2)"=(3a)<+4.C; (3a) (2) +... +4.C gay (3a)2" 1 +2". 
(1) Ifk>2 is even, then by Lemma 4.1.3, 3 |(2‘—1), and so 3|(p‘—1). Thus, Z(3p‘)=p‘—1. 
(2) If k>3 is odd, then by Lemma 4.1.3, 3|(2*+1), so that 3 |(p*+1). Hence, Z(3p‘)=p*. m 
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Lemma 4.2.16—Lemma 4.2.25 give the expressions for Z(4p), Z(5p), Z(6p), Z(7p), Z(8p), 
Z(9p), ZU0p), ZU. 1p), Z(12p) and Z(13p) respectively, where p is a prime. 


Lemma 4.2.16 : If p=3 is a prime, then 
p-l, if 8|@~-D 
p, if 8|(p+1) 
Z(4p) = 
OD 1 354) eS \Gp=1) 
3p, if 8) 8p+) 
Proof : By definition, 
m(m + 1) 
2 


Here, p must divide only one of m and m+1. We now consider separately the following four 
cases that may arise depending on p : 


Z(4p)=min{m : 4p | }=min{m: 8p|m(m+ 1)}. 


Case (1) : p is of the form p=8a+1 for some integer a> 1. 
In this case, 8 divides p—1, and hence, by Lemma 4.2.4, Z(4p)=p-1. 


Case (2) : p is of the form p=8a+7 for some integer a>0. 
Here, 8 divides p+1, and hence, Z(4p)=p (by Lemma 4.2.4). 


Case (3) : p is of the form p=8a+3 for some integer a>0. 
In this case, 8 divides 3p—1=8(3a+ 1), and hence, Z(4p)=3p—1. 
Case (4) : p is of the form p=8a+5 for some integer a>0. 
Here, 8 divides 3p +1 =8(3a+2), and hence, Z(4p)=3p. 
All these complete the proof of the theorem. 





Lemma 4.2.17 : If p=3 or p27 is a prime, then 
p-l, if 10|(p-l) 
; if 10|(p+1 
ZOD x -1, if 5 | a > 
2p, if 5|Qp+) 
Proof : Using definition, 

m(m + 1) 
2 
Now, p must divide one of m and m+1, and 5 must divide the other. By Lemma 4.2.4, the 

minimum m in (11) may be taken as p—1 or p if 10 divides p—1 or p+1 respectively. 

Here, we have to consider the following possible four cases : 
Case (1) : p is a prime whose last digit is 1. Here, 10 divides p—1, and hence, Z(5p)=p-—1. 
Case (2) : p is a prime whose last digit is 9. In this case, 10 divides p+1, and so, Z(5p)=p. 
Case (3) : p is a prime whose last digit is 3. Here, 5|(2p—1), so that 10p|2p(2p—1). 

Thus, the minimum m in (11) may be taken as 2p—1. Hence, Z(5p)=2p—1. 
Case (4) : p is a prime whose last digit is 7. Here, 5 divides 2p+1, and hence, Z(5p)=2p. 


Z(5p)=min{m : 5p| }=min{m: 10p|m(m-+ 1)}. (11) 


Hence, the proof is complete. m 
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Lemma 4.2.18 : If p=5 is a prime, then 
p-l, if 12|(p-) 


Z(6p) = 


p, if 12|(p+1) 
3p, if 12|(p—5) 


3p—1, if 12|(p—7) 


Proof : By definition, 
Z(6p)=min{m : 6p | 


m(m + 1) 
2 
Here, p must divide exactly one of m and m+1. 
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}=min{m: 12p|m(m-+1)}. 


Now, the following four cases may arise depending on the nature of the prime p : 


Case (1): p is of the form p= 12a4 


+1 for some integer a> 1. 


In this case, 12 divides p—1, and hence, by Lemma 4.2.4, Z(6p)=p-1. 


Case (2) : p is of the form p=12a4 


+11 for some integer a>0. 


Here, 12 divides p+1, and hence, Z(6p)=p (by Lemma 4.2.4). 


Case (3) : p is of the form p=12a4 


+ 5 for some integer a>0. 


In this case, 4 divides 3p +1 =4(9a+4), so that 12p| 3p(3p+1). Thus, Z(6p) = 3p. 


Case (4) : p is of the form p= 12a4 





+7 for some integer a>0. 


Here, 4 divides 3p—1=4(9a+5), and hence, Z(6p)=3p—1. 
All these establish the lemma. 


Lemma 4.2.19 : If p=3 with p#7 is a prime, then 


Pp =, 
p, 

3p, 
Zp) =) 354 
2p, 
2p-1, 





Proof : Since 


Z(7p)=min{m : 7p | 


if 7 
if 7 
if 7 
if 7 
if 7 
if 7 


m(m + 1) 
2 





(p-1) 
(p+1) 
(3p+1) 
(3p-1) 
(2p +1) 
(2p —1) 


}=min{m: 14p|m(m-+ 1)}, 


p must divide exactly one of m or m+1, and 7 must divide the other. 

We consider the six cases that may arise. 
Case (1): p is of the form p=7a+ 1 for some integer a> 1. 

In this case, 7 divides p—1, and consequently, by Lemma 4.2.4, Z(7p) =p-1. 


Case (2) : p is of the form p=7a+6 for some integer a> 1. 
Here, 7 divides p+1, and so, Z(7p)=p (by Lemma 4.2.4). 


Case (3) : p is of the form p=7a+2 for some integer a> 1. 


In this case, 7 divides 3p+1=7(a4 





+ 1), so that 7p| 3p(3p+1). Therefore, Z(7p) = 3p. 
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Case (4) : p is of the form p=7a4 
Here, 7|(3p—1). Clearly, 2|(3p—1) 
Case (5) : p is of the form p=7a4 
In this case, 7 divides 2p+1 =7(2a4 
Case (6) : p is of the form p=7a4 
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+ 5 for some integer a> 0. 

as well. Thus, 14p|3p(3p—1). Hence, Z(7p) =3p-1. 
+3 for some integer a>0. 

+ 1), and hence, Z(7p)=2p. 

+4 for some integer a> 1. 


Here, 7 divides 2p—1 =7(2a+ 1), and hence, Z(7p) =2p-—1. 


Hence, the lemma is established. ™ 


Lemma 4.2.20 : For any prime p> 3, 


p ~ 1, 
p; 
Sp, 


Z(8p) = 





Proof : By definition, 


Z(8p)=min{m : 8p| my 


if 16 
if 16 
if 16 
if 16 
if 16 
if 16 
if 16 
if 16 


(p-1) 
(p+1) 
(Sp +1) 
(5p -1) 
(3p+1) 
(3p -1) 
(7p —1) 
(7p +1) 





ze }=min{m: 16p|m(m-+ 1)}. 


Then, p must divide exactly one of m or m+1. 
Here, we have to consider the following eight possibilities : 


Case (1): p is of the form p= 16a+ 
In this case, 16 divides p—1, and so, 


+1 for some integer a> 1. 
by Lemma 4.2.4, Z(8p)=p-—1. 


Case (2) : p is of the form p=16a+15 for some integer a> 1. 


Here, 16 divides p+1, and hence, Z(8p)=p (by Lemma 4.2.4). 


Case (3) : p is of the form p= 16a4 


+3 for some integer a> 0. 


In this case, 16 divides 5p+1, so that 16p divides 5p(5p+1). Hence, Z(8p)=S5p. 


Case (4) : p is of the form p= 16a+ 


+13 for some integer a>0. 


Here, 16 divides 5p—1 = 16(5a+4), and hence, Z(8p)=S5p-1. 


Case (5) : p is of the form p= 16a4 


+ 5 for some integer a> 0. 


In this case, 16 divides 3p +1 = 16(3a+ 1), and hence, Z(8p)=3p. 


Case (6) : p is of the form p= 16a+ 


+11 for some integer a>0. 


Here, 16 divides 3p—1=16(3a+2), and hence, Z(8p)=3p—1. 


Case (7) : p is of the form p= 16a4 


+7 for some integer a> 0. 


In this case, 16 divides 7p—1=16(7a+3), and hence, Z(8p)=7p-—1. 


Case (8) : p is of the form p= 16a+ 





+9 for some integer a> 1. 


Here, 16 divides 7p+1=16(7a+4), and hence, Z(8p)=7p. 
Thus, the proof is complete. m 
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Lemma 4.2.21 : For any prime p25, 

p-l, if 18|(p-N 
p, if 18|(p+1) 
_ |} 2p-l, if 9|@p-l 
ZOP)=1 95, if 9] (p+) 
4p-1, if 9|(4p—-l 
Ap, if 9|4p+) 
Proof : By definition, 








Z(9p)=min{m : 9p | am }=min{m: 18p|m(m+1)}. 


The six possible cases are considered separately below : 


Case (1) : p is of the form p= 18a+1 for some integer a2 1. 
In this case, 18 divides p—1, and so, by Lemma 4.2.4, Z(9p)=p-1. 


Case (2) : p is of the form p=18a+17 for some integer a>0. 
In this case, 18 divides p+1, and hence, Z(9p)=p (by Lemma 4.2.4). 


Case (3) : p is of the form p= 18a+5 for some integer a= 0. 

Here, 2p—1=9(4a+ 1), so that 18p divides 2p(2p—1). Thus, Z(9p)=2p—1. 
Case (4) : p is of the form p= 18a+13 for some integer a> 0. 

In this case, 9 divides 2p+ 1=9(4a+3), and consequently, Z(9p)=2p. 


Case (5) : p is of the form p= 18a+7 for some integer a= 0. 

Here, 9 divides 4p—1=9(8a+ 3), so that 18p divides 4p(4p—1). Thus, Z(9p)=4p—1. 
Case (6) : p is of the form p=18a+11 for some integer a>0. 

In this case, since 9 divides 4p +1 =9(8a+ 5), it follows that, Z(9p)=4p. m 





Lemma 4.2.22 : For any prime p23 with p¢5, 
p-l, if 20|(p—-l 
p, if 20|(p+1) 
5p, if 20 | (p—3) 
5p—1, if 20|(p+3) 
3p—-1, if 20|(p—7) 
3p, if 20|(p+7) 
4p —-1, if 20|(p—9) 
Ap, if 20 |(p+9) 


Proof : By definition, 
Z(10p)=min{m : 10p| 


Z(10p) = 











m(m + 1) 
2 
The eight possible cases are considered below : 


}=min{m : 20p| m(m+ 1)}. 


Case (1) : p is of the form p=20a+1 for some integer a2 1. 
In this case, 20 divides p—1, and so, by Lemma 4.2.4, Z(10p)=p-l. 
Case (2) : p is of the form p=20a+19 for some integer a> 0. 
Here, 20 divides p+1, and hence, Z(10p)=p (by Lemma 4.2.4). 
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Case (3) : p is of the form p=20a+3 for some integer a> 0. 


Here, 4 divides 5p+1=4(25a+4), so 


that 20p divides 5p(5p+1). Thus, Z(10p)=5p. 


Case (4) : p is of the form p=20a+17 for some integer a> 0. 
In this case, 4 divides 5p—1 =4(25a +21), and hence, Z(10p)=5p-1. 


Case (5) : p is of the form p=20a+7 for some integer a= 0. 
Here, 20 divides 3p—1=20(3a+ 1), and consequently, Z(10p)=3p—1. 


Case (6) : p is of the form p=20a+13 for some integer a>0. 


In this case, 20 divides 3p +1 =20(3a 


+2), and hence, Z(10p) = 3p. 


Case (7) : p is of the form p=20a+9 for some integer a> 1. 
Here, 5 divides 4p—1=5(16a+7), so that 20p divides 4p(4p—1). Thus, Z(10p)=4p—1. 


Case (8) : p is of the form p=20a+11 for some integer a>0. 





In this case, since 5 divides 4p+1=5 


(16a+9), it follows that, Z(10p)=4p. 


Lemma 4.2.23 : For any prime p23 with p#11, 








p-l, if 11l]@-D 

Pp; if 11|(p+)) 
5p, if 11|(Sp+1) 
5p-1, if 11|Gp-1) 
_ | 4p-l, if 11) 4p-) 
POPE ag AAT (ap ed) 
3p-1, if 11] Gp-)) 
3p, if 11|(3p+1) 
2p, if 11|(2p+1) 
2p-1, if 11|2p-) 

Proof : By definition, 
m(m + 


Z(11p)=min{m: 11p| 


5 D }=min{m : 22p|m(m-+ 1)}. 


Here, p must divide exactly one of m or m+1, and 11 must divide the other. 


We have to consider ten possible cases. 


Case (1): p is of the form p=11la+1 for some integer a2 1. 
In this case, 11 divides p—1, and so, by Lemma 4.2.4, Z(11p)=p-l. 


Case (2) : p is of the form p=11a4 


+10 for some integer a> 1. 


Here, 11 divides p+1, and consequently (by Lemma 4.2.4), Z(11p)=p. 


Case (3) : p is of the form p=11a4 


+2 for some integer a> 1. 


In this case, 11 divides 5p+1=11(5a+1), and hence, Z(11p)=5p. 


Case (4) : p is of the form p=11a4 


+9 for some integer a> 1. 


Here, 11 divides 5p—1 = 11(5a+4), and therefore, Z(11p)=5p-—1. 





Case (5) : p is of the form p=11a4 


+3 for some integer a>0. 


In this case, 11 divides 4p—1=11(4a+ 1), and hence, Z(11p)=4p-1. 
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8 for some integer a> 1. 


Here, 11 divides 4p +1 =11(4a+3), and consequently, Z(11p)=4p. 


Case (7) : p is of the form p= 11la+4 for some integer a2 1. 
In this case, 11 divides 3p—1=11(3a+1), and hence, Z(11p)=3p-1. 


Case (8) : p is of the form p=11la+7 for some integer a>0. 
Here, 11 divides 3p+1=11(3a+2), so that, Z(11p)=3p. 


Case (9) : p is of the form p=1la+5 for some integer a>0. 





In this case, 11 divides 2p+1 =11(2a4 


+ 1), and hence, Z(11p)=2p. 





Case (10) : p is of the form p=11la4 
Here, since 11 divides 2p—1 = 11(2a+ 


+6 for some integer a2 1. 
1), it follows that, Z(11p)=2p—1. @ 


Lemma 4.2.24 : If p=3 is a prime, then 





p-l, if 2 
Pp, if 2 
3p, if 
Aaa pl if 
Ip-l, if 2 
Ip, if 2 


Proof : By definition, 
Z(12p)=min{m : 12p| 


m(m + 1) 


4|(p-1) 
4\ (p+) 
8| (3p +1) 
8|(3p—1) 
4| (7p —1) 
4| (7p +1) 





5 }=min{m : 24p|m(m+ 1)}. 


Here, p must divide exactly one of m or m+1. 


We consider the following eight cases 


that may arise depending on p: 


Case (1): p is of the form p=24a+1 for some integer a2 1. 
In this case, 24 divides p—1. Therefore, by Lemma 4.2.4, Z(12p)=p-1. 
Case (2) : p is of the form p=24a+23 for some integer a>0. 
Here, 24 divides p+1, and so, Z(12p)=p (by Lemma 4.2.4). 
Case (3) : p is of the form p=24a+5 for some integer a= 0. 
In this case, 8 divides 3p +1 =8(9a+ 2), so that 24p divides 3p(3p+1). Hence, Z(12p)=3p. 


Case (4) : p is of the form p=24a+ 


19 for some integer a>0. 


Here, 8 divides 3p—1 =8(9a+ 7), and consequently, Z(12p)=3p-1. 
Case (5) : p is of the form p=24a+7 for some integer a= 0. 
In this case, 24 divides 7p—1 =24(7a+ 2), and therefore, Z(12p)=7p-1. 


Case (6) : p is of the form p=24a+ 


17 for some integer a>0. 


Here, 24 divides 7p+1=24(7a+ 5), and hence, Z(12p)=7p. 
Case (7) : p is of the form p=24a+11 for some integer a>0. 
In this case, 8 divides 3p—1=8(9a+4), and so, Z(12p)=3p-1. 
Case (8) : p is of the form p=24a+13 for some integer a>0. 
Here, 8 divides 3p +1 =8(9a+5), and hence, Z(12p)= 3p. 
To complete the proof of the lemma, note that Z(36)=8. 
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Lemma 4.2.25 : For any prime p=2, 


p-l, if 13|(@-) 
p, if 13| (p+) 
6p, if 13| (6p +1) 
6p—1, if 13|(6p—1) 
Ap, if 13| (4p+1) 
4p-1, if 13|(4p-) 
3p, if 13| 3p+1) 
3p-1, if 13|3p—-)) 
5p, if 13| (5p+1) 
5p—1, if 13|Gp—-)) 
2p, if 13| (2p+1) 
2p-1, if 13|@p-)) 


Proof : By definition, 


Z(13p) = 








m(m + 1) 
2 
Here, p must divide exactly one of m or m+1, and 13 must divide the other. 
In this case, we have to consider the twelve possible cases that may arise : 


Z(13p)=min{m : 13p| }=min{m : 26p|m(m-+ 1)}. 


Case (1): p is of the form p=13a+1 for some integer a> 1. 
In this case, 13 divides p—1, and so, by Lemma 4.2.4, Z(13p)=p-l. 
Case (2): p is of the form p=13a+12 for some integer a> 1. 
Here, 13 divides p+1, and hence, Z(13p)=p (by Lemma 4.2.4). 


Case (3) : p is of the form p= 13a+2 for some integer a= 0. 
In this case, 13 divides 6p +1 =13(6a+ 1), and hence, Z(13p)=6p. 
Case (4) : p is of the form p= 13a+11 for some integer a>0. 
Here, 13 divides 6p—1 = 13(6a+ 5), and hence, Z(13p)=6p—1. 


Case (5) : p is of the form p= 13a+3 for some integer a= 0. 
In this case, 13 divides 4p + 1 = 13(4a+ 1), and hence, Z(13p)=4p. 


Case (6) : p is of the form p=13a+10 for some integer a> 1. 
Here, 13 divides 4p—1=13(4a+3), and hence, Z(13p)=4p—1. 


Case (7) : p is of the form p=13a+4 for some integer a> 1. 
In this case, 13 divides 3p+ 1 = 13(3a+ 1), and hence, Z(13p)=3p. 


Case (8) : p is of the form p=13a+9 for some integer a> 1. 
Here, 13 divides 3p—1 = 13(3a+ 2), and hence, Z(13p)=3p-—1. 
Case (9) : p is of the form p= 13a+5 for some integer a= 0. 
In this case, 13 divides 5p+1=13(5a+2), and hence, Z(13p)=5p. 


Case 10: p is of the form p=13a+8 for some integer a> 1. Here, Z(13p)=5p-1. 





Case 11 : pis of the form p=13a+6 for some integer a> 1. 
In this case, 13 divides 2p+1 = 13(2a+ 1), and hence, Z(13p)=2p. 


Case 12 : p is of the form p=13a+7 for some integer a> 0. Here, Z(13p)=2p—1. 
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In Lemmas 4.2.26—4.2.27, we give the expressions for Z(16p) and Z(32p). 


Lemma 4.2.26 : For any prime p= 3, 
p-L if 32|(p—-1) 


p, if 32|(p+1) 
llp-1, if 32|(p—3) 
1 1p, if 32|(p—29) 


13p-1, if 32|(p—5) 
13p, if 32|(p—27) 


9p, if 32|(p—7) 
7p, if 32|(p—9) 


Tp-1, if 32|(p-23) 
3p-1, if 32|(P—11) 








3p, if 32|(p—21) 
sp-l1, if 32| @-13) 
5p, if 32 | (p—19) 
I5p—1, if 32|(p—15) 
15p, if 32|(p—17) 


Proof : By definition, 


m(m + 1) 
2 


Here, p must divide exactly one of m or m+1. 


Z(16p)=min{m : 16p| }=min{m : 32p|m(m+ 1)}. 


In this case, we have to consider the sixteen possible cases that may arise : 
Case (1): p is of the form p=32a+1 for some integer a2 1. 

In this case, 32 divides p—1, and so, by Lemma 4.2.4, Z(16p)=p-1. 

Case (2) : p is of the form p=32a+31 for some integer a>0. 
Here, 32 divides p+1, and hence, Z(16p)=p (by Lemma 4.2.4). 
Case (3) : p is of the form p=32a+3 for some integer a> 0. 

Since 11p—1=32(1la+1), it follows that 32 divides 11p—1. Hence, Z(16p)=11p—1. 
Case (4) : p is of the form p=32a+29 for some integer a>0. Here, Z(16p)=1 1p. 
Case (5) : p is of the form p=32a+5 for some integer a= 0. 

In this case, 32 divides 13p —1 =32(13a+ 2), and hence, Z(16p)=13p-—1. 

Case (6) : p is of the form p=32a+27 for some integer a> 1. Here, Z(16p) = 13p. 
Case (7) : p is of the form p=32a+7 for some integer a= 0. 

In this case, 9p + 1 =32(9a+ 2). Therefore, 32 divides 9p+ 1, and hence, Z(16p)=9p. 

Case (8) : p is of the form p=32a+25 for some integer a> 1. Here, Z(16p)=9p-1. 





Case (9) : p is of the form p=32a+9 for some integer a> 1. 
In this case, 32 divides 7p+1 =32(7a+2), and consequently, Z(16p)=7p. 


Case (10) : p is of the form p=32a+23 for some integer a>0. Here, Z(16p)=7p—1. 
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Case (11): p is of the form p=32a+11 for some integer a>0. 

In this case, 32 divides 3p—1 =32(3a+ 1), and hence, Z(16p)=3p—1. 
Case (12) : p is of the form p=32a+21 for some integer a> 1. Here, Z(16p)=3p. 
Case (13) : p is of the form p=32a+13 for some integer a>0. 

Since 32 divides 5p—1 =32(5a+2), it follows that, Z(16p)=5p—1. 
Case (14) : p is of the form p=32a+19 for some integer a>0. Here, Z(16p)=5p. 
Case (15) : p is of the form p=32a+15 for some integer a> 1. 

In this case, 32 divides 15p—1 =32(15a+7), and so, Z(16p)= 15p—1. 
Case (16) : p is of the form p=32a+17 for some integer a>0. Here, Z(16p)=15p. 





Lemma 4.2.27 : For any prime p23, 


pl if 64|(p—l) 
p. if 64|(p +1) 
2Ip, if 64| (p—3) 


2Ip-l, if 64| (p61) 
13p-l, if 64| (p—5) 





13p, if 64| (p—59) 
9p, if 64|(p—7) 
9p -1, if 64|(p—57) 
7p, if 64| (p—9) 
Tp-l, if 64 | (p—55) 
29p, if 64|(p—11) 


29p -1, if 64|(p—53) 
5p-1, if 64|(p—13) 


5p, if 64|(p—51) 
Z(32p) =4 17p, eed eae 
ae) 17p-1, if 64|(p—49) 
15p, if 64| (p—17) 


1Sp—1, if 64|(p—47) 
ips, if 64|(p—19) 


27p, if 64| (p—45) 
3p, if 64|(p-21) 
3p —1, if 64| (p — 43) 
25p, if 64| (p — 23) 
Dsp= 1, if 64|(p—4) 
23p, if 64] (p— 25) 


23p-1, _ if 64|(p—39) 
19p-1, if 64| (p—27) 
19p, if 64| (p—37) 
1 lp, if 64 | (p— 29) 
Ilp-1, if 64|(p—35) 
31p—1, if 64|(p—31) 
31p if 64| (p—33) 
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Proof : By definition, 

m(m + 1) 
2 

Here, p must divide exactly one of m or m+1. 


Z(32p)=min{m : 32p| }=min{m : 64p|m(m+ 1)}. 


In this case, we have to consider the 32 possible cases that may arise : 
Case (1): p is of the form p=64a4 
In this case, 64 divides p—1, and so, by Lemma 4.2.4, Z(32p)=p-1. 


Case (2) : p is of the form p=64a+63 for some integer a> 1. 
Here, 64 divides p+1, and hence, Z(32p)=p (by Lemma 4.2.4). 


Case (3) : p is of the form p=64a4 

In this case, 21p+ 1=64(21a+ 1), so that 64 divides 21p+1. Hence, Z(32p)=21p. 
Case (4) : p is of the form p=64a+61 for some integer a>0. 

Here, 21p—1=64(21a+20). Thus, 32|(11p+1), and consequently, Z(32p)=21p-—1. 
Case (5) : p is of the form p=64a+5 for some integer a= 0. 

Since 64 divides 13p—1 =64(13a+ 1), it follows that, Z(32p)=13p—1. 


+1 for some integer a> 1. 


+3 for some integer a> 0. 


Case (6) : p is of the form p=64a4 
Here, 64 divides 13p+1=64(13a+1 
Case (7) : p is of the form p=64a4 
In this case, 9p + 1 =64(9a+ 1). Thus 
Case (8) : p is of the form p=64a4 
Here, 64 divides 9p—1 = 64(9a+ 8), an 
Case (9) : p is of the form p=64a4 
Since 64 divides 7p+1=64(7a+ 1), it 
Case (10) : p is of the form p=64a4 
In this case, 64 divides 7p—1 =64(7a4 
Case (11): p is of the form p=64a4 
Here, 29p + 1=64(29a+5), so that 64 
Case (12) : p is of the form p=64a4 
In this case, 64 divides 29p—1 =64(29 
Case (13) : p is of the form p=64a4 





2 


> 





+ 59 for some integer a>0. 


). Therefore, Z(32p)= 13p. 


+7 for some integer a> 0. 


64 divides 9p +1, and hence, Z(32p)=9p. 


+ 57 for some integer a> 1. 


das such, Z(32p)=9p-1. 


+9 for some integer a> 1. 


follows that, Z(32p)=7p. 

+ 55 for some integer a> 1. 

+ 6), and hence, Z(32p)=7p-—1. 

+11 for some integer a>0. 

divides 29p +1. Thus, Z(32p)=29p. 
+ 53 for some integer a> 0. 

a+2A4), and so, Z(32p)=29p-—1. 
+13 for some integer a>0. 


Here, 64 divides 5p—1 =64(5a+ 1), and consequently, Z(32p)=Sp-—1. 


Case (14) : p is of the form p=64a4 
Since 64 divides 5p+1=64(5Sa+ 4), it 


Case (15) : p is of the form p=64a4 


+ 51 for some integer a> 1. 
follows that, Z(32p)=Sp. 


+15 for some integer a> 1. 


In this case, 64 divides 17p+1=64(17a+ 4), and hence, Z(32p)=17p. 


Case (16) : p is of the form p=64a4 
Here, 17p—1=64(17a+ 13). Thus, 64 


Case (17) : p is of the form p=64a4 


+49 for some integer a> 1. 
divides 17p—1, and so, Z(32p)=17p-—1. 
+17 for some integer a>0. 





In this case, 64 divides 15p+1=64(15a+ 4), and consequently, Z(32p)=15p. 
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Case (18) : p is of the form p=64a+47 for some integer a= 0. 

Here, 64 divides 15p—1 = 64(15a+11), and hence, Z(32p)=15p—1. 
Case (19) : p is of the form p=64a+19 for some integer a>0. 

In this case, 27p— 1=64(27a+ 8), so that 64 divides 27p—1. Hence, Z(32p)=27p—1. 
Case (20) : p is of the form p=64a+45 for some integer a> 1. 

Here, 27p + 1 =64(27a+ 19). Thus, 64 divides 27p+1, and so, Z(32p)=27p. 
Case (21): p is of the form p=64a+21 for some integer a> 1. 

In this case, 3p + 1=64(a+ 1), so that 64p divides 3p(3p +1). Thus, Z(32p)=3p. 
Case (22) : p is of the form p=64a+43 for some integer a> 0. 

Here, 3p—1=64(3a+ 2). Thus, 64p divides 3p(3p—1), and so, Z(32p)=3p-—1. 
Case (23) : p is of the form p=64a+ 23 for some integer a= 0. 

In this case, 25p + 1 =64(25a+ 9). Therefore, 64 divides 25p+1, and hence, Z(32p)=25p. 
Case (24) : p is of the form p=64a+41 for some integer a= 0. 

Here, 64 divides 25p—1= 64(25a+ 16), and hence, Z(32p)=25p-—1. 
Case (25) : p is of the form p=64a+25 for some integer a2 1. 

In this case, 64 divides 23p +1 =64(23a+ 9), and hence, Z(32p)=23p. 
Case (26) : p is of the form p=64a+ 39 for some integer a> 1. 

Here, 64 divides 23p—1 = 64(23a+ 14), and hence, Z(32p)=23p-1. 
Case (27) : p is of the form p=64a+27 for some integer a> 1. 

In this case, 19p—1=64(19a+ 8), so that 64 divides 19p—1. Thus, Z(32p)=19p-—1. 
Case (28) : p is of the form p=64a+37 for some integer a= 0. 

Here, 64 divides 19p+1=64(19a+ 11), and hence, Z(32p)= 19p. 
Case (29) : p is of the form p=64a+29 for some integer a= 0. 

Since 1lp+1=64(11la+5), it follows that 64p divides 11p(11p+1), and so, Z(32p)=11p. 
Case (30) : p is of the form p=64a+35 for some integer a> 1. 

Here, 64|(11p—1)=64(11a+6), so that 64p divides 11p(11p—1). Thus, Z(32p)=11p-—1. 
Case (31): p is of the form p=64a+31 for some integer a= 0. 

In this case, 64 divides 31p—1 =64(31la+ 15), and hence, Z(32p)=31p-—1. 





Case (32) : p is of the form p=64a+ 33 for some integer a> 1. 
Here, 31lp+1=64(31a+ 16). Thus, 64 divides 31p+1, and consequently, Z(32p)=31p. 


All these complete the proof of the lemma. 


We now give the expressions for Z(24p), Z(48p) and Z(96p) in the following three lemmas. 
We shall make use of these results in proving Lemma 4.4.18 and Lemma 4.4.21 in §4.4 in 
connection with equations involving Z(n) and the arithmetic functions like d(n) (the divisor 
function) and (n) (Euler’s phi function). 


115 Chapter 4 : The Pseudo Smarandache Function 


Lemma 4.2.28 : For any prime p25, 
p-L if 48 | (p—1) 





Pp, if 48|(p+1) 
3p, if 16| 3p+1) 
3p-1, if 16|8p-h 
7p-1, if 48|(7p—1) 
7p, if 48| (7p +1) 
Z(24p) =< 1p, if 48| 11p+1) 
llp-1, if 48|/(1p-) 
15p, if 48] (15p +1) 
15p-1, if 48|(15p—]) 
5p, if 8|(p+l) 
Sp-1, if 8|Gp-) 
Op, if 16| (p+) 
9p-1, if 16|(9p—1) 





Proof : By definition, 

m(m + 1) 
2 

Here, p must divide exactly one of m or m+1. 

In this case, we have to consider the sixteen possible cases that may arise : 


Z(24p)=min {m : 24p | }=min{m : 48p|m(m+ 1)}. 


Case (1): p is of the form p=48a+1 for some integer a> 1. 

In this case, 48 divides p—1, and so, by Lemma 4.2.4, Z(24p)=p-1. 
Case (2) : p is of the form p=48a+47 for some integer a>0. 

Here, 48 divides p+1, and hence, Z(24p)=p (by Lemma 4.2.4). 
Case (3) : p is of the form p=48a+5 for some integer a>0. 

In this case, 3p + 1=16(9a+ 1), so that 48p divides 3p(3p +1). Hence, Z(24p) = 3p. 
Case (4) : p is of the form p=48a+43 for some integer a>0. 

Here, 3p—1=16(9a+8). Thus, 48p divides 3p(3p—1), and consequently, Z(24p)=3p-— 1. 
Case (5) : p is of the form p=48a+7 for some integer a= 0. 

In this case, 48 divides 7p —1 =48(7a+ 1), and hence, Z(24p)=7p—1. 
Case (6) : p is of the form p=48a+41 for some integer a> 0. 

Here, 48 divides 7p+ 1 =48(7a+6), and consequently, Z(24p)=7p. 
Case (7) : p is of the form p=48a+11 for some integer a> 0. 

In this case, 3p—1=16(9a+2), and so, 48p divides 3p(3p—1). Hence, Z(24p)=3p-—1. 
Case (8) : p is of the form p=48a+37 for some integer a>0. 

Here, 16 divides 3p+1=16(9a+ 7), so that 48p divides 3p(3p+ 1). Thus, Z(24p) = 3p. 
Case (9) : p is of the form p=48a+13 for some integer a> 0. 

Since, 48 divides 11p+1=48(1la+3), we see that, Z(24p)=1 1p. 
Case (10) : p is of the form p=48a+35 for some integer a> 1. 
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In this case, 48 divides 11p—1=48(11a+8), and hence, Z(24p)=11p-1. 
Case (11): p is of the form p=48a+17 for some integer a>0. 

Here, 15p+1=16(45a+ 16) so that 48p divides 15p(15p+1), and hence, Z(24p)= 15p. 
Case (12) : p is of the form p=48a+31 for some integer a>0. 

Note that, 15p—1=16(45a+25). Thus, 48p divides 15p(15p—1), and so, Z(24p) = 15p-1. 
Case (13) : p is of the form p=48a+19 for some integer a>0. 

In this case, 48 divides 5p +1 =48(5a+2), and hence, Z(24p) =5p. 
Case (14) : p is of the form p=48a+29 for some integer a> 0. 

Here, 48 divides 5p — 1 =48(5a+ 3), and hence, Z(24p)=5p—1. 
Case (15) : p is of the form p=48a+ 23 for some integer a= 0. 

Since 9p + 1 = 16(27a+ 13), it follows that 48p divides 9p(9p +1), and so, Z(24p) = 9p. 
Case (16) : p is of the form p=48a+25 for some integer a> 1. 

Here, 9p—1=16(27a+ 14). Thus, 48p divides 9p(9p—1), and hence, Z(24p)=9p- 1. 

All these establish the lemma. 





Lemma 4.2.29 : For any prime p=5, 





p-l, if 96|(p—1) 
Pp, if 96 | (p+1) 
19p, if 96 | (19p +1) 
19p-1, if 96| 19p—1) 
9p, if 32| (9p +1) 
9p -1, if 32| (9p—1) 
3p—1L if 32|(3p+1) 
3p, if 32| 3p—1) 
27p, if 32 | (27p +1) 
27p-1, if 32|(27p—1) 
15p, if 32|(15p+1) 


_}15p-1, if 32] (15p—1) 
ARP) 554. Gf 96 | Gp 41) 
5p, if 96| (5p—1) 
25p, if 96| (25p +1) 
25p-l, if 96|(25p—1) 
2Ip-l, if 32|(21p—1) 


2 1p, if 32|(21p+1) 
3lp-1, if 96|(31p—-1) 
3 1p, if 96 | (31p+1) 
llp-1, if 96|(11p—-1) 
1 1p, if 96| (11Ip+1) 
13p-1, if 96|(13p—-1) 
13p, if 96| (13p+1) 
7p, if 32|(7p+1) 








Tp-1, if 32|(7p—1) 
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Proof : By definition, Z(48p)= min{m : 96p|m(m+ 1)}. 
Here, p must divide exactly one of m or m+1. 
In this case, we have to consider the 32 possible cases that may arise : 


Case (1): p is of the form p=96a4 
Case (2) : p is of the form p=96a4 
Case (3) : p is of the form p=96a4 
In this case, 19p + 1=96(19a+ 1), so 
Case (4) : p is of the form p=96a4 
Case (5) : p is of the form p=96a4 


+1 for some integer a> 1. In this case, Z(48p)=p-—1. 
+95 for some integer a> 1. Here, Z(48p) =p. 

+ 5 for some integer a> 0. 

that 96p divides 19p +1. Hence, Z(48p)=19p. 

+91 for some integer a> 1. Here, Z(48p)=19p—1. 
+7 for some integer a> 0. 


In this case, 9p+ 1=32(27a+ 2), so that 96p divides 9p(9p+1). Hence, Z(48p)= 9p. 


Case (6) : p is of the form p=96a4 
Case (7) : p is of the form p=96a4 


+ 89 for some integer a>0. In this case, Z(48p) =9p— 1. 
+11 for some integer a>0. 


Here, 32 divides 3p—1=32(9a+ 1), and so, 96p divides 3p(3p—1). Thus, Z(48p) =3p—1. 


Case (8) : p is of the form p=96a4 
Case (9) : p is of the form p=96a4 





+ 85 for some integer a> 1. In this case, Z(48p) = 3p. 
+13 for some integer a>0. 


Since 32 divides 27p+1 =32(81la+11), we see that, Z(48p)=27p. 


Case (10) : p is of the form p=96a4 
Case (11): p is of the form p=96a4 
Here, 32 divides 15p+1=32(45a+ 8), 
Case (12) : p is of the form p=96a4 
Case (13) : p is of the form p=96a+4 
In this case, 96 divides 5p+1 =96(5a4 
Case (14) : p is of the form p=96a4 
Case (15) : pis of the form p=96a4 
Since 25p + 1 =96(25a+ 6), it follows 
Case (16) : p is of the form p=96a4 
Here, 25p—1=96(25a+ 19). Thus, 96 
Case (17) : p is of the form p=96a4 
Case (18) : p is of the form p=96a4 
Case (19) : p is of the form p=96a4 
Here, 32 divides 21p—1=32(63a+ 19 
Case (20) : p is of the form p=96a4 


+ 83 for some integer a> 0. Here, Z(48p)=27p—-1. 
+17 for some integer a>0. 

so that 96p divides 15p(15p+1). Thus, Z(48p) = 15p. 
+79 for some integer a> 0. Here, Z(48p)= 15p—1. 
+19 for some integer a>0. 

+ 1), and hence, Z(48p) =5p. 

+77 for some integer a> 1. Here, Z(48p)=5p-—1. 

+23 for some integer a> 0. 

that 96 divides 25p+1, and so, Z(48p)=25p. 

+ 73 for some integer a> 0. 

divides 25p—1, and hence, Z(48p)=25p-— 1. 

+25 for some integer a> 1. Here, Z(48p)=9p-1. 

+71 for some integer a> 0. In this case, Z(48p)=9p. 

+ 29 for some integer a> 0. 

), so that 96p divides 21p(21p—1). Thus, Z(48p)=21p-1. 
+67 for some integer a> 0. In this case, Z(48p)=21p. 





Case (21) : p is of the form p=96a4 
In this case, 96 divides 31p—1=96(31 


+31 for some integer a> 0. 
a+10), and hence, Z(48p)=31p—1. 


Case (22) : pis of the form p=96a+ 65 for some integer a> 1. In this case, Z(48p)=3 1p. 
Case (23) : p is of the form p=96a+35 for some integer a> 1. 


Here, 96 divides 11lp—1=96(11a+4), 


and so, Z(48p)=11p-1. 
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Case (24) : pis of the form p=96a+61 for some integer a> 0. Here, Z(48p)= 1 1p. 


Case (25) : p is of the form p=96a4 
Here, 96 divides 13p—1=96(13a+5), 
Case (26) : p is of the form p=96a4 
Case (27) : p is of the form p=96a4 
Here, 96 divides 7p + 1 =96(7a +3), so that , Z(48p)=7p. 
Case (28) : p is of the form p=96a+4 
Case (29) : p is of the form p=96a4 


+37 for some integer a> 0. 


and so, Z(48p)=13p-—1. 


+41 for some integer a> 0. 


+43 for some integer a> 0. 


+ 59 for some integer a> 0. In this case, Z(48p)= 13p. 


+ 55 for some integer a> 1. Here, Z(48p)=7p—1. 


Here, 32 divides 3p—1=32(9a+4), so that, 96p divides 3p(3p—1). Hence, Z(48p)=3p-— 1. 


Case (30) : p is of the form p=96a4 
Case (31) : p is of the form p=96a+4 


+47 for some integer a> 0. 


+ 53 for some integer a> 0. In this case, Z(48p) = 3p. 


Here, 32 divides 15p—1=32(45a+ 22), and so, 96p divides 15p(15p—1). Thus, Z(48p)=15p—1. 


Case (32) : p is of the form p=96a+4 





Hence the lemma is established. @ 


+ 49 for some integer a> 0. Here, Z(48p)= 15p. 


Lemma 4.2.30 : For any prime p25, the values of Z(96p) are as follows : 





Form of p 


192a+1 
192a+191 
192a+5 
192a+187 
192a+7 
192a+185 
192a+11 
192a+181 
192a+13 
192a+179 


192a4 


+17 


192a+175 


192a4 


+19 


192a+173 
192a+23 
192a+169 
192a+25 


192a4 


+167 


192a+29 
192a+163 
192a+31 
192a+161 








Z(96p) 


p-l 

Pp 

5lp 
51p-1 
9p 
9p-1 
35p-1 
35p 
59p 
59p-1 
15p 
15p-1 
27p-1 
27p 
25p 
25p-1 
23p 
23p-1 
53p-1 
53p 
31p-1 
31p 








Form of p 


192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 


+35 
+157 
+37 
+155 
+41 
151 
+43 
+149 
+47 
+145 
+49 
+143 
153 
+139 
+55 
+137 
+59 
+133 
-61 
131 
+65 
+127 








Z(96p) 


11p-1 
llp 
45p-—1 
45p 
39p 
39p-1 
3p-1 
3p 
15p-1 
15p 
47p 
47p—1 
29p—1 
29p 
Tp-1 
7p 
13p 
13p-1 
21p-1 
21p 
63p 
63p-1 








Form of p 


192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 
192a4 


+67 
+125 
+71 
+121 
+73 
H119 
+77 
H115 
+79 
+113 
+83 
+109 
+85 
+107 
+89 
+103 
+91 
+101 
+95 
197 








Z(96p) 


21p 
21p-1 
9p 
9p-1 
57p-1 
57p 
5p-l 
5p 
17p 
17p-1 
27p-1 
27p 
3p 
3p-1 
4lp-1 
4lp 
19p-1 
19p 
33p 
33p-1 
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Proof : By definition, Z(96p)=min{m : 192p|m(m-+ 1)}. 
Here, p must divide exactly one of m or m+1. 


In this case, we have to consider the 64 possible cases that may arise : 
Case (1): p is of the form p=192a+1 for some integer a> 1. In this case, Z(96p)=p-1. 





Case (2) : p is of the form p=192a+191 for some integer a> 0. Here, Z(96p) =p. 
Case 3 : p is of the form p=192a+5 for some integer a> 0. 
In this case, 51p + 1=64(153a +4), so that 192p divides 51p(51p+1). Hence, Z(96p)=5 1p. 
Case (4) : p is of the form p=192a+187 for some integer a> 1. 
Here, 192p divides 51p(51p—1) = 192(17p).(153a+ 149), and consequently, Z(96p)=51p—1. 
Case (5) : p is of the form p=192a+7 for some integer a> 0. 
In this case, 9p+1=64(27a+ 1), so that 192p divides 9p(9p +1). Hence, Z(96p) = 9p. 
Case (6) : p is of the form p=192a+185 for some integer a> 1. 
Here, 192 divides 9p(9p— 1) = 192(3p).(27a + 26), and consequently, Z(96p)=9p — 1. 
Case (7) : p is of the form p=192a+11 for some integer a= 0. 
In this case, 192 divides 35p—1=192(35a+ 2), and so, Z(96p) =35p-— 1. 
Case (8) : p is of the form p=192a+181 for some integer a> 0. 
Here, 192 divides 35p+ 1 =192(35a+33). And consequently, Z(96p)=35p. 
Case (9) : p is of the form p=192a+13 for some integer a> 0. 
Since, 192 divides 59p+1=192(59a+4), we see that, Z(96p) =59p. 
Case (10) : p is of the form p= 192a+179 for some integer a> 0. 
In this case, 192 divides 59p—1 = 192(59a+ 55), and hence, Z(96p)=S59p-1. 
Case (11): p is of the form p=192a+17 for some integer a= 0. 
Here, 64 divides 15p+1=64(45a+4), so that 192p divides 15p(15p+1). Thus, Z(96p)= 15p. 
Case (12) : p is of the form p=192a+175 for some integer a> 1. 
In this case, 192p divides 15p(15p—1)=192(5p).(45a+ 41), and so, Z(96p) = 15p-1. 
Case (13) : pis of the form p=192a+19 for some integer a>0. 
In this case, 64 divides 27p—1 =64(81a+ 8) and 3p divides 27p, and hence, Z(96p)=27p-—1. 
Case (14) : p is of the form p=192a+173 for some integer a> 0. 
Here, 64 divides 27p + 1 =64(81a+ 73), and hence, Z(96p)=27p. 
Case (15): p is of the form p=192a+23 for some integer a>0. 
Since 25p + 1 = 192(25a+ 3), it follows that 192 divides 25p+1, and so, Z(96p)=25p. 
Case (16) : p is of the form p=192a+169 for some integer a> 1. 
Here, 25p—1=192(25a+22). Thus, 192 divides 25p—1, and hence, Z(96p)=25p-1. 
Case (17) : p is of the form p=192a+25 for some integer a2 1. 
Here, 23p+ 1 =192(23a+3), so that, 192 divides 23p+1. Therefore, Z(96p)=23p. 
Case (18) : p is of the form p=192a+167 for some integer a> 0. 
In this case, 23p—1=192(23a+ 20), and so, 192 divides 23p—1. Thus, Z(96p)=23p— 1. 
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+ 29 for some integer a>0. 


Here, 192 divides 53p—1=192(53a +8), so that, Z(96p) =S3p-— 1. 


Case (20) : p is of the form p=192a4 


+163 for some integer a> 0. 


Since, 192 divides 53p+1=192(53a+45), it follows that, Z(96p)=53p. 





Case (21): p is of the form p=192a4 
In this case, 192 divides 31p—1=192(3 


+31 for some integer a>0. 
la+5), and hence, Z(96p)=31p—1. 


Case (22) : pis of the form p=192a+161 for some integer a> 1. 
Since, 192 divides 31p+1=192(31a+26), it follows that, Z(96p)=3 1p. 
Case (23) : p is of the form p=192a+35 for some integer a> 1. 
Here, 192 divides 11p—1=192(11a+2), and so, Z(96p)=11p—1. 
Case (24) : pis of the form p=192a+157 for some integer a> 0. 
Since, 192 divides 11p+1=192(11a+9), it follows that, Z(96p)=11p. 
Case (25) : p is of the form p=192a+37 for some integer a>0. 
Here, 64 divides 45p—1=64(135a+ 26), and so, Z(96p)=45p-1. 
Case (26) : p is of the form p= 192a+155 for some integer a> 1. 
In this case, 64 divides 45p+1 =64(13a+ 109), and hence, Z(96p)=45p. 
Case (27) : p is of the form p=192a+41 for some integer a>0. 


Here, 64 divides 39p + 1 =64(117a+ 25 


), so that , Z(96p)=39p. 


Case (28) : p is of the form p=192a+151 for some integer a> 1. 

Since 64 divides 39p—1 =64(117a+ 92), it follows that, Z(96p)=39p—1. 
Case (29) : p is of the form p=192a+43 for some integer a> 0. 

Here, 64 divides 3p—1=64(9a+ 2), so that 192p divides 3p(3p—1). Hence, Z(96p)=3p-—1. 
Case (30) : p is of the form p=192a+149 for some integer a>0. Then, Z(96p)=3p. 
Case (31) : p is of the form p=192a+47 for some integer a> 0. 


Here, 64 divides 15p—1=64(45a+ 11), 


and 192p divides 15p(15p—1). Thus, Z(96p) = 15p—1. 


Case (32) : p is of the form p=192a+145 for some integer a> 1. 
In this case, 64 divides 15p+ 1 =64(45a+ 34). Consequently, Z(96p)= 1 5p. 
Case (33) : p is of the form p=192a+49 for some integer a> 1. 
In this case, 192 divides 47p+ 1 = 192(47a+ 12), and consequently, Z(96p)=47p. 
Case (34) : p is of the form p=192a+143 for some integer a> 1. Here, Z(96p)=47p—1. 
Case (35) : p is of the form p=192a+53 for some integer a>0. 
In this case, 192 divides 29p—1 = 192(29a+ 8), so that, Z(96p)=29p — 1. 
Case (36) : p is of the form p=192a+139 for some integer a> 0. Here, Z(96p)=29p. 
Case (37) : p is of the form p=192a+55 for some integer a> 1. 
In this case, 192 divides 7p—1=192(7a+2). Hence, Z(96p)=7p—1. 
Case (38) : p is of the form p=192a+137 for some integer a> 0. 
Here, 192 divides 7p+1=192(7a+5), and consequently, Z(96p)=7p. 
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+ 59 for some integer a> 0. 


In this case, 192 divides 13p+ 1 =192(13a+4), and so, Z(96p)= 13p. 


Case (40) : p is of the form p=192a4 


+133 for some integer a> 1. 


Here, 192 divides 13p—1=192(13a+9). And consequently, Z(96p)= 13p—1. 


Case (41) : p is of the form p=192a4 
In this case, 64 divides 21p—1 =64(63a 
Case (42) : p is of the form p=192a4 
Since, 64 divides 21p+1=64(63a+ 43) 
Case (43) : p is of the form p=192a4 


+61 for some integer a>0. 

+20). Therefore, Z(96p)=21p—1. 
+131 for some integer a> 0. 

, It follows that, Z(96p)=21p. 

+65 for some integer a> 1. 


Here, 64 divides 63p +1 = 64(189a+ 64), and so, 192p divides 63p(63p +1). Thus, Z(96p) =63p. 
Case (44) : p is of the form p=192a+127 for some integer a> 0. 


In this case, 192p divides 63p(63p-— 1), 


and so, Z(63p)=63p-1. 


Case (45) : p is of the form p=192a+67 for some integer a>0. 
In this case, 64 divides 21p+1 =64(63a+ 22), and hence, Z(96p)=21p. 
Case (46) : p is of the form p=192a+125 for some integer a> 1. 
Here, 64 divides 21p —1=64(63a+41), and hence, Z(96p)=21p-—1. 
Case (47) : p is of the form p=192a+71 for some integer a>0. 
Since 9p+ 1 =64(27a+ 10), it follows that 192p divides 9p(9p+1), and so, Z(96p) = 9p. 
Case (48) : p is of the form p=192a+121 for some integer a> 1. 


Here, 9p—1=64(27a+ 17). Thus, 192p 


divides 9p(9p—1), and hence, Z(96p)=9p-— 1. 


Case (49) : p is of the form p=192a+73 for some integer a= 0. 

In this case, 57p—1=64(171a+65), and 3p divides 57p. Therefore, Z(96p)=57p—1. 
Case (50) : p is of the form p=192a+119 for some integer a> 1. 

Here, 57p + 1 =64(171a+ 106). Therefore, Z(96p)=57p. 





Case (51) : p is of the form p=192a+77 for some integer a> 1. 


In this case, 192 divides 5p—1 =192(5a 


+2), and hence, Z(96p)=5p—1. 


Case (52) : pis of the form p=192a+115 for some integer a> 1. Here, Z(96p)=5p. 
Case (53) : p is of the form p=192a+79 for some integer a>0. 

Here, 192 divides 17p+1=192(17a+7), and so, Z(96p)=17p. 
Case (54) : pis of the form p=192a+113 for some integer a> 0. 


Since, 192 divides 17p—1=192(17a+ 1 


0), it follows that, Z(96p)=17p—1. 


Case (55) : p is of the form p=192a+ 83 for some integer a>0. 

Here, 64|(27p—1)=64(81a+35), so that 192p divides 27p(27p—1). Thus, Z(96p)=27p—1. 
Case (56) : p is of the form p=192a+109 for some integer a> 0. Here, Z(96p)=27p. 
Case (57) : p is of the form p=192a+85 for some integer a> 1. 

Here, 64 divides 3p+ 1 =64(9a+ 4), so that 192p divides 3p(3p+ 1). Thus, Z(96p) =3p. 
Case (58) : p is of the form p=192a+107 for some integer a> 0. Here, Z(96p)=3p-1. 
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Case (59) : p is of the form p=192a+89 for some integer a>0. 
Here, 192 divides 41p—1=192(41a+ 19), so that, Z(96p) =41p—1. 
Case (60) : p is of the form p=192a+103 for some integer a>0. Here, Z(96p)=4 1p. 
Case (61) : p is of the form p=192a+91 for some integer a> 1. 
Here, 192 divides 19p—1=192(19a+9). Hence, Z(96p)=19p—1. 
Case (62) : p is of the form p=192a+101 for some integer a>0. Here, Z(96p)=19p. 
Case (63) : p is of the form p=192a+95 for some integer a> 1. 
Here, 64 divides 33p + 1=64(99a+ 49), and so, 192p divides 33p(33p+ 1). Hence, Z(96p) =33p. 
Case (64) : p is of the form p=192a+97 for some integer a>0. Here, Z(96p)=33p—1. 
All these complete the proof of the lemma. 





When n is a composite number, we observe the following : 


Let 
; a4 m,(m, +1) 

Z(n) =m, for some integer m, > | (so that n divides ——~.——_). 

We now consider the following two cases that may arise : 
Case 1 : m, is even (so that m,+1 is odd). 
In this case, n does not divide = , for otherwise, 
-1 
al = = nj Mele ~) => Zn)<m,-1. 


Case 2 : m, is odd (so that m,+1 is even). 

If nis even, then, n does not divide m,. If n is odd, n does not divide m,, for 
m,(m, — 1) 
2. 
Thus, if n is a composite number, n does not divide m,. 


nlm > XO => Zn<m-l. 


Now, let the representation of n in terms of its distinct prime factors 2, pj, po, ..., Ps, be 


a A, A, A, iy Oh, , 
n=2 pi Py +P; Pu --P, (a20, a, 20 forall l<i<s), 
where pj, po, -.., Pp, are not necessarily ordered. Then, one of m, and m,+1 is divisible by 


a+l a, a, a, 
2 P, Po «-p; for some 1<i<s; 
and the other one is divisible by 
Q, Qin OQ, 
P} Pw «Pp, forit+lsjss. 


We now proceed to find an expression for Z(pq), where p and q are two distinct primes. 
The following result is due to Ibstedt [2]. 
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Theorem 4.2.1 : Let p and q be two primes with q>p. Let g=q-—p. Then, 
Zea) Stnink p(qk + 1) q(pk — 1) i: 
g g 
where both pk +1 and pk— 1 are divisible by g. 
m(m + 1) 
2 
Now, we consider the three possible cases separately. 
Case (1) : When p divides m and q divides (m+1). In this case, 
m=px, m+1=qy for some integers x>1, y>1, 
leading to the equation p(x —y) = gy— 1. This shows that p divides gy— 1. Now, 
ae ae got ga! 
g g g 
Case (2) : When p divides (m +1) and q divides m. In this case, 
m+1=px, m=qy for some integers x21, y21. 
Thus, we get the equation p(x—y)=gy+ 1. This shows that p divides gy + 1. Now, 
Pel 2 oe 
g g 


Proof : By definition, Z(pq)=min{m : pq| }, 








gy+tl=pk => y= 


Case (3) : When pq divides (m+ 1). 
This case cannot occur (see Case 3 in the proof of Theorem 4.2.2). 
Hence, the theorem is proved. ™ 


In Theorem 4.2.2, we give an alternative expression for Z(pq). In this connection, we state 
the following lemma (see, for example, Theorem 2.12.2 of Gioia [5]). 
Lemma 4.2.31 : Let p and q be two distinct primes. Then, the Diophantine equation 


qy—px=1 
has an infinite number of solutions. Moreover, if (Xo,y.) is a solution of the Diophantine 
equation, then any solution is of the form 


X=x,+qt, y=yo+pt, where t= 0 is an integer. 


Theorem 4.2.2 : Let p and q be two primes with q>p=5. Then, 


Z(pq)=min{qyo—1,pxo—1}, 
where 


Youmin{y > xX, ye Los qy—px= [ys 
Xo=min{x :x,ye Z’, px-qy=l}. 
Proof : Since 


Z(pq)=min{m : pq| ™E*9 s, (A) 


it follows that we have to consider the three cases below that may arise : 
Case 1 : When p divides m and q divides (m+1). In this case, 
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m=px for some integer x2 1, 
m+1=qy for some integer y= 1. 
From these two equations, we get the Diophantine equation 
qy—px=l. 
By Lemma 4.2.31, the above Diophantine equation has infinite number of solutions. Let 
Yo=min{y : x,ye Z*, qy—px=l1}. 
For this y,, the corresponding x, is given by the equation q,y—p,x=1. Note that y, and x, 
cannot be both odd or both even. Then, the minimum m in (A ) is given by 





m+l=qy. > m=qy-l. 
Case 2 : When p divides (m+1) and q divides m. Here, 


m-+1=px for some integer x= 1, 





m=qy for some integer y= 1. 
These two equations lead to the Diophantine equation. 


px—qy=l. 
Let 
X,=min{x : x, ye Z*, px—qy=l}. 


PXo 


: : aca bee =1 
For this x,, the corresponding y, is given by y»= ———. Here also, x, and y, both cannot be 
q 


odd or even simultaneously. The minimum m in (A) is given by 





m+l=px, > m=px,-l. 
Case 3 : When pq divides (m+1). In this case, m=pq-—1. But then, by Case 1 and Case 2 
above, this does not give the minimum m. Thus, this case cannot occur. 


The proof of the theorem now follows by virtue of Case 1 and Case 2. 


Remark 4.2.2 : Let p and q be two primes with q>p25. Let 
q=kp+ for some integers k and € withk=1 and 1<€<p-l. 
We now consider the two cases given in Theorem 4.2.2 : 
Case 1 : When p divides m and q divides (m+1). In this case, 
m=px for some integer x= 1, 
m+1l=qy=(kp+)y for some integer y= 1. 
From the above two equations, we get 
l{y—(x—ky)p=1. (4.2.1) 
Case 2 : When p divides (m+1) and q divides m. Here, 
m-+1=px for some integer x>1, 
m=(kp+)y for some integer y= 1. 
These two equations lead to 
(x—ky)p—-ly=1. (4.2.2) 
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Some particular cases are given in Corollary 4.2.3 — Corollary 4.2.18 below. 


Corollary 4.2.3 : Let p and q be two primes with q>p=25. Let 


q=kp+1 for some integer k>2. 
Then, 


Z(pq)=q-l. 
Proof : From (4.2.1) with (=1, we get 
y—(x—ky)p=1, 
the minimum solution of which is y=1, x=ky=k. Then, the minimum m in (A) is given by 
m+l=qy=q => m=q-l. 
Note that, from (4.2.2) with 0€=1, we have (x—ky)p— y=1, with the least possible solution 





y=p-l (and x—ky=1). @ 


Corollary 4.2.4 ; Let p and q be two primes with q>p=5. Let 


q=(k+1)p—1 for some integer k>1. 
Then, 


Z(pq) = 4. 
Proof : From (4.2.2) with £=p—1, we have, 
y—[k+ Dy—x]p=1, 
whose minimum solution is y=1, x=(k +1)y=k +1. Then, the minimum m in (A) is given by 
m=qy=q. 
Note that, from (4.2.1) with €=p—1, we have [(k+1)y—x]p—y=1, with the least possible 
solution 





y=p-—1 (and (k+1)y—x=1). @ 


Corollary 4.2.5 ; Let p and q be two primes with q>p25. Let 
q=kp+2 for some integer k> 1. 

Then, 

q(p—)) 

Z(pq)= 

Proof : With €=2 in (4.2.2), we have 
(x—ky)p-2y=l, 

with the minimum solution 


y= pet (and x—ky=1). 

652 te aoe i p=t) , : 
This gives m=qy Zz as one possible solution of (A). 
Now, (4.2.1) with €=2 gives 


2y—(x—ky)p=1, 
with the minimum solution 
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y= pe (and x=ky+1). 
This gives 
n=gyet= pe ) 


as another possible solution of (A). Now, since 


Le sae ng a 
2 2 
it follows that 
q(p - 1) 


Z =i 
(pqy=—> 
which we intended to prove. Hl 


Corollary 4.2.6 : Let p and q be two primes with q>p25. Let 


q=(k +1)p—2 for some integer k> 1. 
Then, 


Z(pq)= ap) oe 
Proof : From (4.2.1) with €=p—2, we get, 
[(k + l)y—x]p—2y=1, 
whose minimum solution is 
y= po (and x=(k +1)y—1). 


This gives m=qy—1= ee ) 





1 as one possible solution of (A). 


Note that, (4.2.2) with €=p—2 gives 
2y—[(k + 1)y—x]p=1, 
with the minimum solution 


y= pet (and x=(k+1)y—1). 


Corresponding to this case, we get 


+1 
=quve i. ) 


as another possible solution of (A). But since 


Leas oes a 
2 2 





it follows that 


= 
Z(pq)= 1291, 


establishing the desired result. 
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Corollary 4.2.7 : Let p and q be two primes with q>p=7. Let 


q=kp+3 for some integer k>1. 
Then, 


e- 2. if 3|(p —1) 
Z(pq) = 24) 
a if 3|(p+1) 


Proof : From (4.2.1) and (4.2.2) with 0=3, we have respectively 
3y—(x—ky)p=1, (i) 
(x—ky)p—3y=1. (11) 
We now consider the following two possible cases : 
Case 1 : When 3 divides (p—1). 
In this case, the minimum solution is obtained from (ii), which is 
y= pat (and x —ky=1). 


Also, p—1 is divisible by 2 as well. Therefore, the minimum m in (A) is 
m=qy= unt : 
Case 2 : When 3 divides (p+1). 
In this case, (i) gives the minimum solution, which is 
y= ne (and x—ky=1). 


Note that, 2 divides p+1. Therefore, the minimum m in (A) is 


q(p + 1) 1 
5 ; 


Thus, the result is established. ™ 





m=qy-l= 


Corollary 4.2.8 ; Let p and q be two primes with q>p=7. Let 
q=(k +1)p—3 for some integer k> 1. 


Then, 
Ge+)  if3|(p+1) 
3 
Z(pq) = (p-)) 
ame if 3|(p -1) 
Proof : The equations (4.2.1) and (4.2.2) with £=p—3 give respectively 
[(k + ly —x]p—3y=1, (1) 
3y—[(k + 1)y—x]p=1. (11) 


We now consider the following two cases : 
Case 1 : When 3 divides (p+1). 
In this case, the minimum solution, obtained from (11), is 
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y= nae (and x=(k +1)y—1). 


Moreover, 2 divides p+ 1. Therefore, the minimum m in (A) is 
+1 
ae fr ) 
Case 2 : When 3 divides (p—1). 
In this case, the minimum solution, obtained from (1), is 


y= a (and x=(k +1)y—1). 


Moreover, 2 divides p—1. Therefore, the minimum m in (A) is 


m=qy= S29 1, a 


Corollary 4.2.9 : Let p and q be two primes with q>p=7. Let 


q=kp+4 for some integer k> 1. 
Then, 


ae), ifa|@-) 
Z(pq) = 


seo) Da ita +d) 


Proof : With (=4, (4.2.1) and (4.2.2) take the respective forms 
4y—(x—ky)p=1, (1) 
(x—ky)p—4y=1. (ii) 
Now, for any prime p27, exactly one of the following two cases can occur : Either p—1 is 
divisible by 4, or p+1 is divisible by 4. 
We consider these two possibilities separately below : 


Case 1 : When 4 divides (p—1). 
In this case, the minimum solution is obtained from (ii), which is 


y= ea (and x=ky +1). 


4 
Therefore, the minimum m in (A) is 
-1 
Egys se. D 


Case 2 : When 4 divides (p+ 1). 
In this case, (i) gives the minimum solution, which is 


y= pat (and x=ky +1). 


Therefore, the minimum m in (A) is 


q(p + 1) 1 
4 





m=qy-l1= .= 
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Corollary 4.2.10 : Let p and q be two primes with q>p27. Let 
q=(k + 1)p—4 for some integer k>1. 
Then, 
apt). if 4|(p +1) 


Z(pq) = 
ae D1, if4|(p4) 


Proof : From (4.2.1) and (4.2.2) with =p—4, we have respectively 
[(k + ly —x]p—4y=1, (i) 
4y—[(k +1)y —x]p=1. (11) 
We now consider the following two cases which are the only possibilities (as noted in the proof 
of Corollary 4.2.9) : 
Case 1 : When 4 divides (p+ 1). 
In this case, the minimum solution obtained from (ii) is 


y= pat (and x=(k+1)y—1). 


q(p +1) 


Therefore, the minimum m in (A) is m=qy= ri 


Case 2 : When 4 divides (p—1). 
In this case, the minimum solution, obtained from (1), is 
y= po (and x=(k+1)y—1). 


qe-) ig 


Therefore, the minimum m in (A) is m=qy= 4 


Corollary 4.2.11 : Let p and q be two primes with q>p211. Let 
q=kp +5 for some integer k> 1. 


Then, 
q(p - 1) so, Pond 
5 if 5|(p-1) 
q(2p +1) 
Z(pq) q(2a+1)-1, if p=5a+2 cae if 5|(p—2) 
pq) = : = 
q(2a +1), if p=5a+3 ep), #519 =3) 
ek Hele) q(p +1) 
Proof : The equations (4.2.1) and (4.2.2) with 0=5 are respectively 
Sy—(x—ky)p=1, (i) 
(x—ky)p—S5y=1. (ii) 


Now, for any prime p27, exactly one of the following four cases occur : 
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Case 1 : When p is of the form p=5a +1 for some integer a>2. 
In this case, 5 divides (p—1). Then, the minimum solution is obtained from (ii), which is 





y= pat (and x —ky=1). Therefore, the minimum m in (A) is m=qy= qe, 
Case 2 : When p is of the form p=5a +2 for some integer a>2. 
In this case, from (i) and (ii), we get respectively 
1 =Sy ~(x—ky)(5a +2) =S[y — (x— ky)a]-2(x—ky), (ii) 
1=(x-ky)(S5a +2) — 5y=2(x —ky) —5[y—(x—-ky)a]. (iv) 





Clearly, the minimum solution is obtained from (iii), which is 
y—(x—-ky)a=1,x-ky=2 => y=2a-+1 (and x=k(2a+1) +2). 
Hence, in this case, the minimum m in (A) is m=qy—1=q(2a+1)-1. 





Case 3 : When p is of the form p=5a +3 for some integer a> 2. From (i) and (ii), we get 
1=5y —(x-ky)(5a+3)=S[y — (x—ky)a] — 3(x-ky), (v) 
1=(x—-ky)(5a +3) — 5y=3(x —ky) — 5[y—(x—-ky)a]. (vi) 

The minimum solution is obtained from (vi) as follows : 
y—(x—-ky)a=1,x-ky=2 => y=2a+tl1 (and x=k(2a+1) +2). 
Hence, in this case, the minimum m in (A) is m=qy=q(2a + 1). 














Case 4: When p is of the form p=5a +4 for some integer a>2. 
In this case, 5 divides (p+ 1). Then, the minimum solution, obtained from (i), is 


y= pot (and x—ky=1). 
Therefore, the minimum m in (A) is m=qy—1= anne —l. 


Corollary 4.2.12 : Let p and q be two primes with q>p211. Let 
q=(k +1)p—5 for some integer k> 1. 


Then, 
q(p-1) wo, SN ae 
Ss Th if 5|(p—1) 
q(2p + 1) : 
Z(pa) q(2a +1), if p=5a+2 5 if 5|(P—2) 
pq) = : = 
q(2a+1)-1, if p=5a+3 a if 5|(p—3) 
1 
a aE D) q(p +1) 
Proof : From (4.2.1) and (4.2.2) with €=p—5, we have respectively 
[(k + Dy —x]p—Sy=1, (i) 


5y —[(k + l)y —x]p=1. (11) 
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As in the proof of Corollary 4.2.11, we consider the following four possibilities : 
Case | : When p is of the form p=5a +1 for some integer a>2. 
In this case, 5 divides (p—1). Then, the minimum solution is obtained from (i), which is 


y= pot (and x=(k +1)y—1). 


Therefore, the minimum m in (A) is 
qP=) 
5 
Case 2 : When p is of the form p=5a +2 for some integer a>2. 
In this case, from (i) and (ii), we get respectively 
1=[(k + 1)y —x](5a +2) — 5y=2[(k + 1)y—x] — 5[y —a{(k + Dy —x}], (iii) 
1=5y —[(k + l)y—x](5a +2) =5[y — a {(k + ly —x}] — 2[(k + ly — x]. (iv) 
Clearly, the minimum solution is obtained from (iv), which is 
y—a{(k +l)y—x}=1, (k+]ly—-x=2 > y=2a+1 (and x=(k+1)(2a+1)—2). 
Hence, in this case, the minimum m in (A) is m=qy=q(2a+1). 





m=qy-l= 








Case 3 : When p is of the form p=5a +3 for some integer a2 2. 
In this case, from (i) and (11), we get respectively 
1=[(k +])y —x](5a +3)—Sy=3[(k + l)y—x]-S[y—at(k + ])y—x}], (v) 
1=5y-—[(k+]l)y—x](Sa+3)=5[y—a{(k+ ly—x}]-3[(k+]ly—x]. (vi) 
The minimum solution is obtained from (v) as follows : 
y—-a{(k +]l)y—x}=1, (k+]l)y—x=2. => y=2a+l1 (and x=(k+1)(2a+1)-2). 
Hence, in this case, the minimum m in (A) is m=qy—1=q(2a+1) —-1. 





Case 4: When p is of the form p=5a+4 for some integer a>2. 
In this case, 5 divides (p+ 1). Then, the minimum solution is obtained from (ii). The minimum y 
and the minimum m in (A) are given by 





y=Pn (and x=(k+1)y—1), m=qy= set l) ; 
Corollary 4.2.13 : Let p and q be two primes with q>p2= 13. Let 


q=kp+6 for some integer k> 1. 
Then, 


ae), if6|-1) 


Z(pq) = 
aes) D1, if6|\(p+1) 


Proof : The equations (4.2.1) and (4.2.2) with £=6 become respectively 
6y—(x-ky)p=1, (i) 
(x—ky)p—6y=1. (1i) 
Now, for any prime p213, exactly one of the following two cases can occur : Either p—1 is 
divisible by 6, or p+1 is divisible by 6. 
We thus consider the two possibilities separately below : 
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Case | : When 6 divides (p—1). 
In this case, the minimum solution is obtained from (ii), which is 


y= pa (and x=ky+1). 


Therefore, the minimum m in (A) is 
q(p —)) 
a 
Case 2 : When 6 divides (p+1). 
In this case, (i) gives the minimum solution, which is 


y= pt (and x=ky+1). 


my > 


Therefore, the minimum m in (A) is 


m=qy j= 4e29 1. a 





Corollary 4.2.14 : Let p and q be two primes with q>p = 13. Let 
q=(k +1)p—6 for some integer k> 1. 
Then, 


ser) if 6|(p +1) 


Z(pq) = 
ten) Dt AG) 


Proof : From (4.2.1) and (4.2.2) with {=p—6, we have respectively 
[(k + ])y—x]p—6y=1, (i) 
6y—[(k +]l)y —x]p=1. (ii) 


We now consider the following two cases which are the only possibilities (as noted in the proof 
of Corollary 4.2.13) : 


Case 1 : When 6 divides (p+ 1). 
In this case, the minimum solution, obtained from (ii), is 


y= pet (and x=(k+1)y—1). 


Therefore, the minimum m in (A) is 


+1) 
ae a. 


Case 2 : When 6 divides (p—1). 
Here, the minimum solution is obtained from (i), which is 


y= po (and x=(k+1)y—1). 
Therefore, the minimum m in (A) is 


m=qy= 12» 2 —-l. 0 
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Corollary 4.2.15 : Let p and q be two primes with q>p213. Let 
q=kp +7 for some integer k> 1. 


Then, 


Z(pq) = 


q(p — 1) 
nC ae 
q3a+1)-1, 
q(2a+1)-1, 
q(2a +1), 
q(3a + 2), 
q(p+))_, 
re 


if 7|(p—-1) 
if p=7a+2 
if p=7a+3 
if p=7a+4 
if p=7a+5 


if 7|(p+) 





q(p=}) 
7 > 
q(3p+l) _ 1 
Tee 


g@p+) 
ae 


q(2p-l) 

7 > 
q3p-l) 

7 > 
q(p+l) 
a 1, 


if 7 
» if 7 
, if 7 

if 7 

if 7 

if 7 


Proof : The equations (4.2.1) and (4.2.2) with €=7 are respectively 


Ty-(x- 


ky)p=1, 


(x—ky)p—7y=1. 
Now, for any prime p2 11, exactly one of the following six cases occur : 


Case | : When p is of the form p=7a+1 for some integer a>2. 


In this case, 7 divides (p—1). Then, the minimum solution is obtained from (ii), which is 


y= pe (and x —ky=1). Therefore, the minimum m in (A) is 


m=~qy~ 


q(p — 1) 
gees 


Case 2 : When p is of the form p=7a +2 for some integer a>2. 
In this case, from (i) and (ii), we get respectively 


1=7y —(x-ky)(7a +2)=7[y — (x—ky)a] — 2(x—-ky), 
1=(x-ky)(7a +2) — 7y=2(x —ky) -—7[y —(x-ky)a]. 
Clearly, the minimum solution is obtained from (iii), which is 











y —(x—ky)a=1, x -—ky=3 


Hence, in this case, the minimum m in (A) is m=qy —1=q(3a +1) -1. 
Case 3 : When p is of the form p=7a +3 for some integer a>2. 
Here, from (i) and (ii), 


1=7y — (x—ky)(7a +3) =7[y — (k—ky)a] 





3(x—ky), 





1=(x—-ky)(7a +3) — 7y=3(x —ky) — 7[y — (x—ky)a]. 


The minimum solution is obtained from (v) as follows : 





(p -1) 
(p - 2) 
(p —3) 
(p - 4) 
(p—5) 





(pt+1) 


=> y=3a-+tl1 (and x=k(3a+1) +3). 


y—(x-ky)a=1,x-ky=2 => y=2a+l1 (and x=k(2a+1) +2). 

Hence, in this case, the minimum m in (A) is m=qy=q(2a+1) -1. 
Case 4: When p is of the form p=7a +4 for some integer a>2. 

In this case, from (i) and (ii), we get respectively 

l=7y —(x— ky)(7a +4) =7Ly — (x —ky)a]- 4(x-ky), 

1=(x-ky)(7a +4) — 7y=4(x-ky) — 7[y—(xk —ky)al]. 
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Clearly, the minimum solution is obtained from (viii), which is 
y—(x-ky)a=1,x-ky=2 => y=2a+l1 (and x=k(2a+1) +2). 
Hence, in this case, the minimum m in (A) is m=qy=q(2a + 1). 





Case 5: When p is of the form p=7a +5 for some integer a>2. 
From (i) and (ii), we have 
1=7y —(x—ky)(7a+5) =7[y — (x-ky)a] — 5(x-ky), (ix) 
1=(x-ky)(7a+3) — 7y=5(x—ky) —7[y —(x—-ky)al]. (x) 
The minimum solution is obtained from (x), which is 
y —(x-ky)a=2,x-ky=3 => y=3at2 (and x=k(3a +2) +3). 
Hence, in this case, the minimum m in (A) is m=qy=q(3a +2). 
Case 6 : When p is of the form p=7a +6 for some integer a>2. 
In this case, 7 divides (p+ 1). Then, the minimum solution is obtained from (i), which is 











_— (and x —ky=1). 


Therefore, the minimum m in (A) is 


m=qy=22*9 _1, + 


Corollary 4.2.16 : Let p and q be two primes with q>p213. Let 
q=(k + 1)p—7 for some integer k>1. 








Then, 
-| . 
qe-))_, if Tl(p—D ae) _ 1, if 7|(p—1) 
7 ; ap) if 7| (p—2) 
q(3a + 1), if p=7a+2 ioe) 

Z(pq) = q(2a +1), ifp=7a+3 _| “> if 7/@—3) 
q(2a+1)-1, if p =7a+4 q(2p-}) =n if 7 (p—4) 
qGa+2)-1, if p=7a+5 ie 
q(p +1) ’ “71, if 7]@—5) 
——, if 7|(p+l) (p+!) 

7 a, if 7|(p+)) 


Proof : From (4.2.1) and (4.2.2) with €=p-—7, we have respectively 
[(k +1)y—x]p—7y=1, (i) 
Ty—[(k+l)y—x]p=1. (ii) 
We now consider the following six possibilities : 
Case | : When p is of the form p=7a+1 for some integer a> 2. 


In this case, 7 divides (p—1). Then, the minimum solution is obtained from (i), which is 


y= a (and x=(k+1)y—1). 
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Therefore, the minimum m in (A) is 
qP-) 
5 
Case 2 : When p is of the form p=7a+2 for some integer a>2. 
In this case, from (i) and (ii), we get respectively 
1=[(k +1)y—x](7a+2) —7y =2[(k + l)y—x] —7[y—-a{(k+ Dy—x}], (111) 
1=7y—[(k+ly—x](7a+2)=7[y—a{(k + ly—x}]—2[(k + ly —x]. (iv) 
Clearly, the minimum solution is obtained from (iv), which is 
y-a{(k+1l)y—x}=1, (k+l)y-x=3 =>  y=3a+l (and x=(k+1)(3a+1) —3). 
Hence, in this case, the minimum m in (A) is m=qy=q(3a+1). 





m=qy-l= 





Case 3 : When p is of the form p=7a+3 for some integer a> 2. 
Here, from (i) and (ii), 
1=[(k +] y—x](7a+3) —7y=3[(k + y—x] —7ly—at(k+ Dy—x}], (v) 
1=7y—-[(k +1)y—x](7a+3)=7[y—a{(k+ ly—x}]—3[(k+ lDy—x]. (vi) 
Then, (vi) gives the minimum solution, which is 
y-a{(k+l)y—x}=1, (k+Dy-x=2 > y=2atl (andx=(k+1)(Qa+l1)-2). 
Hence, in this case, the minimum m in (A) is m=qy=q(2a+1). 








Case 4: When p is of the form p=7a+4 for some integer a>2. 
Here, from (i) and (ii), 
1=[(k+])y—x](7a +4) —7y=4[(k+ Dy—x]—-7[y—at(k + Dy—x}], (vii) 
1=7y—[(k+1)y—x](7a+4) =7[y—af{(k+ly—x}]-4[(k+lDy—x]. (vili) 
Clearly, the minimum solution is obtained from (vii) as follows : 
y—a{(k+l)y—x}=1, (k+Dy-x=2 => y=2a+l (and x=(k+1)(2a+1) —2). 
Hence, in this case, the minimum m in (A) is m=qy—1=q(2a+1)-1. 








Case 5 : When p is of the form p=7a+5 for some integer a>2. 
In this case, from (i) and (ii), we get respectively 
1=[(k+]l)y—x](7a+5) —7y=S[(k+ Dy—x] —7[y—at(k+ ly—x}], (ix) 
1=7y-[(k+1)y—x](7a+5) =7[y—-a{(k+1l)y—x}] —5[(k+1)y—x]. (x) 
Then, (ix) gives the following minimum solution : 
y—a{(k+])y—x}=2, (k+]ly-x=3 =  y=3at2 (and x=(k+1)(3a+2)-3). 
Hence, in this case, the minimum m in (A) is m=qy —1=q(3at2)-1. 





Case 6 : When p is of the form p=7a+6 for some integer a>2. 
In this case, 7 divides (p+1). Then, the minimum solution is obtained from (ii), which is 


y= pot (and x=(k+ly-1). 
Therefore, the minimum m in (A) is 


q(p + 1) 
eget 


m=qy= a 
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Corollary 4.2.17 : Let p and q be two primes with q>p213. Let 
q=kp+8 for some integer k> 1. 








Then, 
= -l 
3p-1 
(pq) =) IO8ts if p=8a43 aCe) | if 8| (p—3) 
pq) = : = 
qGa+2)-1, if p=8a+5 ape if if 8|(p—5) 
(p+1 : 
a ) 1 if 8]@p+D a) 1 if 8/(p+)) 
Proof : With (=8 in (4.2.1) and (4.2.2), we get respectively 
8y—(x—ky)p=1, (i) 
(x—ky)p—8y=1. (ii) 


Now, for any prime p= 13, exactly one of the following four cases occur : 
Case 1 : When p is of the form p=8a+1 for some integer a>2. 
In this case, 8 divides (p—1). Then, the minimum solution is obtained from (ii), which is 





y= pt (and x—ky=1). Therefore, the minimum m in (A) is m=qy= eee 
Case 2 : When p is of the form p=8a+3 for some integer a>2. 
In this case, from (i) and (ii), we get respectively 
1 =8y—(x—ky)(8a+3)=8[y—(x—ky)a]-3(x—ky), (iii) 
1=(x-ky)(8a+3) —8y=3(x—ky) —8[y—(x—-ky)a]. (iv) 








Clearly, the minimum solution is obtained from (iv), which is 
y—(x—ky)a=1,x-ky=3 => y=3atl (and x=k(3a+1) +3). 
Hence, in this case, the minimum m in (A) is m=qy=q(3at1). 





Case 3 : When p is of the form p=8a+5 for some integer a> 1. 
From (i) and (ii), we get 
1=8y—(x—ky)(8a+5)=8[y—(x—ky)a] —5(x-ky), (iv) 
1=(x-ky)(8a+5) —8y=5(x—ky) —8[y- (x—ky)a]. (v) 
The minimum solution is obtained from (iv) as follows : 
y—(x—-ky)a=2,x-ky=3 =>  y=3a+2 (and x=k(3at+2) +3). 
Hence, in this case, the minimum m in (A) is m=qy—1=q(3a+2)-1. 














Case 4: When p is of the form p=8a+7 for some integer a> 1. 
In this case, 8 divides (p+1). Then, the minimum solution is obtained from (i), which is 


y= pa (and x—ky=1). 


Therefore, the minimum m in (A) is 


m=qy-1= 4279 1, rey 


137 Chapter 4 : The Pseudo Smarandache Function 


Corollary 4.2.18 : Let p and q be two primes with q>p2 13. Let 
q=(k+1)p—8 for some integer k> 1. 





Then, 
= —] é 
GOD 4. RIG SH I) 1, if 8|(p-1) 
8 qG3p-)) . 
Z( yz q(3a +1) -1, if p=8a+3 - aa Gea if 8|(p—3) 
PU) qGa+2), if p=8a+5 ar) if 8/(p—5) 
q(p + 1) 
Tae if 8|(p+]) so) if 8|(pt) 
Proof : From (4.2.1) and (4.2.2) with €=p—8, we have respectively 
[(k+1)y—x]p—8y=1, (i) 
8y—[(k+])y—x]p=1. (ii) 


We consider the four possibilities that may arise : 
Case | : When p is of the form p=8a+1 for some integer a>2. 
In this case, 8 divides (p—1). Then, the minimum solution is obtained from (i), which is 


y-2 (and x=(k+1)y—1). 





qip-)_, 
3 ; 
Case 2 : When p is of the form p=8a+3 for some integer a>2. 
In this case, from (i) and (ii), we get respectively 
1=[(k+1)y—x](8a+3) —8y=3[(k+1)y—x]-8[y—a{(k+l)y—x}], (iii) 
1=8y—[(k+]l)y—x](8a +3) =8[y—a{(k+l)y—x}]-3[(k+l)y—x]. (iv) 
Clearly, the minimum solution is obtained from (iii), which is 
y—a{(k+l)y—x}=1, (k+ly—-x=3) => y=3a+l1 (and x=(k+1)(3a+1) —3). 
Hence, in this case, the minimum m in (A) is m=qy—1=q(3a+1)-1. 
Case 3 : When p is of the form p=8a+t5 for some integer a> 1. 
In this case, from (i) and (ii), we get respectively 
1=[(k +])y—x](8a +5) —8y=5[(k +])y—x] —8[y—at(k+]y—x}], (v) 
1=8y—[(k+1)y—x](8a +5) =8[y —a{(k+1)y—x}]-5[(k+ ly—x]. (vi) 
The minimum solution is obtained from (vi) as follows : 
y-at{(k+ly-x}=2, (k+ly-x=3 =>  y=3a+2 (and x=(k+1)(3a+2) —3). 
Hence, in this case, the minimum m in (A) is m=qy=q(3a+t2). 
Case 4: When p is of the form p=8a+7 for some integer a> 2. 
In this case, 8 divides (p+1). Then, the minimum solution is obtained from (ii), which is 


y= (and x=(k+1)y—1). 


Therefore, the minimum m in (A) is m=qy—1= 














Therefore, the minimum m in (A) is 


+1 
m=qy= 1 ) 
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4.33 Some Generalizations 


Since its introduction by Kashihara [1], the pseudo Smarandache function has seen several 
variations. This section is devoted to some of these generalizations, given in the following two 


subsections. 


4.3.1 The Pseudo Smarandache Dual Function Z.:(n) 


The pseudo Smarandache dual function, denoted by Z+(n), introduced by Sandor [6], is defined 


as follows. 


Definition 4.3.1.1 : For any integer n> 1, the pseudo Smarandache dual function, Z+(n), is 


Z.()= max} m >meZ’, me Ola. 


Let 
Z+(n) =Mpo for some integer my > 1. 


Then, by Definition 4.3.1.1, the following two conditions are satisfied : 


(1) 


Tig yD) divides n 


mane) for any m> mp. 


(2) nis not divisible by 5) 


Lemma 4.3.1.1 : For any integer n>1, 1<Z.(n)< 5 (I+8n —1). 
Proof: Let 
Z+(n) = mo for some integer mo = 1, 
so that, by definition, 
=k. malt +) for some integer k> 1. 


Then, 
nee m,(m, +1) 


= ’ 


which gives the r.h.s. inequality. The other part of the inequality is obvious. 


Ss !)) =k for any integer k>1. 


Lemma 4.3.1.2: Z.( 5 





Proof : By definition, 
z.(k& + Dy e max {m: m(m + 1) | k(k + ot. 





2 2 2 


Now, since m(m+ 1)=k(k+ 1) if and only if m=k, the maximum m in (1) is k. M 


(1) 
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Corollary 4.3.1.1 : Let p and q=2p-—1 be two primes. Then, Z«(pq) =q. 


Proof : Since pq= Sq , the result follows from Lemma 4.3.1.2. 


Lemma 4.3.1.3 : For any integers a, b> 1, Z+(ab) > max {Z+(a), Z+(b) }. 
Proof: Let 
Z+(a) = Mo for some integer my > 1. 
Then, by definition, 


1 1 
me) mo(me +) |ab = Z(ab)>mo=Z-(a). i 


2 
Lemma 4.3.1.4 : Let p>3 be a prime. Then, for any integer k> 1, 
2, if p=3 
ZAP Ey 
1, if p#3 
Se: k »~ m(m+l), , 
Proof : By definition, Z,(p’)=max;m : meZ", —3 Ie : 


If one of m and m+ 1 is p, then the other one must be 2. Now, 
m+l=p,m=2 > p53, 
m+1=2,m=p > p=l. 

Thus, in the second case when p#3, we must have m= 1. 











Lemma 4.3.1.5 ; For any integer n> 1, Z(n) > Z-(n). 
Proof: Let 


Z(n) = mp, Z-(n) =m for some integers my> 1 and m> 1. 
Then, by definitions of Z(n) and Z(n) respectively, 
m(m + 1) m,(m, +1) m(m+1) ; m,(m, +1) 
Sg Sf Seg leery 
Thus, mp>m, which we intended to prove. Hl 


Lemma 4.3.1.6 : Any solution of the equation Z(n) = Z-(n) is of the form 
n -<c »k=1. 











Proof: Let 
Z(n)=k=Z:(n) for some integer k> 1. 
Then, 
kik +1) k(k +1) _k(k+) 
5 | n, n | 5 > n= 5 . a 


Corollary 4.3.1.2 : There is an infinite number of n satisfying the equation 
Z(n) = Z+(n). 
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4.3.2 The Additive Analogues of Z(n) and Z:(n) 
The function, called the additive analogue of Z(n), to be denoted by Z<(n), has been introduced 
by Sandor [7]. 
Definition 4.3.2.1 ; For any real number x€(0, «), 
Z4()=min | m :meZ’, ees 
The dual of Zs(x), to be denoted by Zs+(x), is defined as follows (Sandor [7]). 


Definition 4.3.2.2 : For any real number xe[1 ,~), 


Zs) mam :meZ", met exh 


From Definition 4.3.2.1 and Definition 4.3.2.2, it is clear that, for any integer k> 1, 

(k-Dk k(k+ Dy 
De De at 

k(k +1) (k+1)\(k +2) 
2 2 





Zs(x) =k if and only if x €( 





Zs+(x) =k if and only if x e[ ). 
We then have the following result. 
Lemma 4.3.2.1 : For any real number x > 1, and any integer k> 1, 


Zl ks) Fy At ee a eS 
Z,(X) = 





Z.(x), if x =*GY 


Lemma 4.3.2.2 : For any fixed real number x> 1, 
4 (8x +13) <Z.(x) s 48x 41-1). (4.3.2.1) 
Proof : Let, for some real number x>1 fixed, 
Zs+(x) =k for some integer k> 1. 
Then, by definition, 


ne D ee CS) a) 





where k is the largest integer satisfying the above inequality. Now, (1) is satisfied 
if and only if k?+k—2x<0<k’+3k—2(x-1) 

if and only if 4(8x +1-3)<ks 4 (8x +1-1), 

which now gives the desired result. ll 


Corollary 4.3.2.1 : For any fixed real number x > 1, 
Zoe (X) = [5 (v8x +1 —1] ([y] denotes the integer part of y). 
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Proof : The result follows from Lemma 4.3.2.2, noting that 
4(J8x +1 -3)-4(/8x +1 -1)=1, 


k is an integer, and further k is the maximum integer satisfying the inequality (4.3.2.1). 
Corollary 4.3.2.2: Zg(X) ~ 4 (8x +1-l) asx >. 
Proof : follows from Corollary 4.3.2.1 above. lf 


If the domain is restricted to the set of positive integers, Z*, we get the function Z;(n). 
The first few terms of Zs(n) are 


1, 2, 2, 3, 3, 3, 4, 4, 4, 4, 5, ..., 

k(k+1) (k-Dk 
2 2 

function Zs:(n), with domain Z*, which assumes the successive values 


1:4, 2,2; 293.3, 3,3; And AA ACS, 
q KeDk+2) _ K(k +) 
2 D) 





where the value k (= 1) is repeated =k times. Similarly, we get the 


where the value k (= 1) is repeate =k+l1 times. 


Lemma 4.3.2.3 : For any integer n> 1, Z(n) > Zs+(n). 
Proof: Let 


Z(n) = mo, Zs-(n) =m for some integers mp>1 and m= 1. 
Then, by definitions of Z(n) and Zs.(n), 


| m,(m, +1) 


: m(m + 1) Bs my(m) +1), 5 m(m+)) 


n= 








Thus, mp>m, which we intended to prove. Hl 


Lemma 4.3.2.4: Any solution of the equation Z(n) = Zs.(n) is of the form 
n “Ak »k=1. 


Proof: Let 
Z(n) =k=Zs(n) for some integer k> 1. 
Then, 
“| mkt wy — 1) ee met 1) a 


Corollary 4.3.2.3 : Any solution of the equation Z(n)=Zs(n) is of the form 
n -<c »k>1. 


Proof : follows from Lemma 4.3.2.4 and Lemma 4.3.2.1. Ml 
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4.4 Miscellaneous Topics 


In this section, we give some properties of the pseudo Smarandache function Z(n). 


One major difference in the properties of S(n) and Z(n) is that, though the equation S(n)=n 
has an infinite number of solutions, the equation Z(n)=n does not permit any solution, as is 
proved in Lemma 4.4.1. The next lemma, Lemma 4.4.2, is due to Ashbacher [3]. 

Lemma 4.4.1 : The equation Z(n) =n has no solution. 


Proof : Let, for some integer n>1, Z(n) =n, so that, 
goo => qe => Zn)<n-l, 
2 2 
which is a contradiction to the assumption. 
Lemma 4.4.2 : | Z(n+ 1) — Z(n) | is unbounded. 
Proof : Let n+ 1=2* for some integer k> 1. Then, by Lemma 4.2.2 and Lemma 4.4, 
Z(n+ 1)=Z(2*)=2**' -1, Z(n)<n—1=2*-2. 
Therefore, 
| Z(n+ 1) — Zn) |=Z(nt 1)—Z(n) > (2**!— 1) —(2*§-2) = 2* +1, 
which can be made arbitrarily large (by choosing k large and larger). @ 








The following lemma gives a set of conditions such that Z(n + 1) divides Z(n). 
Lemma 4.4.3 : Let p be a prime of the form p=4a+ 1, a>1 is an integer. 
Let q be another prime such that q=2p—1=8a+1. 
Then, Z(2p) divides Z(q) =Z(2p-—1). 
Proof : By Corollary 4.2.11), Z@Qp)=p-1. 
By construction, q is a prime, so that, by Lemma 4.2.3, Z(q) =Z(2p— 1) =2(p-—1). 
Hence, Z(2p)=p—1 divides Z(q) =Z(2p—1)=2(p—1). m 








Lemma 4.4.4 ; Given any integer k>2, the equation Z(kn)=n has an infinite number of 
solutions. 


Proof : Given the integer k>2, we choose a prime p such that 2k | (p +1). Then, 
Z(kp) =p (by Lemma 4.2.4). 
Now, given k, there is an infinite number of primes of the desired form. 
All these complete the proof of the lemma. 

The following three results, given in Lemma 4.4.5—Lemma 4.4.7, are due to Pinch [8], 
though the proofs given here are modified ones. 

Lemma 4.4.5 : For any integer k>2 fixed, the equation n=kZ(n) has an infinite number of 

solutions. 

Proof : The equation n=kZ(n) is equivalent to Z(kn)=n. 
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Z(2n) 
Z(n) 
Proof : Given the integer k> 1, we choose a prime p such that 2" | (p +1). Let 


Lemma 4.4.6 : The ratio is unbounded above. 





n= PP*) = T(p) (so that Z(n) =p). 
Let 
Z(2n) =m. 
Now, 
2*p | p(p+1)=2n, 2n | MD = 2kp | MY = 2p | mem +t), 


We now consider the following two cases : 
Case (1) : When p divides m and 2"! divides (m+ 1). 
In this case, 
m=pt for some integer t> 1. 
Note that, t#1, for otherwise 
t=1 > m=p > Tim)=TQPp)=n > n=T(m)22n. 








Now, 
2*l(p+l = 2 lm+d, 
and since 2 | (m+1), it follows that 2‘ | (t—1), so that t>2‘+1. Hence, 
Le") =M=1{>2", 
Zn) p 
which can be made arbitrarily large (by choosing k sufficiently large). 
Case (2) : When 2**! divides m and p divides (m+ 1). 
In this case, 
m=pt—1 for some integer t> 1. 





In this case, t4# 1, for otherwise 
t=1 > m=p-l => Tim=T(p-l) => n=T(p)>T(p-l)22n. 
Now, 
2*lqtl) = 2*lam+tt)), 
and since 2“ | m, it follows that 2* | (t+ 1), so that t= 2*—1. Hence, 
Zn) p p p 


which can be made arbitrarily large (by choosing k sufficiently large). ll 
Z(2n) 
Z(n) 








Example 4.4.1 : To find n such that the ratio is greater than 30, we have to choose 


a prime p such that 32 =2* | (p +1). Choosing p=31, so that n= 332 = 496, we get 


Z(2n) _ 2092) _ 960 _ 39.9730, 
Zn)  Z(496) 31 
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Lemma 4.4.7 ; Given any real number L> 0, the inequalities 
Z(n + 1) Z(n —1) 
Z(n) > Zn) 


each has infinite number of solutions. 


>L 





Proof : Given the number L> 0, we choose an integer k as follows : 
k=max {4, [2L]} ([x] denotes the least integer not less than x). 





Let 
n= sia D 4 +kt) =T(K)+ kt), 
where t> 1 is an integer such that 


n+1l=T(k)+kt)+1 (1) 
is prime. Let 
m=k[1+(k+1)t]. 








Note that 
m(m+1)=k(k+1) +kt)[1 + (k +1)t] = 2n[1 + (k+1)t], 
so that 
| mins) => Z(n)<m. 
Therefore, 
Z(n + 1) Sth? T(k)(1 + kt) 
Zn) om k+2tT(k)” 
Now 


f(t) = T(k)(1+kt)_ T(kK)[l+k(t+)] 
k+2tT(k) ~ k+2T(k\(t+1) 

if and only if (1+kt)[k+2T(kK)(t+1)] > [1 +k(t+D][k+2tT(k)], 

that is, if and only if 2T(k)>k’, 

which is true. 





=f(t+1) 





This shows that the function f(t) = a is strictly decreasing in t. Now, since 
1 => k 
it follows that 
Z(n+1)_ 
=>L. 
Zn) 2 


Next, for k> 4, letn=T(k)(1 + kt), 
where t> 1 is an integer such that 

n—1=T(k)(1 +kt)-1 (2) 
is prime. Then, 
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Z(n-1) n—2_ T(ky(l+kt)-2 
Zn) ~ m k + 2tT(k) 
Now, 
T(k)(+kt)-—2_ T(k)[l+k(t+1l]-2 

Bt= = aa a roe a ale! 
if and only if 

[T(k)(1 + kt) — 2][k + 2T(k)(t +1)] > [T(K) {1 +k(t +1)} — 2][k +2tT(k)] 
that is, ifand only if 2[T(k)]’—4T(k)>k’ T(k) 
that is, if and only if k(k+1)—4>k’, 
which is true. 





T(k)(1+ kt) —2 


This shows that the function g(t)= k + 2tT(k) 


is strictly decreasing in t. Now, since 


it follows that 


Z(in-l)_ k 





Since there is an infinite number of primes of the forms (1) or (2), the result follows. lH 


Remark 4.4.1 : In Lemma 4.4.7, k can be any integer greater than 1. But we choose k>4 
simply for the convenience in proving the inequality (3). 








Example 4.4.2 : To find the sequences I and force , each term of which 
is greater than L=2, we choose k=4. Then, T(k) = 10. 
(1) We have to choose the integer t> 0 such that 
n+1=T kK) +kt)+1=10(0 + 4t)+1=11+40t 
is prime. We then get successively the primes 


11, 131, 211, 251, 331, 491, ... 

















with 
Z(11) _ 10 Z(31) _ 130 
210 25.5), = 130 = 3.33, 
Z(10) 4 Z(130) 39 
Z(211) _ 210 Z(251) _ 250 
= 210 19.5, = =" 2.016, 
Z(210) 20 Z(250) 124 
Z(331) _330_45 OE ASO 5 Si 0 








Z(330) 44 7’ Z(490) 195 
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(2) We have to choose t > 0 such that 
n—1=10(1+ 4t)-1=9+40t 
is prime. The successive primes are 
89, 409, 449, 769, ... 

















with 
289) _ 88 _ 5 Z(409) _ 408 _ 195 
Z(90) 35 07” Z(410) 40 ree 
Z(449) _ 448 Z(769) _ 768 
=—— = 4,52, =—— =13.96,.... 4 
Z(450) 99 Z(770) = 55 
Lemma 4.4.8 : Given any even integer k>2, the equation 
Z(n +1) _ 
Z(n) 


has solutions. 
Proof : Given the even integer k>2, we choose a prime p such that 2k | (p+1). 
Let q be another prime of the form 
q=kp+1. 
Now, letting 
n=kp (so that n+ 1=q), 
by virtue of Lemma 4.2.4, Z(kp) =p, so that 


Z(n+l)_ Z(q) _Z{kp+l)_kp_, 


Zin)  Z(kp) Z(kp) ~ p 





Example 4.4.3 : Corresponding to k=2 in Lemma 4.4.8, some of the (p, q) pairs are 
(p, q) =(3, 7), (11, 23), (23, 47), 
with 
Z7)_6_, 223) _22_, 247) 46_ 


Ho) 35? ZO, Th ae). 2a 
Corresponding to k=4, we have 


(p, 4) =(7, 29), (79, 317), (127, 509), 

with 
Z29) _28_4 2317) _316_, 42609) _ 508 _ 
Z(28) 7 ° ZG16) 79 ~° Z(S08) 127 





Remark 4.4.2 : Since an < anal <2, it follows that the equation 


Z(n) | 
= 
has no solution if k> 2. The case k= 1 is forbidden by Lemma 4.4.1. 


k 
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The problem of convergence of (infinite) series involving Z(n) and its different variants has 
been treated by several researchers. The following two lemmas are due to Kashihara [1]. 





: ‘ 1 
Lemma 4.4.9 : The series 
2 ZH) 


Proof : The proof follows by observing that 


Se 1 “ee iy 1 
2 Gey pa Za = 2 or a 


n=l n=1,3, ... 


is divergent. 








where we have used the fact that the harmonic series is divergent. ll 

















Lemma 4.4.10 : The series Ee m) is divergent. 
i Gy k+l k+l 
Proof : First note that the series » ar is divergent, since lim 2 a #0. 
Therefore, 7 
by ZU) yD as ue 


Pinch [8] has proved the more general result, given below. 


Lemma 4.4.11 : The series >. l : 
n=l [Z(n)] 





is convergent if and only ifs>1. 


The following results are due to Sandor [9]. 


Z.(n) Z.(n) 
=0, lim su =1. 
Z(n) ° Za) 
Proof : With n=p, together with Lemma 4.2.3 and Lemma 4.3.1.4, we have 


are ifp=3 








Lemma 4.4.12: 





Z.(n) 7 Z.(p) A 
Z( Z( 2 ie 
n) P) i if p¥3 








from which the first limiting value is obtained. 


kot 


Next, let n= ) for any integer k>1. Since by Lemma 4.2.1 and Lemma 4.3.1.2, 


Kk +1) ate +1) 


——) =k =Z.( 





sa ) 


the other part of the lemma is established. 





Corollary 4.4.1 : The series >; is divergent. 
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DEG ces. arcs. Za) 
=0, limsu = 2. 
vm sears ae 

Proof : With n=p, together with Lemma 4.2.3 and Lemma 4.3.1.4, we get the first limiting 
value (as in the proof of Lemma 4.4.12 above). 





Lemma 4.4.13: \iminf 


To get the remaining part, first note that, for any integer k> 1, 
ree +1) 


Zz 
Rakes Kak +l Blin. fea)-2 
= perf 


Now, from Lemma 4.3.1.1, 
Z..(n) I I } 
—— < 2] /l+—-J— |< v2. 
Bl fet <2 


Lig 
Corollary 4.4.2 : The series >» = ) 
n=1 








is divergent. 


Z.(n) 








Lemma 4.4.14 : Each of the series »; and ps (-1)™ a O) converges to an 


n=1 


irrational number. 
The next three lemmas are concerned with the convergence of series involving Zs(n) and 


Zs(n). The first one is due to Sandor [7], and the rest are due to Jiangli Gao [10]. 


Lemma 4.4.15 : The series Ds a is convergent for s>0. 
ma N[Z,.(n)] 


Lemma 4.4.16 : For any s>2, 


ioe} 














(1) =C(s—), (2) = C(s—1) +C(s). 
2 [Z a yy n=l Ze yr 
where C(s) is the Riemann zeta function. 
Proof : Let 
nek ar LEN), h kee), paz 


(1) From the definition, Z;(n) =k if nel,. Therefore, 
ic.2} 1 ioe) 
= =C(s—1). 
na [Zg(n)] yy » Zor [Z, or pn 
(2) Since Zs:(n) =k ifneJ,, we get, 


ie} ie} 


> —1_-y y a1 _-y Kel s-n+c6). 


n=l [Z,.(n)] k=l neJ, [Z,.(n)] k=l 
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Lemma 4.4.17 : For any s>1, 


. (—1)" = 1 2; 1 
(1) 2, Zr =(1 5) re C(s,4)s 











eae 
O22 Zor 


where C(s,a) is the Hurwitz zeta function. 


Proof : Let I, and J, be as in the proof of Lemma 4.4.16. 
(1) First note that 


)G(s). 


1. ifk =1,5,9, ... 
Cyr 
nel, [Z,(n)]° 





0, if k is even 
Me SEES AT &, 
k° 


In the above sum, the sign of the first element of I, is (1+ a DE 


Therefore, 
=  (-1)" 1 1 1 1 
a she g += ey) she. 
2 [Z,(n)}° » ike es ie » ake mee 


which now gives the desired result, since 














1 
+ aa- 53 )5(8), + &s,4). 
see k Pe “2. Grape oe op ae 
(2) In this case, 
oF) TPH 2,610, <1 
G) -={ 0, — ifkis odd 
neJ, [Zy (n)] 1 
—, ifk=4,8,12, ... 
k° 
with the first element of J, having the sign eee soa 
Therefore, 
< 1 
Sar ee ee eee ee 
n=! [Zee (n)]}° k=2,6, ... k k=4,8, ... k ys k=1,3,5, ... k 4 k=1,2,3, ... k 
1 1 1 1 1 
Pee ae eae? oe 
2 2 k=1,2.3 k 4 De k 


which now gives the desired result after simplification. ml 
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We now consider the problem of finding the solutions of the equation 
Z(n) = d(n). 
The problem has been considered by Zhong Li [11], and later by Maohua Le [12]. 


Lemma 4.4.18 gives the result in respect to the above equation. We follow the same line of 
approach as that adopted by Maohua Le, filling in the gaps in his proof. 


Lemma 4.4.18 : Z(n) > d(n) for all integers n> 120. 
Proof : 1fn=p, where p> 5 is a prime, then 
Z(p)=p-1>2=d(n), 
so that, the result is true ifn is a prime. Thus, it is sufficient to consider the case when n is a 


composite number. 
Let there be an integer n such that 


Z(n) < d(n). (1) 
Let n have the prime factor representation of the form 


OG, A QA Gist QO, 
Nn=p, Pp -- Pi Pin «= Ds (4.4.1) 


so that (by Theorem 0.1 in Chapter 0) 
d(n) =(0,+1)(a2+1)... (a, +1). 
Let the function f(p") be defined as follows : 
fip)= 2, 2) 
atl 
Then, from (4.4.1) and (2), 





a/2 a,/2 a, /2 
F(p," FP.) OY =o Ga S 








<1, (3) 


>1l, if p=2anda26 
21, if p=3anda22 


8 (20 Ne esc p=5anda2>1 (4.4.2) 


>, if p27 anda21 





To verify (4.4.2), first note that 
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pw? | 24 if and only if p* 2 (a+ 1) 
f(p") = (4.4.3) 
atl >, if and only if p* >3(a+1) 





from which the last two inequalities of (4.4.2) follow immediately. Again, since 
2°<6 but 2°>7°, and 3 <2” but 3°> 37, 
the first two inequalities in (4.4.2) are established. 
But, (4.4.2) contradicts (3) except for the following five cases : 
(1) When n=2", 1<a<5, 
(2) When n= 3p, where p= 5 is a prime, 
(3) When n=2"p, 1< a <5 and p=3 isa prime, (4.4.4) 
(4) When n=2".3p, 1< a <5 and p=5 isa prime, 
(5) When n=2°S’, 1<a<5. 
Thus, except for the numbers of the forms listed above, the result in Lemma 4.4.18 is true. 


To complete the proof, we have to consider the case when n is of the forms (1)—(5) in (4.4.4). 
This is done below. 


In Case (1), when n= 2%, by Lemma 4.2.2, 
Z(n)= Z(2") = 2°! -1> a +1 =d(2%) =d(n) for 1<a<5. 
In Case (2), when n= 3p, by Corollary 4.2.1(2), 
Z(n)= Z(3p) = p—1 = 4=d(@3p) =d(n) for any prime p>5. 
In Case (3), when n=2"p, 1< a <5, d(n)=2(a +1). 
Now, from Corollary 4.2.1(1), 
Z(2p)> p—-1>4=d(2p) for p=5, 
(with Z(2x3) =3 <4=d(6), Z(2x5)=4=d(10)), 
from Lemma 4.2.16, 
Z(2’ p)>p—1>6=d(2’ p) for p>7 (with strict inequality when p=7), 
Z(2’ p) >3p—1 >6=d(2’ p) for p=3, 5, 
from Lemma 4.2.20, 
Z(2° p)>p—1>8=d(2’p) for p> 11, 
Z(2° p)>3p > 8 = d(2’ p) for p=3, 5,7, 
from Lemma 4.2.26, 
Z(2* p)>p—1>10=d(2*p) for p> 11 (with strict inequality when p= 11), 
Z(2' p) > 9p > 10 =d(2* p) for p=3, 5, 7, 
from Lemma 4.2.27, 
Z(2° p)>p—1>12=d(2’ p) for p> 13 (with strict inequality sign for p= 13), 
Z(2° p) > 9p>12=d(2° p) for p=3, 5,7, 11. 
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In Case (4), when n=2°.3p, 1< a <5 and p=5 isa prime, d(n)=4(a+ 1). 
Now, from Lemma 4.2.18, 
Z(6p)>p—1>8=d(6p) for p> 11, 
Z(6p) = 3p—1>8=d(6p) for p=S, 7, 
(with Z(6x3) =8>6=d(18)), 
from Lemma 4.2.24, 
Z(12p) =p—1=12=d(12p) for p= 13 (with strict inequality when p= 13), 
Z(12p) > 3p—-1>12=d(12p) for p=5, 7,11, 
(with Z(12x3)=8 <9 =d(36)), 
from Lemma 4.2.28, 
Z(24p) = p—1= 16=d(24p) for p= 17 (with strict inequality when p= 17), 
Z(24p) > 3p—1>16=d(24p) for p=7, 11, 13, 
(with Z(24x3) = 63 > 12 =d(72)). 
from Lemma 4.2.29, 
Z(48p) = p—1=20=d(48p) for p= 23 (with strict inequality when p= 23), 
Z(48p) = 3p—1>20=d(48p) for p=7, 11, 13,17, 19, 
(with strict inequality for p= 7; Z(48x3) =63 > 15 =d(144), Z(48x5)=95 > 15=d(240)). 
To check for Z(96p), we shall make use of Lemma 4.2.29 and Lemma 4.5. 
Now, since Z(96p) = Z(48p), we see that 
Z(96p) = p—1>24=d(96p) for p> 29, 
Z(96p) = 3p—1>24=d(96p) for p= 11, 13,17, 19, 23, 
(with Z(96x3) = 63 > 18 =d(288), Z(96x5) =255 > 24 =d(480), Z(96x7) = 63 > 24=d(672)). 
In Case (5), when n=2°5”, 1< a <5, note that d(2%5’) =d(2"5’) =3(a +1). 
But, by Lemma 4.5, 
Z(2"5°) > Z(5°) = 24 >3(a +1) = d(2°S’) for all lS a <5. 
All these complete the proof of the lemma. 


In the proof of Lemma 4.4.18 above, we proved more. They are summarized below. 


Corollary 4.4.3 : Let d(n) be the divisor function. Then, 

(4) the equation Z(n) = d(n) has the only solutions n= 1, 3, 10; 

(5) the inequality Z(n) <d(n) has the only solutions n= 6, 36, 120; 
(6) Z(n)>d(n) for any integer n# 1,3, 6, 10, 36, 120. 


It is interesting to note here that, all the numbers for which the result fails to hold true (that 
is, the numbers 1, 3, 6, 10, 36 and 120) are triangular numbers. 
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Corollary 4.4.4 : Z(n)+ o(n) > d(n) for any integer n> 1. 
Proof : From Corollary 4.4.3, the result follows, except possibly for the numbers 6, 36 and 
120. Now, by Theorem 0.2 (in Chapter 0), 


(6) = (23) =2, (36) =(27.3°) = 12, (120) = 6(2°.3.5) = 32. 


Checking with these numbers, we get the desired result. 


An immediate consequence of Corollary 4.4.4 is the following corollary. The same 
problem has also been treated by Zhong Li and Maohua Le [13]. 


Corollary 4.4.5 : The equation Z(n) + o(n) = d(n) has no solution. 
The following two results are due to Ashbacher [3]. 


Lemma 4.4.19 : The equation Z(n) = o(n) has an infinite number of solutions. 
Proof : The proof is simple : For any prime p= 3, 

Z(p)=p—1= 9(p). & 
Lemma 4.4.20 : The equation Z(n) + o(n) =n has an infinite number of solutions. 
Proof: Let 


n=3.2**, where k> 1 is an integer. 
Then, from Lemma 4.2.6 and Theorem 0.2 (in Chapter 0), 


Z(n)=Z3.2)=2"1, on) = $3.2") = B.2*)0-Hd-H=2% 
For such an n, 
Z(n) + o(n) = Z(3.274) + (3.274) = 2741+ 27*§=3.2*=n. 





Another related problem of interest is the following, due to Zhong Li [11]. 


Lemma 4.4.21 : The equation Z(n) + d(n) =n has the only solution n=56. 
Proof : Let, for some integer n> 1, 





Z(n) + d(n) =n. (1) 
By definition, 
il Z(n)[Z(n) +1] _ [n —d(n)][n — {d(n) - 13] 
2 7 2 


= n(n +1) + d(n)[d(n) — 1] 


5 —nd(n). (2) 


Now, if n is odd, from (2), we see that 


| dla) =) 


5 = nl d(n)[dm)-I]. 


On the other hand, ifn is even, from (2), 
d(n)[d(n) — 1] =(2k—1)n for some integer k> 1. 
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Thus, in either case, 
d(n)[d(n)-1]=n => [dmPon = vn <i. (3) 
d(n) 
But, this contradicts (4.4.2) except for the five cases given in (4.4.4). Thus, the equation (1) has 
no solution, except for the case of numbers of the forms of (4.4.4). 
To complete the proof, we now consider the five cases in (4.4.4) separately. 
In Case (1), when n= 2°, by Lemma 4.2.2, 
Z(n) + d(n)= Z(2") + d(2%) = 2°"! + a >2*=n for any a >1. 
In Case (2), when n= 3p, by Corollary 4.2.1(2), 
Z(n) + d(n)= Z(3p) + d(3p)< p +3 <3p=n for any prime p= 5. 
In Case (3), when n=2"p, 1< a <5, d(n)=2(a +1). 
Now, from Corollary 4.2.1(1), 
Z(2p) + d(2p) < p+3<2p for p= 5 (with Z(2x3) + d(2x3)=3+4>6), 
from Lemma 4.2.16, 
Z(2” p) + d(2” p) < 3p +5 < 4p for p>7, 
(Z(27.3) + d(2”.3)=8+6> 12, Z(27.5) + d(27.5)=15+6>20), 
from Lemma 4.2.20, 
Z(2 p)+d(2? p) < 7p +7 < 8p for p> 11, 
(Z(24) + d(24) = 15 +8 <24, Z(40) + d(40) = 15 +8 <40, Z(56) + d(56) =48 + 8 = 56), 
from Lemma 4.2.26, 
Z(2* p) + d(2* p) < 15p +9 < 16p for p> 11, 
(Z(48) + d(48) =32 + 10<48, Z(80) + d(80) = 64+ 10<80, Z(112) +d(112) =63 + 10< 112), 
from Lemma 4.2.27, 
Z(2° p)+d(2’ p) <31p +11 <32p for p> 11, 
(with strict inequality for p= 11, and Z(96) + d(96) =63 + 12 < 96, 
Z(160) + d(160) = 64 + 12 < 160, Z(224) + d(224) =63 + 12 <224). 
In Case (4), when n=2*.3p, 1< a <5 and p=5 isa prime, d(n)=4(a+ 1). 
Now, from Lemma 4.2.18, 
Z(6p) + d(6p) < 3p +7 < 6p for p= 5, 
(with Z(6x3) + d(6x3)=8+6=14< 18), 
from Lemma 4.2.24, 
Z(12p)+d(12p)<7p+11<12p for p>5, 
(with Z(12x3) + d(12x3)=8+9=17< 36), 


from Lemma 4.2.28, 
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Z(24p) + d(24p) < 15p +15 <24p for p=5, 

(with Z(24x3) + d(24x3)=63 + 12=75>72), 

from Lemma 4.2.29, 
Z(48p) + d(48p) < 31p +19 < 48p for p> 3, 

(with Z(48x3) + d(48x3) = 63 + 15=78<144), 

from Lemma 4.2.30, 
Z(96p) + d(96p) < 59p +23 < 96p for p>3. 

(with Z(96x3) + d(96x3) = 63 + 18 =81<288). 

In Case (5), when n=2°5”, 1< a < 5, we verify the five cases directly : 
Z(50) + d(50) =24+6<50, Z(100) + d(100) =24+9< 100, 
Z(200) + d(200) = 175 + 12 <200, Z(400) + d(400) = 224 + 15 <400, 
Z(800) + d(800) = 575 + 18 < 800. 

All these complete the proof of the lemma. ™ 








The proof of Lemma 4.4.21 shows that n=56 is the only solution of the equation 
Z(n) + d(n) =n, and in other cases, either Z(n) + d(n) >n or Z(n)+ d(n) <n. 


The following result is due to Maohua Le [12], whose proof relies on a result of Ibstedt [4] 
which is not complete. See, however, Conjecture 4.5.2 in §4.5. 


Lemma 4.4.22 : The only solutions of the equation Z(n)=o(n) are n= 2‘, k>1. 
It is straight forward to verify that Z(2) =2'*'—1=0(2'). 


Definition 4.4.1 : An integer n> 1 is called pseudo Smarandache perfect if and only if 
k 
n=) Z(d,). 
i=l 


where d,=1, do, ..., dy are the proper divisors of n. 


In [14], Ashbacher reports that the only pseudo Smarandache perfect numbers less than 10° 
are n=4, 6, 471544. However, since n=471544 is of the form n= 8p with p=58943 (a prime), 
its only proper divisors are 1, 2, 4, 8, p, 2p and 4p. Since 8 divides p + 1 =58944, it follows from 
Lemma 4.2.4 that 


Z(p)=p-—1, Z(2p)=p, Z(4p) =p, 
so that 


k 
n=471544> > Z(d,). 


i=l 


Thus, n= 471544 is not pseudo Smarandache perfect. Note that, the number 6 is also perfect. 
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Lemma 4.4.23 : Any solution of the equation 
[Z(n)]’+ Zn) = 2n (1) 


is of the formn=<C*9) 31, 


Proof : Solving the equation [Z(n)]’ + Z(n)—2n =0 for positive Z(n), we get 
Z(n) =4(8n +1 -1). 
This shows that (1) has an integer solution only if 8n+ 1 is a perfect square. Let 


8n+1=x’ for some integer x >3. 
Then, 
8n=(x—1)(x+1). (2) 


Since x—1 and x+1 have the same parity, from (2), we see that both must be even. Let 
x—1=2k for some integer k>1. 


Then, from (2), 


$= KOK) Ss pa) 


2 








Hence, the lemma. @ 


We now look at some equations and inequalities involving both S(n) and Z(n). 


Lemma 4.4.24 : The solution of the equation S(n)= Z(n) is 
n=tp, 
where t is such that t|(p—1)! and Z(tp) =p. 
Proof : Let, for some integer n= 1, 
S(n) =Z(n) =m for some integer m= 1. 
Furthermore, let 


a, a, A, Oi, OL, 
N=Q; qo ++ Gj jar Ak 
be the representation of n in terms of its prime factors pj, po, ..., px (not necessarily ordered). 


m(m + 1) 


Now, m cannot be even, for otherwise, (since n| ) for some 1<j<k, 


Q, OA, Qh | m Qi Qin Oy | 
Gq; q; 2 and Gist jez Ak (m+1). 
Again, since n|m!, it follows that 
A, A, Qj | (2): Qi Ajrs OL, | 
qi, q; 2 and Gj jzz vs Ak (m-I)!. 


But then 





‘i 
n=q 4 = 4) Ga -~-d ((m-D! > Sa)<m-1, 
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and we reach to a contradiction. Thus, m must be odd, and 


Oi 


hiss Oy 
and q;, 


1 
m= Qjz2 vs Ak (m-1)!. 


2 
Now, we show that m must be a prime. The proof is by contradiction. So, let 


B BB, B, 
=P Pp Po + 


Tr 





Qi iy Oy | 
Gj Ujzo2 + Ak 


m 
with 
B 
pomax{ BBB} 
But then, for some 1 <j<k, 
j Qin, Ajo Oy 
A Cc O | (p’)! and qj; jn Ak (m—I)! 
O 20; A, Oi, OL, 
> n=q Gq +4, Ga - & ([@n-D!, 
a contradiction. Again, if m=p* with B >2, then n does not divide (m—1)!, but 
n|(p®)!=1.2... (2p)... p? ... 2p’)... (p?") ... 2p*") ... p®, 


Bryb 
so that the power of p in n is more than B(B — 1). But then, n does not divide Pie). 


Thus, m must be a prime, say, m=p. Therefore, the problem of finding the solution of 
S(n) = Z(n) reduces to the problem of finding the solution to the following equations : 
S(n)=p, Z(n)=p. 
The lemma now follows by virtue of Lemma 3.3.4 (in Chapter 3). m 
Example 4.4.4 ; Let p be such that (p+ 1) is divisible by 4. Then, 
Z(2p)=p=S(2p). 
Hence, n=2p, where p is a prime such that 4 | (p+ 1), is a solution of S(n)= Z(n). 
This shows that the equation S(n) = Z(n) possesses an infinite number of solutions. 


Example 4.4.5 : Let p=5 be a prime such that 3 | (p+1). Then, S3p)=p=Z(3p). 


Example 4.4.6 : An even perfect number n=2*(2""! 


by Lemma 4.2.1 and Remark 3.3.2 (in Chapter 3), 


k+lyyk+1 
2(2p) = 4-2) = 2" 1 = 8024p). « 


—1) is a solution of S(n)=Z(n), since, 





Since Z(p)=p—1<p=S(p), it follows that Z(n)<S(n) infinitely often. Again, since 
Z(2*) =2'*!—1>2*>8(2'), Z(n) > S(n) infinitely often. 
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Lemma 4.4.25 : The equation Z(S(n)) = Z(n) has an infinite number of solutions. 


Proof : Clearly, any solution of S(n)=n is a solution of Z(S(n))= Z(n). Besides the trivial 
solution n=p (where p= 3 is a prime), another set of solution is 


_(p—)p 
2 


, p23 is prime, 

since, in such a case, a <p, and by Lemma 4.2.1, 
(=))p (p-1)p 

Z = 

CS 7 =P 


Hence, for such an n, 





Ns) as Peas 


a 


Z(S(n)) = Z(S( PSP) = Zp) =p-1=8( PPP )=s(m). 


Lemma 4.4.26 : The equation S(Z(n)) = S(n) has an infinite number of solutions. 
Proof : Let n= 2p, where p= 3 is a prime such that 4 divides (p+1). Then, 


S(Z(n))= S(Z(2p)) = S(p) =p =S(2p)=S(n). i 
Lemma 4.4.27 : The equation S(Z(n)) = Z(n) has an infinite number of solutions. 
Proof : Let n= 2p, where p= 3 is a prime such that 4 divides (p+ 1). Then, 
S(Z(n))=S(p)=p= Z(2p)=Z(n). i 
Lemma 4.4.28 : The equation Z(S(n)) = S(n) has no solution. 
Proof : follows from Lemma 4.4.1. 














The following two results are due to Maohua Le [15]. 

Lemma 4.4.29 : There exists infinitely many n satisfying the inequality S(Z(n)) > Z(S(n)). 

Proof : Let n= 2p, where p= 3 is a prime such that 4 divides (p+ 1). Then, 
S(Z(n))=S(p)=p>p-1=Z(p)=Z(S(p)). 

Lemma 4.4.30 : There exists infinitely many n satisfying the inequality S(Z(n)) < Z(S(n)). 

Proof : Let n=p, where p= 3 is a prime. For such an n, 


S(Z(n)) = S(Z(p)) = S(p— I) <p-1=Z(p)=Z(S(p)). 


Ashbacher [3] conjectures that, there is an infinite number of integers n such that 
Z(n)S(n) (Z(n) # S(n)) is a perfect square. The following lemma confirms the conjecture. 








Lemma 4.4.31 : Let p be a prime of the form 

p=8a+3 (1) 
for some integer a> 1, such that 3a+ 1 =x’ is a perfect square for some integer x >2. 
Let q be another prime of the form 

q=kp+8 for some integer k> 1. (2) 
Then, Z(pq)S(pq) is a perfect square. 
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Proof : Let p and q be two primes of the forms (1) and (2) respectively. Then, by 
Corollary 4.2.17, Z(pq) =qx’. Now, since S(pq) =q, it follows that 
Z(pq)S(pq) = (4x").(q) = (qx). 
Corollary 4.4.6 : There exists an infinite number of n such that Z(n) # S(n) but Z(n)S(n) is 
a perfect square. 
Proof : Let q be a prime of the form 
q=1la+8 for some integer a> 1. (*) 
Then, by Corollary 4.2.17, Z(11q)=4q, so that, Z(11q)S(11q)=(4q).(q) =(2q)’. 
Now, since there is an infinite number of primes of the form (*), the result is proved. 


Example 4.4.7 : Using Corollary 4.4.6, we get successively the primes 
q=19, 41, 107, 151, 173, 239, 283, 349, ..., 
with 
Z(11x19) S(11x19) =(2x19), Z(11x41) S(11*41) = (2x41), 
Z(11x107) S(11x107)=(2x107)*, Z(11x151) S(11x151)=(2x151)’, 
Z(11x173) S(11x173)=(2x173)°, Z(11x239) S(11x239) = (2x239)’, 
Z(11x283) S(11x283) =(2x283)°, Z(11x349) S(11x349) =(2x349)°. @ 
Lemma 4.4.32: \iminf —*~=0. 
n> Z(n) 
Proof : Let p and q be two primes with q=kp—1 for some integer k> 1. 
Let n=pq. Then, by Corollary 4.2.4, 
n _ PQ _Pd_l 
Z(n) Z(pq) q_ p’ 


which can be made arbitrarily small for infinitely many primes q. 





The following result is due to Ashbacher [3]. Here, we give a simplified proof. 
Lemma 4.4.33 : Given the successive values of the pseudo Smarandache function 
Z(1)= 1, Z(2) =3, Z(3) =2, Z(4) =7, Z(5) =4, ..., 

the number r is constructed by concatenating the values in the following way : 

r=0.13274.... 

Then, the number r is irrational. 

Proof : The proof is by contradiction. Let, on the contrary, r be rational. Then, from some 
point on, a group of consecutive digits must repeat infinite number of times. Let N=t) t2... tj in 
the recurring group correspond to n (so that Z(n)=N). But, by Lemma 4.2.1, 

Z(k) #N for any integer k> ao : 


so that the group of integers N cannot repeat infinitely often. 
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4.5 Some Observations and Remarks 


Some observations about the pseudo Smarandache function are given below : 


Remark 4.5.1 : The following questions are raised by Kashihara [1]) : 

(1) Is there any integer n such that Z(n) > Z(n+ 1)>Z(n+2)>Z(n+ 3)? 

(2) Is there any integer n such that Z(n) < Z(n+ 1) <Z(n+2)<Z(n+3)? 
The following examples answer the questions in the affirmative : 

(1) Z(256)=511 > 256 = Z(257) > Z(258) = 128 > 111 = Z(259) > Z(260) = 39, 

(2) Z(159)=53 <64=Z(160) < Z(161) =69 < 80 = Z(162) < Z(163) = 162. 
Ashbacher [3] provides lists of seven consecutive increasing and decreasing terms of the 
sequence {Z(n)}, with n= 18886 in the first case and n=7561 in the second case. 


Remark 4.5.2 : The proof of Lemma 4.4.2 shows that Z(n+1)—Z(n) is both unbounded 
above and unbounded below. The minimum value of | Z(n+ 1) — Z(n) | is 1, and looking at the 
values of Z(n), it seems safe to conjecture that | Z(n+1)—Z(n) |=1ifand only ifn=2, 5. 











Remark 4.5.3 : In [3], Ashbacher raises the question : Is there a value of k where there are 
only finite number of solutions to the equation Z(kn) =n? Lemma 4.4.4 answers to this question 
in the negative. 


Remark 4.5.4 : Lemma 4.4.19 shows that the equation Z(n)=(n) has an infinite number 
of solutions, namely, n=p, where p=3 is a prime. A second set of solution, provided by 
Ashbacher [3], is 


n=2p, where p is a prime such that 4 divides p—1. 
Then, Ashbacher poses the question : Are there any other infinite family of solutions to the 
equation Z(n) = (n)? 
To answer the above question, we first note that, by Lemma 4.2.4, 
Z(kp) =p—1 for any prime p such that 2k divides p—1. 
Now, since (by virtue of the multiplicative property of o(n)) 
(kp) = (k) o(p), 
it follows that 
Z(kp) = (kp) if and only if o(k) = 1. 
But 
o(k) = 1 if and only ifk=1, 2. 
Thus, for any solution of the equation Z(n) = o(n) of the form n=kp, we must have k= 1, 2. 
It may be mentioned that, by Corollary 4.2.1(1), for any prime p such that 4 divides p—1, 
Z(2p)=p-l, 
so that, by Theorem 0.2 (in Chapter 0), 


(2p) = 2p - 51-4) =p -1=Z(2p). 
Pp 
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Z(2n) 
Z(n) 


=1 has infinite number of solutions. The proof is as 


Remark 4.5.5 : From Lemma 4.4.6, we see that 





can be made arbitrarily large. It 
Z(2n) 
Z(n) 
follows : Let p be a prime of the form p=4a+1 for some integer a>1. Then, choosing n=p*, 
where k= 1 is any integer, by Lemma 4.2.3 and Lemma 4.2.14, 


Z(2n)_ Z(2p‘)_p*—-1_ 
Zn) Zp) ps -1 
Thus, for p=5, we get n= 5°, 5°, 54, with 


Z(2.5°) 24 a ZS) 104 4 Z(2.5") _ 624 4 
Z(5°) 24 : Z(5*) 124 ° Z(5*) 624 


can be shown that, the equation 








1. 





5) 


while, corresponding to p= 13, we get n= 13’, 13°, with 


22.13") _168_, Z(2.13') _ 2196 _, 
Z(13°) 168 ° 713°) 2196 © 


Again, keeping k= 1, we get n=5’, 13°, eee 29°, a7. Al? with 


Z(2.17°) _288_, Z(2.29°)_s40_, 22.37") _1368_, Z(241°) _ 1680 _, 
Z(17?) 288 =” — 7297) 840,” 7377) 1368 41?) 1680 








Another infinite family of solutions to Z(2n)=Z(n) can be constructed as follows : Let p be a 
prime of the form p=4a—1 for some integer a> 1. Let n=p‘, where k>2 is any even integer. 


Then, by Lemma 4.2.3 and Lemma 4.2.14, 
Z(2n) Z(2p") _p =1_ 
Zn) Zp‘) p*-1 


For example, for p=3, we have 


Z2.3°)_g_, 223')_so_, 223°) _728_, 


AP) 8 Zs) BO Sy. 8? 


1. 





and for p=7, we get 
Z(2.77) _48_) Z(2.7°) _ 2400 a 








ZT) 48 ° z7*) 2400 © 
Remark 4.5.6 : The equation a =1 has infinite number of solutions. To prove this, let 
n 


n=p’, where p>3 is a prime. Then, by Lemma 4.2.3 and Corollary 4.2.2(2), 


Zn) _ Z@p*)_p -1_ 


= =n aq. 
Zin) Zp’) pl 
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We now concentrate on some conjectures related to Z(n). 
Conjecture 4.5.1 : Z(n)=2n—1 if and only if n=2* for some integer k > 0. 


Let, for some integer n= 1, 


m,(m, + 1) 


). 


Z(n) =m,, where m, = 2n-— 1 (so that n| 


Note that the conjecture is true for n= 1 (with k=0). Also, note that n must be composite. 


Let 
Z(2n) =m). 


We want to show that m;=2m,+ l. 








1 

Since n| za ae , it follows that 

On| 2m, +1) (2m, a ee 

2 2 
moreover, 
ee 1 

2n does not divide clue) = oa for all 1<m<m,—1. 

Thus, 





m,=2m,+ 1=2(2n—1)+1=27n-1. 
All these show that 
Zoj=2n=1| SS Zn) =2? n=1, 
Continuing this argument, we see that 
Z(n)=2n-1 => Z(2‘n)=2**'n—1 for any integer k>1. 
Since Z(1)=1, it then follows that Z(2")=2"*!—1. 
Conjecture 4.5.2 : If n is not of the form 2‘ for some integer k> 0, then Z(n) <n. 


By Lemma 4.4.1, we can exclude the possibility that Z(n) =n. So, let 
Z(n) =m, with m,>n. 
Note that, n must be a composite number, not of the form p* (p> 3 is prime, k > 0). 
Let 
m,=an+b for some integers a21,1<b<n-1. 
Then, 
m,(m, + 1)=(an+b)(an+ b+ 1)=n(a’n+2ab + a) + b(b + 1). 





Therefore, 
n|m,(m, + 1) if and only ifb+1=n. 


But, by Conjecture 4.5.1, b+1=n leads to the case when n is of the form 2". Thus, the assertion 
is proved. 


163 Chapter 4 : The Pseudo Smarandache Function 


Conjecture 4.5.3 : Z(n)=n—1 if and only if n=p* for some prime p>3, k>1. 
Let, for some integer n= 2, 
Z(n) =M,, where m,=n-1. 


Then, 2 |m, and n|(m,+1); moreover, n does not divide m+1 for any 1<m<m,-1. 
Let 

Z(n’) =m). 
Since n|(m,+ 1), it follows that 


n’|(mo+1)°=(m,?+2m,) +1; 





moreover, 





n’ does not divide (m+ 1)?=(m°+2m)+1 for all 1<m<m,-1. 
Thus, 
m,=m,74 2m,=(n 1) +2(n-1)=n?-1, 





so that (since2|m, = 2|m)) 
Zojanal. Ss Ze =n = 1, 
Continuing this argument, we see that 
Zn)=n-1 => Z(n*)=n**—1 for any integer k> 1. 
Next, let 
Z(n*‘*') = my for some integer k> 1. 
Since n|(m,+ 1), it follows that 
ne! | (m, + Le = [(m, + Lye = 1] +4 1; 
moreover, 


n°"! does not divide (m+ 1)**!=[(m+ 1)**!—1]+1 for any 1<m<m,-l. 


Thus, 


n= (m, + pers 1 = 72"! _| 


so that (since2|m, = 2|m)) 

Zn)=n—-1 => Zn*"')=n**"!—1 for any integer k>1. 
All these show that 

Zn)=n—-1 => Z(n‘)=n‘-—1 for any integer k> 1. 
Finally, since 

Z(p)=p-—1 for any prime p= 3, 
it follows that 

Z(p‘)=p*-1. 


Remark 4.5.7 : Kashihara [1] proposes to find all the values of n such that Z(n+ 1) = Z(n). 
In this respect, we make the following conjecture : 
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Conjecture 4.5.4 : For any integer n= 1, Z(n+ 1)#Z(n). 








Let 
Z(n+ 1)=Z(n)=m, for some ne Z*, m2 1. 
Then, 
| male +) (n 1) | mole al) = n(n 1) | mole uae 


since (n,n+1)=1. Therefore, 
Z(in(n+1))<m, => Z(n(n+1))=mo, 
since, by Lemma 4.5, Z(n(n+ 1)) = Z(n) = mo. Therefore, 


m,(m, + 1) = n(n +1) 
2 


m,(m, + 1) 
2, 








n(n+1)| 2229) <m, 


Thus, by virtue of Lemma 4.2.1, 
222) )=n<m,=Zi(n), 
But, the above inequality contradicts Conjecture 4.5.2. 


Remark 4.5.8 : Kashihara [1] raises the following question : Given any integer m, = 1, how 
many n are there such that Z(n) =m,? 


Given any integer m, 2 1, let 
Z'(m,) = {n: ne Z*, Z(n)=m,}. (4.5.1) 
By Lemma 4.2.1, Z'(m,) is defined for all integers mo¢ Z* ; moreover, 


1 
max = molto +) eZ '(m,). 


This shows that the set Z_'(m,) is non-empty with n,,,. its largest element. 


Note that, n¢Z '(m,) if and only if the following two conditions are satisfied 
1 
(1) n divides mole *0 ; 
(2) n does not divide me) for any m with 3<m<m,-l. 
5) y 
Thus, for examples, 


Z'(1)= {1}, Z (2) = {3}, Z (8) = {8, 12, 18, 36}. 


We can look at (4.5.1) from another point of view : On the set Z*, we define the relation R 
as follows : 


For any nj, n2.¢ Z*, nj Rm if and only if Z(n;)=Z(n»). (4.5.2) 
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It is an easy exercise to verify that ® is an equivalence relation on Z*. The sets Z '(m), me Z*, 
are then the equivalence classes induced by the equivalence relation R on Z* with the 
following two properties : 


(1) Sz\(m)=2", 


(2) Z'(m,)OZ'(m,)=2, ifm, #m,. 
Thus, for any ne Z*, there is one and only one me Z* such that neZ '(m). 


Given any integer m, = 1, let C(m,) be the number of integers n such that Z(n) = m,, that is, 
C(m,) denotes the number of elements of Z'(m,). Then, for m, = 1, 
m, +1) 

2 





any) |, ifm, is odd 
1<C(m,)< 


dS I[d(m, +1)-1], ifm, is even 


where, for any integer n, d(n) denotes the number of divisors of n including 1 and n. Note, 
however, that the above upper bound is not tight. 


Now, let p23 be a prime. By Lemma 4.2.3, Z(p) = p—1, so that 
peZ '(p—1) for all p>3. 


(p-D 


Let neZ (p —1), so that, n divides P ia Then, n must divide p, for otherwise 


-1 —1)(p-2 
fe => 9p PES) => Zn)<p-z2, 
2 2 
contradicting the assumption. Thus, any element of Z '(p—1) is a multiple of p. In particular, p 
is the minimum element of Z '(p—1). Thus, if p>5 is a prime, then Z '(p—1) contains at least 
p(p 1) 


two elements, namely, p and ae Tt 


m,(m, +1) 


Next, let p be a prime factor of . Since Z(p) = p—1, we see that 


peZ '(m,) if and only if p—1>m,, 


that is, if and only if p=m,+ 1. 


Z(n) 
Z(n +1) 
the number of solutions is rather scarce. A limited search upto n < 5000 revealed only 21 


solutions : 
n=73, 193, 673, 1153, 1201, 1321, 1657, 1753, 2017, 2137, 2401, 


2473, 2593, 3217, 3313, 3361, 3481, 3697, 3721, 4057, 4177. 


=2 has solutions. However, 





In Lemma 4.4.3, we actually proved that the equation 
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In this connection, the following questions may be posed : 


Question 4.5.1 : Does the equation ens k (k>2) 
Z(n +1) 


(1) have an infinite number of solutions when k=2? (2) have solutions for k#2? 





Lemma 4.4.5 shows that the equation —2~=k (k>2) has an infinite number of solutions. 


Z(n) 
When k=2, we can find more solutions. For example, letting 
n=2p’, where p is a prime such that 4 divides (p+ 1), a is an odd integer, 
we have, by virtue of Lemma 4.2.14, 


n 2p. 2p 


Zi) Zp) p’ 


a 





Again, 
n= 3p’, where p is a prime such that 3 divides (p+ 1), a is an odd integer, 
is a solution corresponding to k=3, since by Lemma 4.2.15, 
fg OB OPE 


Zin) Z(3p") p* 








This suggests the following question : 


Question 4.5.2 : Does the equation —*~=k (k>2) have other solutions? Does it have 


Z(n) 


solutions for 0<k< 1. 


The following question is related to Lemma 4.4.8. 


Z(n +1) _ 
Z(n) 





Question 4.5.3 : Does the equation 


(1) have solutions when k> 3 is odd? 
(2) have an infinite number of solutions when k is even? when k is odd? 


The following question has been raised by Ashbacher [3] : 


Question 4.5.4 ; What is the minimum value of so such that the series > ——— 
mm [S(n) + aa 


is convergent for all s > so? 


1 


S(n) + Zn) iS divergent. The proof iS 


Ashbacher [3] has proved that the series bs 
n=! 
simple : Let p, be the n-th prime. Then, 
y 1 y 1 y I iy 
——— > eS ee 
d S(n) + Z(n) d S(p,) + Zp, ) “25, ean aan 2X5, 


n=! n=] n=1 
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We close this chapter with the following questions and problems, old but still open. 


Question 4.5.5 : Are there solutions to the following equations? 
(1) Zin+ 2)=Z(n+ 1)+ Z(n)? 

(2) Z(n)=Z(n+ 1) + Z(n+ 2)? 

(3) Z(n+2)=Z(n+ 1)Z(n)? 

(4) Z(n)=Z(n+ 1)Z(n +2)? 

(5) Z(n+ 2) + Z(n)=2Z(n+ 1)? 

(6) Z(n+2)Z(n)=[Z(n+ 1)? 


























Question 4.5.6 : Are there infinitely many instances of 3 consecutive increasing or 


decreasing terms in the sequence {Z(n)}" ? 
Problem 4.5.1 : Find all solutions of the equation Z(n) + 1=S(n). 


Note that, for any prime p23, 


Z(p)=p- I; S(p) =p, 
so that n=p is a solution of the equation Z(n)+ 1=S(n). So, the question is : Are there other 
solutions to the equation Z(n)+ 1 = S(n)? 


Question 4.5.7 : Given a palindromic number n, what is the largest value of k such that 
Z(n) are palindromic for all 1<r<k, where Z'(n) is the r-fold composition of Z(n) with 
itself? 


Recall that, a number n is called palindromic if it reads the same forwards and backwards. 
Given a palindromic prime, it is possible, in some cases to find palindromic number n such that 
Z(n) is also a palindrome, using Lemma 4.2.4. Thus, starting with the palindromic prime 101, 
we can get n= 303, 404, 606, 707, 808, 909, 1111 such that Z(n) is a palindrome in each case : 


Z(303) = 101, Z(404) = 303 = Z(606) = Z(808), 
Z(707) = 202, Z(909) = 404, Z(1111)=505. 
As has been pointed out by Ashbacher [3], 
Z°(909) =Z7(404) =Z(303)= 101. 
The prime 131 gives rise to three palindromes : Z(262) = 131 = Z(1441) =Z(2882). 


Clearly, the palindromic numbers formed in this way are also palindromic with respect to the 
Smarandache function S(n) as well, since, for example, 


S(101n)=101 for any 1<n<9. 

Given below are other examples where both n and Z(n) are palindromes : 
Z(444) = 111 =Z(777) = Z(888) (but 111 is not prime). 
Z(1001) =77 = Z(3003), Z(2002) = 363 (but 1001 is not prime). 
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Chapter 5 Smarandache Number Related Triangles 


This chapter is devoted to Smarandache function related and pseudo Smarandache function 
related triangles, defined formally below. The concept of the Smarandache function related 
triangles was first introduced by Sastry [1]. Later, it was extended by Ashbacher [2] to include 
the pseudo Smarandache function related triangles as well. 


Let AABC be a triangle with sides a=BC, b=AC, c=AB. Following Sastry [1], we denote 
by T(a, b, c) the triangle AABC. Let T(a’,b’,c’) be a second triangle with sides of lengths a’,b’,c’. 
Recall that two triangles T(a, b,c) and T(a’,b’,c’) are similar if and only if their three sides are 
proportional (in any order). Thus, for example, if 
a_b_c +7 a _b_c 
— = f — = = 
a’ b’ c’ (or 1 c’ a’ b’ bs 


then the two triangles T(a, b,c) and T(a’, b’,c’) are similar. 








The following two definitions are due to Sastry [1] and Ashbacher [2] respectively. 
Definition 5.1 : Two triangles T(a, b,c) and T(a’,b’, c’) (where a,b,c and a’,b’,c’ are all 
positive integers) are said to be Smarandache function related (or, S—related) if 

S(a)=S(a’), S(b) = S(b‘), S() = Sc’), 

(where S(.) is the Smarandache function, defined in Chapter 3). 

Definition 5.2 : Two triangles T(a, b,c) and T(a’, b’,c’) are said to be pseudo Smarandache 

function related (or, Z—related) if 

Z(a)=Z(a'), Z(b) = Z(b'), Z(c) =Z(c’), 

(where Z(.) is the pseudo Smarandache function, treated in Chapter 4). 

A different way of relating two triangles has been proposed by Sastry [1] : The triangle 
AABC, with angles a, B and y (a, B and y being positive integers), can be denoted by 
T(a, B, y). Then, we have the following definition, due to Sastry [1] and Ashbacher [2]. 

Definition 5.3 : Given two triangles, T(a, B, y) and T(a@’, B’, y’), with 

a+B+y=180=a'+P'+y’, (5.1) 

(1) they are said to be Smarandache function related (or, S—related) if 

S(a) = S(a’), S(B)=S(B), SM) = SW’); 


(2) they are said to be pseudo Smarandache function related (or, Z—related) if 
Z(a)=Z(a'), Z(B)=Z(B"), Z(y) =Z(y'). 


In Definition 5.1 —Definition 5.2, the sides of the pair of triangles are S—related/Z-—related, 
while their angles, measured in degrees, are S—related/Z-—related in Definition 5.3. Note that the 
condition (5.1) merely states the fact the sum of the three angles of a triangle is 180 degrees. 





§5.1 gives some preliminary results, which are used in §5.2 and §5.3 for the 60 degrees and 
120 degrees triangles respectively. The Pythagorean case is considered in §5.4. §5.5 treats the 
case given in Definition 5.3. Some remarks are given in the final §5.6. 
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5.1 Some Preliminary Results 


Let T(a, b,c) be a triangle with sides a, b and c, and angles ZA, ZB and ZC, as shown in 
the figure. Then, 





a = b 2h (5 1 1) C 
sinA sinB~ sinC’ is 
where b a 
sinC = sin(180—(A +B)) 
=sin(A + B) 
=sinA cosB + cosA sinB. A C B 


Lemma 5.1.1 : Let T(a, b,c) be a triangle with sides a, b and c, whose ZA=60° (as shown 
in the figure). Then, 

4a’ =(2c—b)’+ 3b’. (5.1.2) 
Proof : 1f ZA=60°, then 


C 

sinC -3 (3 cosB + sinB). 
Therefore, (5.1.1) reads as 

ph en: ne (1) b a 

V3 sinB_ J3cosB+sinB 
From the RHS of (1), 

V3 bcosB=(2c—b) sinB. sf) B 
Squaring both sides, we get : 

3b° (1 —sin’B) =(2c—b)’ sin’B, 
that is, 

[(2c—b)* + 3b’ ]sin’B = 3b’. (2) 
Again, from the LHS of (1), 

ap — V3b 
sinB= Oa (3) 


Now, eliminating sinB from (2) and (3), we finally get, 
ee (2) 

(2c—b)? +3b? \ 2a)’ 

which gives the desired result after simplifications. ll 


Lemma 5.1.2 : Let T(a, b,c) be a triangle with sides a, b andc, whose ZA = 120° (as shown 
in the figure). Then, 

4a =(2c +b)’ +3b’. (5.1.3) 
Proof :1f ZA=120°, then 

sinC a (/3 cosB—sinB). 


Therefore, (5.1.1) takes the form 
2a b 2c (i) 


3 sinB 3cosB—sinB 
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The LHS of (1) gives Cc 
sinB =e ; (11) J 
while the RHS of (i) gives b 
2a b 2c edz TN 
= = ; iti 
V3 sinB 3cosB-sinB wy) A c B 


Now, eliminating sinB from (iii), using (ii), we get the desired result. 


Note that, when ZA=60°, then either b<a<c or else, c<a<b (that is, a is in between the 
smallest and the largest sides of the triangle T(a,b,c)); and if ZA=120°, then a is the largest 
side of the triangle. Also, note that, for our problem, a, b, and c are positive integer-valued. 


Lemma 5.1.3 : If (a, bo, Co) is a non-trivial solution of the Diophantine equation 
4a°=(2c—b)’+ 3b’, (6.1.2) 

then one of bo and cy is greater than ap and the other one is less than ap. 

Proof: We write (5.1.2) in the equivalent form 


a’ =b°—be+c’. (5.1.2a) 
Let (ap, bo, co) be a solution of (5.1.2), so that 
ay = bi =a Cot Co’. (1) 


We now consider the following two cases : 
Case (1) : Let by > ag, Co> ao. 
Let 





bo =a) +m, Co=ao +n for some integers m>0, n>0, with m#n. 
Then, from (1), we get 





ay” = (a +m)” —(ap+m)(ap +n) + (ap +n)” 





that is, 0=ao(m+n)+m?+n°—mn 





that is, mn =am+n)+m’? +n’. (2) 
Now, since m?+n?>2mn, from (2), we get 
mn>m’*+n’?> 2mn, 
leading to a contradiction. 
Case (2) : Let by <ag, Co <a. 
Without loss of generality, we may assume that co > bo. Let 
ap =botc, co=bot+ d for some integers c>0, d>0, where c>d. 
Then, from (1), 
(by +c)’ = bo —bo(by +d) + (by + dy’ 
that is, c(2b9 + c) = d(bo + d). (3) 
But, this leads to a contradiction, since 
c>d => c(2bpt+c)>d(2bo+ c) > d(2bo + d) > d(bo +d). 
Thus, neither Case (1) nor Case (2) can happen. 
All these establish the lemma. 
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By Lemma 5.1.3, if (a, bo, co) is a (non-trivial) solution of the Diophantine equation 
4a’ =(2c—b)’ + 3b’, then, without loss of generality, 
by < a9 < Co. (5.1.4) 
If one solution of the Diophantine equation (5.1.2) is known, then we can find a second 
independent solution. This is given in the following lemma. 


Lemma 5.1.4 : If (a, bo, co) is a solution of the Diophantine equation 
4a’ =(2c—b)’+3b’, (5.1.2) 
then (a9, Co— bo, Co) is also a solution of (5.1.2). 
Proof : If (ao, bo, Co) is a solution of (5.1.2), then (since (5.1.2) is equivalent to (5.1.2a)) 
Ao = be = bp Cot Co. (1) 
Rewriting (1) in the equivalent form 
ap = (Co bo)” (Co—bo)co+ Co’, 


we see that (a9, Co—bp, Co) is also a solution of a’=b’—be +c’, or equivalently, of (5.1.2). ml 





Lemma 5.1.4 shows that the Diophantine equation 4a°=(2c—b)’ + 3b” possesses (positive 
integer) solutions in pairs, namely, (ao, bo, co) and (ao, Co—bo, Co), Which are independent. Note 
that, by symmetry, (a, Co, bo) and (a9, Co, Cco— bo) are also solutions of the Diophantine equation. 

The following table gives the solutions of 4a”=(2c—b)’ + 3b’ when 1 <a< 100. 


Table 5.1.1 : Solutions of 4a’ =(2c—b)’ + 3b’ for 1 Sa $100 

















a b Cc a b c a b c 
7 3 8 49 16 55 91 11 96 
5 8 39 55 85 96 
13 7 15 21 56 19 99 
8 15 35 56 80 99 
19 5 21 61 9 65 39 104 
16 21 56 65 65 104 
31 11 35 67 32 77 49 105 
24 35 45 77 56 105 
37 7 40 73 17 80 97 55 112 
33 40 63 80 57 112 
43 13 48 79 40 91 
35 48 51 91 


The limited search for the solutions of the Diophantine equation 4a” = (2c —b)’ + 3b’ for 
1 <a< 100 shows that, it possesses solutions only for certain primes (and their multiples), 
namely, when a= 7, 13, 19, 31, 37, 43, 61, 67, 73, 79, 97. In each case, there are two 
independent solutions (that are relevant to our problem of interest). 


In Table 5.1.1 above, only the solutions of 4a”=(2c—b)’+ 3b’ for primes a are shown, with 
the exceptions when a= 49 = 7 and a=91=3x 13; when a=49, there are four independent 
solutions, while for a=91, there are eight independent solutions to the Diophantine equation. 
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Next, we confine our attention to the Diophantine equation 
4a =(2c +b)’ + 3b’. 
In this case, we have the following result. 
Lemma 5.1.5 : If (a, bo, Co) is a solution of the Diophantine equation 
4a°=(2c +b)’ + 3b’, (5.1.3) 
then aj > max {bp, Co}. 
Proof: We write (5.1.3) in the equivalent form 


a’ =b°+be+c?. (5.1.3a) 
If (ao, bo, Co) be a solution of (5.1.3), then 
ay? = b.? bo Co Ga (1) 





If bo > ao, then from (1), 
ay >a tapcytco” => O>agcgtco’, 
which is impossible. Hence, bp < ao. Again, 
Cy>a => ag >be +tagbotap => O>by tao bo, 
leading to a contradiction. Hence, cyo<ap. 











The following lemma gives the relationship between the solutions of (5.1.2) and (5.1.3). 


Lemma 5.1.6 : If (a, bo, Co) is a solution of the Diophantine equation 


4a°=(2c—b)’ + 3b’, (5.1.2) 
then (a9, bo, co— bo) is a solution of the Diophantine equation 

4a’ =(2c+b)’+3b°. (5.1.3) 
Proof : If (ao, bo, co) 1s a solution of the Diophantine equation (5.1.2), then 

ao? = by? —bp cot Co’. (i) 


Now, rewriting (1) as 
ay = by + bo(Co—bo) + (Co—bo)’, 
we see that (ao, bo, co—bo) is a solution of a’=b’+be +c’, which is equivalent to (5.1.3). i 
The following table gives the solutions of 4a”=(2c +b)’ + 3b’ for 1 <a< 100. 
Table 5.1.2 : Solutions of 4a’ =(2c + b)’ + 3b’ for I <a $100 








b c a b c a b c 

3 5 49 16 39 91 11 85 
13 P 8 21 35 19 80 
19 5 16 61 9 56 39 65 
31 11 24 67 32 45 49 56 
37 7 33 73 17 63 97 55 57 
43 13 35 79 40 51 











The above Table 5.1.2 shows that, there are solutions of the Diophantine equation 
4a°=(2c +b)’ + 3b” when a=7, 13, 19, 31, 37, 43, 61, 67, 73, 79, 97 (and multiples of these 
primes), and in each case, there is only one solution; on the other hand, there are two 
independent solutions when a=49, while a=91 admits of four independent solutions. 
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5.2 Families of 60 Degrees Smarandache Function Related and 
Pseudo Smarandache Function Related Triangles 


We start with the following result related to the 60 degrees triangles. 
Lemma 5.2.1 : Let T(a,b,c) be a triangle with ZA=60°, and integer—valued sides a, b and 
c. Then, 
(1) a, b and c satisfy the Diophantine equation 
4a°=(2c—b)’+3b’, (5.2.1) 
(2) the Diophantine equation (5.2.1) has an infinite number of solutions. 
Proof : Part (1) of the lemma is a restatement of Lemma 5.1.1. 
Now, if (ao, bo, Co) 1s a solution of the Diophantine equation (5.2.1), then (kag, kbo, kcg) is also its 
solution for any integer k>2, and hence, (5.2.1) possesses an infinite number of solutions. Now, 
by inspection, we see that 


a,=7, b) =3, c, =8, (5.2.2) 
is a solution of (5.2.1). Hl 
Note that, 
a2 =7, by =5, c2=8, (5.2.3) 


is a second independent solution of the Diophantine equation (5.2.1), as can readily be verified. 
Recall that, two solutions are dependent if one is a (non-zero) constant multiple of the other; 
otherwise, they are independent. 


Theorem 5.2.1 : There is an infinite number of pairs of dissimilar 60 degrees triangles that 
are S—related. 
Proof: We consider the following pair of dissimilar triangles 


T(7p, 3p, 8p) and T(7p, 5p, 8p), 
where p= 11 is a prime. By Lemma 5.1.1, each is a 60 degrees triangle. 
Now, since for any prime p= 7, 


SGp)=p=SGp), 
it follows that the (dissimilar) triangles T(7p, 3p, 8p) and T(7p, 5p, 8p) are S—related. 


Theorem 5.2.2 : There is an infinite number of pairs of dissimilar 60 degrees triangles that 
are Z—related. 
Proof: We consider the following pair of dissimilar 60 degrees triangles 


T(7p, 3p, 8p) and T(7p, 5p, 8p), 
where p is a prime of the form 

p=(3x 10)n—1=30n-1, ne Z”. (5.2.4) 
Since 6|(p+1), 10|(p+1), by Lemma 4.2.4 (in Chapter 4), 

Z3p)=p=Z(5p). 
Thus, the pair of triangles T(7p, 3p, 8p) and T(7p, 5p, 8p) are Z—related. 
Now, since there are an infinite number of primes of the form (5.2.4) (by Dirichlet’s Theorem, 
see, for example, Hardy and Wright [3], Theorem 15, pp. 13), we have the desired result. @ 


175 Chapter 5 : Smarandache Number Related Triangles 


It may be mentioned here that, if p is a prime of the form 
p=(3 x 10)n+1=30n+1, ne Z", (5.2.5) 
then the pair of dissimilar 60 degrees triangles T(7p, 3p, 8p) and T(7p, 5p, 8p) forms a second 


infinite family of pairs of triangles that are Z—related, since for such p, both 6 and 10 divide 
(p—1), and by Lemma 4.2.4, 


Z3p)=p—1=Z(5p). 
We now prove the following theorem. 


Theorem 5.2.3 : There exists an infinite family of pairs of 60 degrees triangles that are both 
S—related and Z—related. 
Proof: From Theorem 5.2.1 and Theorem 5.2.2, we see that the pair of 60 degrees triangles 


T(7p, 3p, 8p) and T(7p, 5p, 8p), 
where p is a prime of the form 
p=(3 x 10)n—1=30n—1, ne Z”. 
are both S—related and Z—related, since for such p, S(3p)=p=S(5p). ™ 


5.3 Families of 120 Degrees Smarandache Function Related and 
Pseudo Smarandache Function Related Triangles 


We start with the following lemma that characterizes 120 degrees triangles. 


Lemma 5.3.1 : Let T(a,b,c) be a triangle with ZA=120°, and integer—valued sides a, b 

and c. Then, 

(1) a, b and c satisfy the Diophantine equation 

4a°=(2c +b)’ +3b’, (5.3.1) 

(2) the Diophantine equation (5.3.1) has an infinite number of solutions. 

Proof: Part (1) follows from Lemma 5.1.2. 
Again, since aj =7, bo =3, co=5 is a solution of the Diophantine equation (5.3.1), it has infinite 
number of solutions of the form (7k, 3k, 5k), k= 1. This proves part (2) of the lemma. 

Hence, the proof is complete. ml 


Theorem 5.3.1 : There is an infinite number of pairs of dissimilar 120 degrees triangles that 
are S—related. 


Proof: We consider the pair of dissimilar triangles 
T(49p, 16p, 39p) and T(49p, 21p, 35p), 
each of which is a 120 degrees triangle, by Lemma 5.1.2. 
Now, for any prime p 217, 
S(16p) =p=S(39p) = S(21p) =S(35p). 
Thus, for any prime p2 17, the (dissimilar) triangles T(49p, 16p, 39p) and T(49p, 21p, 35p) are 
S—related. 


This establishes the theorem. 
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In proving Theorem 5.3.1 above, we have made use of the fact that (see Table 5.1.2) 

(1) a =49, b; = 16, c,=39, (5.3.2) 

(2) a.=49, b.=21, c)=35, (5.3.3) 
are two independent solutions of the Diophantine equation 4a”=(2c +b)? + 3b’. 














Theorem 5.3.2 : There is an infinite number of pairs of dissimilar 120 degrees triangles that 
are Z—related. 


Proof: We start with the pair of dissimilar 120 degrees triangles 
T(49p, 16p, 39p) and T(49p, 21p, 35p), 
where p is a prime of the form 
p=(2°x3x5x7°x 13)n—1=305760n—1, neZ"*. (5.3.4) 
Since 
2x16|(p+1),2x39|(p+1), 2x 21|(pt1), 2x 35|(p+ 1), 
by Lemma 4.2.4, for any prime p of the form (5.3.4), 
Z(16p)= Z(39p) = Z(21p) = Z(35p) =p. 


Therefore, for any p of the form (5.3.4), the family of pairs of (dissimilar) 120 degrees triangles 
T(49p, 16p, 39p) and T(49p, 21p, 35p) are Z—related. 


All these complete the proof of the theorem. 
A second infinite family of (dissimilar) 120 degrees triangles that are Z—related, can be 
formed as follows : Let p be a prime of the form 
p=(2?x3x5x7°x 13)n+ 1=305760n+ 1, neZ*. (5.3.5) 
By Lemma 4.2.4, for such p, 


Z(16p)= Z(39p) = Z(21p)= Z35p)=p-1, 
since 

2x 16|(p—1), 2x39|(p—1), 2x21|(p—1), 2x 35|(p—1). 
It then follows that the pair of triangles T(49p, 16p, 39p) and T(49p, 21p, 35p) are Z—related for 
any prime p of the form (5.3.5). 


Theorem 5.3.3 : There is an infinite number of pairs of dissimilar 120 degrees triangles that 
are both S—related and Z-—related. 


Proof: From Theorem 5.3.1 and Theorem 5.3.2, we see that the pair of triangles 
T(49p, 16p, 39p) and T(49p, 21p, 35p), 
where p is a prime of the form 
p=(2°x3x5x7°x 13)n+ 1=305760n+ 1, neZ*, 
are both S—related and Z—related, since for such p, 
S(16p) = SG9p) = S(21p)= SG5p) =p. 
All these complete the proof of the theorem. ™ 
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5.4 Families of Smarandache Function Related and Pseudo 
Smarandache Function Related Pythagorean Triangles 


A triangle is called Pythagorean (or, right—angled) if one of its angles is 90 degrees. 


Recall that a triangle T(a,b,c) (with sides of length a, b and c) is Pythagorean, with 
ZC =90°, if and only if a’ +b’=c’. Thus, the problem of finding the S—related/Z—related 
Pythagorean triangles is related to the solutions of the Diophantine equation 

a’ +b?=c’, 

In what follows, we shall make use of the following two independent solutions of the 
Diophantine equation a7 +b*=c’: 

(1) ay=3, by =4, Co=5, (2) ag=5, bo= 12, Co = 13. 


The following result is due to Ashbacher [2]. 
Theorem 5.4.1 : There are an infinite family of pairs of dissimilar Pythagorean triangles that 
are S—related. 
Proof: For any prime p= 17, the two families of dissimilar Pythagorean triangles 
T(3p, 4p, 5p) and T(5p, 12p, 13p) 
are S—related, since 
SGp)=S(4p)=SGp)=S(12p)=SCU3p)=p. a 
Theorem 5.4.2 : There are an infinite number of pairs of dissimilar Pythagorean triangles 
that are Z—related. 
Proof: We consider the pair of dissimilar Pythagorean triangles 








T(3p, 4p, 5p) and T(Sp, 12p, 13p), (5.4.1) 
where p is a prime of the form 

p=(2?x3x5x 13)nt+1=1560n+1, ne Z*. (5.4.2) 
By Lemma 4.2.4, 





Z(3p) = Z(4p) = ZSp) = Z(12p)= Z13p)=p—1, 
so that the triangles T(3p, 4p, 5p) and T(5p, 12p, 13p) are Z—related. 
Since there is an infinite number of primes of the form (5.4.2), we get the desired infinite 





number of pairs of dissimilar Z—related Pythagorean triangles. ll 
Theorem 5.4.3 : There is an infinite number of pairs of dissimilar Pythagorean triangles that 
are both S—related and Z-—related. 
Proof: Follows from Theorem 5.4.1 and Theorem 5.4.2, since the pair of triangles 
T(3p, 4p, 5p) and T(5p, 12p, 13p), 
where p is a prime of the form 
p=(2?x3x5x 13)n+1=1560n+1, neZ*, 
are both S—related and Z—related. ml 
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Theorem 5.4.4 : There exists a family of infinite number of Pythagorean triangles which are 

S—related, pair—wise, to the triangles of a second family of infinite number of 60 degrees 

triangles. 

Proof : We consider the Pythagorean triangle T(3p, 4p, 5p) and the 60 degrees triangle 
T(7p, 3p, 8p). Now, for any prime p> 11, 


SGp) = S(4p) = Sp) = S(7p) = S(8p) =p. 
Thus, the triangles T(3p, 4p, 5p) and T(7p, 3p, 8p) are S—related. ™ 








Theorem 5.4.5 : There exists a family of infinite number of Pythagorean triangles which are 
Z—related, pair—wise, to the triangles of a second infinite family of 60 degrees triangles. 
Proof : The Pythagorean triangle T(3p, 4p, 5p) and the 60 degrees triangle T(7p, 3p, 8p) are 
Z-—related for any prime p of the form 
p=(2*x3x5x7)n—1=1680n—1, neZ*, (5.4.3) 
since, for such p, 


Z3p)= Z(4p) = Zp) =Z(7p)=Z(8p) =p. 
Note that, if p is a prime of the form 
p=(2*x3x5x7)n+1=1680n+1,neZ*, (5.4.4) 
then, for such p, Z(3p) = Z(4p) = Zp) =Z(7p) = Z(8p) =p-1. 


Thus, the Pythagorean triangle T(3p, 4p, 5p) and the 60 degrees triangle T(7p, 3p, 8p) are 
Z-—related for any prime p of the form (5.4.4). 

















Theorem 5.4.6 : There exists a family of infinite number of Pythagorean triangles which are 

both S-related and Z-—related, pair—wise, to the triangles of a second family of infinite 

number of 60 degrees triangles. 

Proof : We consider the Pythagorean triangle T(3p, 4p, 5p) and the 60 degrees triangle 
T(7p, 8p, 5p), where p is a prime of the form (5.4.3). Then, by Theorem 5.4.4 and Theorem 5.4.5, 


they are both S—related and Z—related. @ 


Theorem 5.4.7 : There exists a family of infinite number of Pythagorean triangles which are 

S—related, pair—wise, to the triangles of a second infinite family of 120 degrees triangles. 

Proof : We consider the Pythagorean triangle T(3p, 4p, 5p) and the 120 degrees triangle 
T(7p, 3p, 5p), where p= 11 is a prime. Since, for such p, 


SGp) = S(4p) = SGp)= S(7p) =p, 
the triangles T(3p, 4p, 5p) and T(7p, 3p, 5p) are S—related. ™ 








Theorem 5.4.8 : There exists a family of infinite number of Pythagorean triangles which are 
Z-—related, pair—wise, to the triangles of a second infinite family of 120 degrees triangles. 
Proof : For any prime p of the form 


p=(2?x3x5)n—1=120n-1, neZ*, (5.4.5) 


the Pythagorean triangle T(3p, 4p, 5p) and the 120 degrees triangle T(7p, 3p, 5p) are Z—related, 
since, for such p, 


Z(3p) = Z(4p) =Z(Sp)=Z(7p) =p. a 
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It may be mentioned here that, if p is a prime of the form 
p=(2?x3x5)nt+1=120n+1,neZ*, (5.4.6) 
then, for such p, Z(3p)= Z(4p) = Z(S5p) = Z(7p) =Z(3p)=p-1, 


and hence, the Pythagorean triangle T(3p, 4p, 5p) and the 120 degrees triangle T(7p, 3p, 5p) are 
Z-related. 








Theorem 5.4.9 : There exists a family of infinite number of Pythagorean triangles which are 

both S-related and Z—related, pair—wise, to the triangles of a second family of infinite 

number of 120 degrees triangles. 

Proof : By Theorem 5.4.7 and Theorem 5.4.8, the Pythagorean triangle T(3p, 4p, 5p) and 
the 120 degrees triangle T(7p, 3p, 5p) are both S—related and Z—related, where p is a prime of 
the form (5.4.5). Hl 


In passing, we state and prove the following three theorems concerning the 60 degrees and 
120 degrees S—related/Z—related triangles. 


Theorem 5.4.10 : There exists a family of infinite number of 60 degrees triangles which are 
S—related, pair—wise, to the triangles of a second infinite family 120 degrees triangles. 


Proof : The 60 degrees triangle T(7p, 3p, 8p) and the 120 degrees triangle T(7p, 3p, 5p) are 
S—related for any prime p= 11, since, in such a case, 


S(7p) =S@Gp)=S(8p)= Sp) =p. 


Theorem 5.4.11 : There exists a family of infinite number of 60 degrees triangles which are 
Z-—related, pair—wise, to the triangles of a second infinite family of 120 degrees triangles. 








Proof : If p is a prime of the form 
p=(2*x3x5x7)n—1=1680n—1, neZ*, (5.4.7) 


then the 60 degrees triangle T(7p, 3p, 8p) and the 120 degrees triangle T(7p, 3p, 5p) are 
Z-—related, since, for such p, 


Z(7p) = Z(3p)=Z(8p) = Z(Sp) =p. a 


Note that, if p is a prime of the form 
p=(2*x3x5x7)n+1=1680n+1,neZ*, (5.4.8) 











then 





Z(7p) = Z3p)=Z(8p) = Z(Sp)=p-1. 
With such a value of p, we get a second pair of 60 degrees triangle T(7p, 3p, 8p) and the 120 
degrees triangle T(7p, 3p, 5p) which are Z—related. 





Theorem 5.4.12 : There exists a family of infinite number of 60 degrees triangles which are 

both S—related and Z—related, pair—wise, to the triangles of a second family of infinite 

number of 120 degrees triangles. 

Proof : If p is a prime of the form (5.4.7), by Theorems 5.4.10 and Theorem 5.4.11, the 60 
degrees triangle T(7p, 3p, 8p) and the 120 degrees triangle T(7p, 3p, 5p) are both S—related and 
Z-—related. m 
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5.5 Smarandache Function Related and Pseudo Smarandache 
Function Related Triangles in Terms of Their Angles 


In this section, we consider the problem of finding the S—related and Z—related triangles in 
terms of their angles, that is, in the sense of Definition 5.3. 


We consider the case of S—related triangles and Z—related triangles separately in §5.5.1 and 
§5.5.2 respectively. 


5.5.1 Smarandache Function Related Triangles 


Using a computer program, Ashbacher [2] searched for S—related pairs of triangles (in the 
sense of Definition 5.3). He reports three such pairs. 


However, in this case, the introduction of S''(m) may be helpful. The Smarandache function 

S(n) is clearly not bijective. However, we can define the inverse S"'(m) as follows : 

S'(m)= {ne Z* : S(n)=m} for any integer m>1, (5.5.1a) 
with 

S‘(1)=1. (5.5.1b) 
Then, for any me Z* = {1,2,3,4, ...}, the set S'(m) is non—empty and bounded with m! as its 
largest element. Clearly, neS '(m) if and only if the following two conditions are satisfied : 
(1) n divides m!, 


(2) n does not divide ¢! forany ¢@ withl<¢<m-1l. 


We can look at (5.5.1) from a different point of view : On the set Z*, we define the relation 

R as follows : 
For any nj, n.¢ Z*, n, ny if and only if S(n;)= S(n)). (5.5.2) 

It is then straightforward to verify that 8 is an equivalence relation on Z*. It is well-known 
that an equivalence relation induces a partition (on the set Z*) (see, for example, Gioia [4], 
Theorem 11.2, pp. 32). The sets S'(m), me Z*, are, in fact, the equivalence classes induced by 
the equivalence relation on Z”*, and possess the following two properties : 
() DoS" an) =z", 

m=! 
(2) S'(m,) AS '(m,)=@, ifm, #m,. 


Thus, for any ne Z*, there is one and only one me Z* such that neS ‘(m). 





To deal with the condition (5.1) (that is, the condition a+B+y=180=a'+ '+y’), we 
consider the restricted sets S"'(m|7) , defined as follows : 


S‘(m|x)={neZ* :S(n)=m, 1<m< 180}. (5.5.3) 
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The following table gives such restricted sets related to our problem. 


Table 5.5.1 : Values of S~'(m\x)={neZ* : S(n)=m, 1 sn S180} 








m S'(m|z) m S'(m|z) 
1 1} 59 | {59,118,177} 
2 (2} 61 (61, 122} 
3 3,6} 67 (67, 134} 
4 (4,8, 12,24} 1 (71, 142} 
5 £5, 10, 15,20, 30,40, 60, 120} B (73, 146} 
6 {9, 16, 18, 36,45, 48, 72, 80,90, 144, 180} 79 (79, 158} 
7 | £7,14,21,28, 35, 42, 56, 63, 70, 84, 105, 112, 126, 140,168} | 83 {83, 166} 
8 (32, 64,96, 128, 160} 89 £89, 178} 
9 (27, 54,81, 108, 135, 162} 97 {97} 
10 (25, 50,75, 100, 150, 175} 101 101} 
11 | {11,22,33, 44, 55, 66,77, 88, 99, 110, 132, 154,165,176} | 103 £103} 
13 {13, 26, 39, 52, 65, 78, 91, 104, 117, 130, 143, 156} 107 {107} 
14 £49, 98, 147} 109 £109} 
15 {125} 113 {113} 
7 (17,34, 51, 68, 85, 102, 119, 136, 153, 170} 127 {127} 
19 (19,38, 57,76, 95, 114, 133, 152, 171} 131 {131} 
22 {121} 137 {137} 
23 (23, 46, 69, 92, 115, 138, 161} 139 {139} 
26 {169} 149 {149} 
29 (29, 58,87, 116, 145, 174} 151 {151} 
31 (31, 62,93, 124, 155} 157 {157} 
37 (37,74, 111, 148} 163 {163} 
41 (41,82, 123, 164} 167 {167} 
43 {43, 86, 129, 172} 173 {173} 
47 (47,94, 141} 179 {179} 
53 £53, 106, 159} 








Clearly, two S-—related triangles T(a, B, y) and T(a’, B’, y’) must satisfy the following 
condition : 


a,a’eS'(m,|x); B,B'eS'(m,|z); y,y'eS'(m, |) for some m;,m),m3¢ Z*. 
Thus, for example, choosing 
a,a’ €{1}=S"(1|n); 
B,B’ €{11, 22, 33, 44, 55, 66, 77, 88, 99, 110, 132, 154, 165, 176} =S'(11| 7); 
yy €{7, 14,21, 28, 35, 42, 56, 63, 70, 84, 105, 112, 126, 140, 168} =S'(7| x), 
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we can construct the S—related triangles T(1,11,168) and T(1,165,14). Note that, since 
S‘(1|)= {1} is a singleton set, if we choose a=1, then we must also choose a’ =1. Again, 
choosing a, a’, B,B’ €{25,50, 75, 100, 150, 175} =S'(10| x), we can form the pair of S—related 
triangles T(25, 150,5) and T(75, 100, 5) with the characteristic that 
S(a) = S(a’) = 10= S(B)=S(B’) (and S(y) = Sq’) =5). 

Choosing a, a’, B, B’e {5, 10, 15, 20, 30, 40, 60, 120}=S"! (5|7), we see that the equilateral 
triangle T(60, 60, 60) is S—related to each of the two triangles T(30, 30, 120) and T(20, 40, 120)! 
It may be mentioned here that the pair T(60, 60, 60) and T(20, 40, 120) are Z—related as well. 

Ashbacher [2] cites the triangles T(3, 7, 170) and T(6, 21, 153) as an example of a S—related 
pair where all the six angles are different. We found several by trial-and-error from Table 
5.5.1, some of which are given below : 
(1) T(5, 25, 150) and T(30, 50, 100) (S(5) =S(30) =5, S(25) = S(50) = 10 = S(150) =S(100)), 
(2) T(20, 60, 100) and T(10, 120, 50) (S(20) = S(10) =5 =S(60) = S(120), S(100) = S(50) = 10), 
(3) T(5, 45, 130) and T(60, 16, 104) (S(S) =S(60) =5, S(45) =S(16) =6, S(130) = S(104) = 13), 
(4) T(5, 85, 90) and T(60, 102, 18) (S(S) = S(60) =5, S(85) =S(102)= 17, S(90)=S(18) =6), 
(5) T(37, 50, 93) and T(74, 75,31) (SG7) =S(74) =37, S(50) =S(75)= 10, S(93)=S(31)=31), 
(6) T(40, 50, 90) and T(60, 75,45) (S(40) =S(60) =5, S(S0) = S(75) = 10, S90) = S(45) = 6). 
(7) T(20, 70, 90) and T(60, 84, 36) (S(20) = S(60) =5, S(70) = S(84) = S(90) = S(36) = 6). 
The last two are examples where all the six angles are acute. 




















An exhaustive computer search by Ashbacher [2] for pairs of all dissimilar S—related 
triangles T(a, B, y) and T(a’, B’,y’) (at B+ y= 180=a'+ '+y’') with values of a in the range 
1<a<178, revealed that « cannot take the following values in any triplet pairs : 

83, 97, 107, 113, 121, 127, 137, 139, 149, 151, 
163, 166, 167, 169, 172, 173, 174, 175, 176, 177, 178. 





(5.5.4) 


A closer look at the values in (5.5.4) and those in Table 5.5.1 reveals the following facts : 
(1) Generally, the numbers belonging to singleton sets in S'(m|z) do not appear in any 180 
degrees pairs of triplets, with the exceptions of a= 1,2, 101, 103, 109, 125, 131, 157. For the 
last six cases, we can form the following examples : 
(a) T(101, 9, 70) and T(101, 16, 63) (with S(9) = 6 = S(16), S(70) =7 =S(63)), 
(b) With ao = 103, we have a set of four triangles, 
T(103, 7, 70), T(103, 14, 63), T(103, 21, 56) and T(103, 35, 42) 
(with S(7) =S(14) = S(21) =S(35) =7=S(70) = S(63) = S(56) = S(42)), 
which are pair—wise S—related, and a second set of three triangles, 
T(103, 11,66), T(103, 22,55) and T(103,33,44) 
(with S(11)=S(22)=S(33)=11, S(66)=S(55)=S(44) =11), 
which are pair—wise S—related, 
(c) T(109, 11, 60) and T(109, 66, 5) (with S(11)= 11 =S(66), S(60) =5 =S(5)), 
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(d) T(125, 5,50) and T(125, 30,25) (with S(5)=5=S(30), S(50)= 10=S(25)), as well as the 
pair T(125, 11,44) and T(125, 22, 33) (with S(11) =S(22) =11=S(44) =S@3)), 
(e) For a=131, we have three triangles, T(131, 7,42), T(131, 14,35) and T(131, 21, 28) (with 
S(7)=S(14) =S(21) =7= S(42)= 8(35) = S(28)), any two of which are S—related, 
(f) T(157, 9, 14) and T(157, 16, 7) (with S(9) =6 = S(16), S14) =7=S(7)). 
(2) None of 83, 166€ S"'(83| 2) appears in any triplet. 














(3) Both 59, 118¢S'(59|x) can appear in one or the other triplet pair, but 177¢€S '(59| x) 
cannot appear in any triplet pair. The reason is as follows : If a=177, then the only option 
for B and y are B = 1, y= 2. Noting that both S'(1|z)={1} and S'(2|x)={2} are 
singleton sets, we cannot find a second dissimilar triangle S—related to T(177, 1, 2). The 
same is true when @=173eS '(173|2) (which is a singleton set), a=175¢S"(10| 7) and 
a=176eS'(11| 2). Again, 43,86, 129e€S'(43|x) can appear in one or the other triplet, 
but 172€S7(59|) cannot appear in any triplet. The detail is shown below. 





a=172 ao’ =172 a’ =129 o' = 86 a’ =43 Remark 
(B,y) (1,7) | Similar Triangle | Not Possible | Not Possible | Not Possible - 
(2,6) | Similar Triangle | Not Possible | Not Possible | Not Possible | B’+y’ <8 
(3,5) | Similar Triangle | Not Possible | Not Possible | Not Possible — 
(4,4) | Similar Triangle | Not Possible | Not Possible | Not Possible | B’+y' < 48 

















On the other hand, if a=171, we can get the S—related pair of triangles, T(171, 4,5) and 
T(152, 12, 10) (with S(171)=S(152) = 19, S(4)=S(12)=4, S(5)=S(10)=5), and corresponding 
to a = 170, we have two pairs, namely, the pair T(170, 3, 7) and T(153, 6, 21) (with 
S(170)=S(153)=17, S(3)=S(6)=3, S(7)=S(21)=7), and the pair of triangles T(170, 4, 6) and 
T(153, 24, 3) (with S(4) =S(24)=4). 








We looked for 60 degrees and 120 degrees S—related pairs of triangles, where a 60 (120) 
degrees triangle is one whose one angle is 60 (120) degrees, in the sense of Definition 5.3. We 
got only one pair of the first type, namely, the pair of triangles T(60, 30,90) and T(60, 40, 80) 
(with S(30) = S(40)=5, S(90) = S(80) =6), and two pairs of the second type, namely, the pair 
T(120, 24, 36) and T(120, 12, 48) (with S(24) =S(12)=4, S(36) =S(48) =6), as well as the pair 
T(120, 20, 40), T(120, 30, 30) (S(20) = S(30) = S(40) = 6). We also found three pairs of 
Pythagorean triangles that are S—related; they are 
(1) T(90, 40, 50) and T(90, 15, 75) (with S(40) =S(15)=5, S(50) = S(75) = 10), 

(11) T(90, 36, 54) and T(90, 9, 81) (with S(36) =S(9) = 6, S(54) = S(81) = 9), 
(iii) T(90, 18, 72) and T(90, 45, 45) (with S(18) = S(45)=6=S(72)). 








In (5.5.3), the set S'(m) has been defined for any integer me Z*. It might be a problem of 
interest to study the characteristics of the sets S''(m). Of particular interest is the set S''(p), 
where p is an odd prime. Some elementary properties of S'(m) are given (without proof) in 
Vasile Seleacu [5]. 
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We first prove the following lemma. 


Lemma 5.5.1 : p divides all the elements of S'(p). 


Proof : Let neS'(p), so that S(n) =p. 
Now, 
n|p! = p!=na for some integer a> 1. 


Clearly, p does not divide a, for otherwise, 
pla = a=bp for some integer b> 1 
=> p! =nbp 
=> nb=(p-1)! 
= S(n)<(p-1)!, 
contradicting the definition of S(n). 


Therefore, p does not divide a, and this, in turn, proves the lemma. 


Now, we observe the following facts about S"'(p), where p>3 is a prime : 
(1) p,p!eS ‘(p), p being the smallest element and p! being the largest element of S '(p), 


(2) kpeS\(p) for all 1<k<p-1, 
(3): @ 42k pes) forall kee —, 


(4) ifneS |(p) then p|n, 


(5) S'(p) contains d((p—1)!) number of elements, where d((p—1)!) denotes the number of 
(positive) divisors of (p—1)! (see Stuparu and Sharpe [6]). 


Note that, if S(n)=m, then m is prime if n is prime. It then follows that, if m is a positive 
composite number, then n must also be composite too. Thus, if m is composite, then all the 
elements of S'(m) are also composite numbers. Again, for any fixed prime p > 3, S '(p) 
contains exactly one prime (namely, p itself). Thus, the sequence of primes pj, po, ... are 
contained in the respective sets S'(p,), S’'(p2), ... (which are pair-wise disjoint). The number of 
elements of the set S'(m) is d(n!) — d((n — 1)!) (see Vasile Seleacu [5]). 


-l 
min 


A formula for the least element of S“(m), denoted by S 
[5] : Ifm is a composite number of the form 


(m), is given in Vasile Seleacu 


where py, p2, ..., Px are the prime factors of m with p)<p2<...<px, then 


5: map tm) #1 
min Fk > 


where ¢,(m!) _ is the exponent of p, in the prime factors decomposition of m!. Note that, 
S(S.j,(m))=m for any me Z*; 
however, S_\ (S(8))=S.(4)=4. 


185 Chapter 5 : Smarandache Number Related Triangles 


5.5.2 Pseudo Smarandache Function Related Triangles 


Using a computer program, Ashbacher [2] searched for Z—related pairs of triangles (in the 
sense of Definition 5.3). He reports three such pairs. 


However, in this case also, like the S—related case in §5.5.1, the introduction of Z '\(m) may 
be helpful. Recall from §4.5 in Chapter 4 that Z_'(m) is defined as follows : 
Z'(m)={ne Z* : Z(n)=m} for any integer m>1, (5.5.5) 
where, neZ '(m) if and only if the following two conditions are satisfied : 
(1) n divides a ; 


(2) n does not divide A 


forany ¢€ with1<¢<m-l. 


The condition (5.1) can be dealt with by considering the restricted sets Z'(m|7): 
Z'(m|n)= {ne Z* :Z(n)=m, 1<n<178}. (5.5.6) 
Table 5.5.2 gives such restricted sets related to our problem. 
Clearly, two Z-related triangles T(a, B, y) and T(a’, B’, y’) must satisfy the following 
condition : 
a,a’e Z'(m, |); B,B’e Z‘(m, |), y,y'€ Z '(m, |) for some m,, m,m3¢ Z*. 
Thus, for example, choosing 
a, a’ €{2,6}=Z '(3| 2); B,B’ € £44, 48, 88, 132,176} =Z '(32|n), 
we can construct the Z-—related triangles T(2,48,130) and T(6, 44, 130). Again, choosing 


a, a’, B, B’ €{25, 50, 75, 100, 150} =Z'(24| x), we can form the pair of Z—related triangles 
T(25, 150, 5) and T(75, 100, 5) with the characteristic that 

Z(a) = Z(a') = 24 = Z(B)=Z(B') (and Z(y) =Z(y')=4). 
Choosing a, a’, B, B’ €{8, 20, 24, 30, 40, 60, 120} =Z'(15|m), we see that the equilateral 
triangle T(60, 60, 60) is Z—related to the triangle T(20, 40, 120)! 








The triangles T(4, 16, 160) and T(14, 62, 104), found by Ashbacher [2] by computer search, 
are an example of a Z—related pair where all the six angles are different. We have found three 
more, given below : 

(1) T(8, 12, 160) and T(40, 36, 104), 

(with Z(8) = Z(40) = 15, Z(12) =Z(36) =8, Z(160) = Z(104) = 64), 
(2) T(16, 20, 144) and T(124, 24, 32), 

(with Z(16) = Z(124) = 31, Z(20) =Z(24) = 15, Z(144) =Z(32) =63), 
(3) T(37, 50, 93) and T(74, 75,31) 

(with Z(37) =Z(74) = 36, Z(50) = Z(75) = 24, Z(93) =Z(31) = 30). 
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Table 5.5.2 : Values of Z"(m|\x)={neEZ* : Z(n)=m, 1 <n S180 } 

















m Z'(m|z) m Z (mz) m Z| (m|n) 
1 {1} 35 £90} 80 | {81, 108, 162, 180} 
2 {3} 36 (37, 74, 111} 82 {83} 
3 {2, 6} 39 {52, 130, 156} 83 {166} 
4 {5,10} 40 {41, 82, 164} 84 {170} 
5 {15} Al {123} 87 {116, 174} 
6 {7,214 42 {43, 129} 88 {89, 178} 
7 {4, 14,28} 43 {86} 95 {152} 
8 {9, 12, 18, 36} 44 £99, 110, 165} 96 {97} 
9 {45} 45 {115} 100 {101} 
10 {11,55} 46 {47} 102 {103} 
iat {22, 33, 66} AT {94,141} 106 {107} 
12 {13, 26, 39, 78} 48 |{49, 56, 84, 98, 147, 168}| 108 £109} 
13 {91} 49 {175} 111 {148} 
14 {35, 105} 51 {102} 112 {113} 
15 |{8, 20, 24, 30, 40, 60, 1203) 52 {53, 106} 120 {121} 
16 {17, 34, 68, 136} 53 {159} 124 {125} 
iv {51,153} 54 {135} 126 {127} 
18 {19, 57, 171} 55 £140, 154} 127 {64} 
19 {38,95} 56 {76, 114, 133} 128 {172} 
20 {42,70} 58 {59} 130 {131} 
21 {77} 59 {118,177} 136 {137} 
22 {23} 60 {61, 122} 138 {139} 
23 {46, 69, 92, 138} 63 | {32,72,96,112,144} | 148 {149} 
24 | {25,50,75,100,150} | 64 {80, 104, 160} 150 {151} 
25 {65} 65 {143} 156 {157} 
26 {27, 117} 66 {67} 162 {163} 
27 {54, 63, 126} 67 {134} 166 {167} 
28 {29, 58} 69 {161} 168 {169} 
29 {87, 145} 70 {71} 172 {173} 
30 {31, 93, 155} 71 {142} 178 {179} 
31 {16, 62, 124} 72 {73, 146} 255 {128} 
32 | {44,48, 88,132,176} | 78 {79} 

34 {85,119} 79 {158} 


Ashbacher [2], based on an exhaustive computer search for pairs of all dissimilar Z—related 
triangles T(a, B,y) and T(a’, B’,y’) (a+ B+y=180=a0'+P'+y’) with values of a in the range 
1<a<178, reports that a cannot take the following values in any pair of triplets : 
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1, 15, 23, 35, 41, 45, 51, 59, 65, 67, 71, 73, 77, 79, 82, 83, 86, 87, 89, 

90, 91, 97, 101, 102, 105, 107, 109, 113, 115, 116, 118, 121, 123, 125, 126, 127, 
131, 134, 135, 137, 139, 141, 142, 143, 148, 149, 151, 152, 153, 157, 158, 159, 
161, 163, 164, 166, 167, 169, 170, 171, 172, 173, 174, 175, 176, 177, 178. 


(5.5.7) 


Can the table of the sets Z'(m|x), Table 5.5.2, be utilized in explaining this observation? 
Very large value of a often forces the two triangles to be similar. For example, if we take 
a= 174 Z'(87| 7), then the three possible pairs of values of (B,y) are (1,5), (2,4) and (3,3). 
Note that the two sets Z'(1|)={1} and Z‘(2|)={3} are each singleton. Thus, if a’ =174, 
then the two triangles T(a, B, y) and T(a’, B’, y’) must be similar. On the other hand, if 
a’ =116e Z'(87|m), then we cannot find B’, y’ with B’+y'= 64. Now, we consider the case 
when a =164. This case is summarized in the tabular form below : 











a=164 a’=164 a’ =82 a’=41 Remark 
(B, y) (1,15) | Similar Triangle | Not Possible | Not Possible | Both belong to singleton sets 
(2,14) | Similar Triangle | Not Possible | Not Possible Bi+y'<34 
(3,13) | Similar Triangle | Not Possible | Not Possible | 3 belongs to a singleton set 
(4,12) | Similar Triangle | Not Possible | Not Possible B'+y'<64 
(5,11) | Similar Triangle | Not Possible | Not Possible B'+y'<65 
(6,10) | Similar Triangle | Not Possible | Not Possible B'+y'<16 
(7,9) | Similar Triangle | Not Possible | Not Possible Bi +y'<57 
(8,8) | Similar Triangle | Not Possible | Not Possible 





























However, if a =165, we can get two dissimilar Z—related triangles, namely, T(165,7,8) and 


T(81, 21, 60). 


A closer look at the values in (5.5.7) and Table 5.5.2 reveals the following facts : 


(1) The numbers not appearing in any 180 degrees pair of triplets are all belong to singleton sets, 
with the exception of 3, 47, 64, and 103. For the last three cases, we have the following 


examples : 


(a) T(47, 76, 57) and T(47, 114, 19) (with Z(76) = 56=Z(114), Z(57)= 18=Z(19)), 
(b) T(64, 12, 104) and T(64, 36, 80) (with Z(12)=8 =Z(36), Z(104) =64=Z(80)), 
(c) T(103, 11, 66) and T(103, 55, 22) (with Z(11) =10=Z(55), Z(66) = 11 =Z(22)). 
(2) In most of the cases, if a value does not appear in the triplet pair, all other values of the 


corresponding Z'(m|x) also do not appear in other triplet pair, with the exception of 
145€Z'(29|n) (87€Z'(29|x) does not appear in any triplet pair), and 146€ Z'(72| x) 


(73€ Z''(72|m) does not appear in any triplet pair). In this connection, we may mention the 


following pair of triplets : 

(a) T(145, 14, 21) and T(145, 28, 7) (with Z(14) =7 = Z(28), Z(21)=6=Z(7)), 

(b) T(146, 4, 30) and T(146, 14, 20) (with Z(4) = 7=Z(14), Z(0) = 15=Z(20)). 
(3) The only number in Z'(27|7) that cannot appear in any triplet pair is 126. 
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We searched for 60 degrees, 120 degrees and Pythagorean Z—related pairs of triangles, in 
the sense of Definition 5.3 (where a 60 (120) degrees triangle is one whose one angle is 60 
(120) degrees). We have found the following two pairs of Z—related 60 degrees triangles : 
(1) T(8, 60, 112) and T(24, 60, 96) (with Z(8) = Z(24) = 15, Z(112) =Z(96) = 63), 
(2) T(32, 60, 88) and T(72, 60, 48) (with Z(32) =Z(72) = 63, Z(88) = Z(48) = 32). 
Note that, in the second example, all the six angles are acute. 


As for the 120 degrees Z—related triangles, we have found only one pair, namely, the triangles 
T(20, 40, 120) and T(30, 30, 120) (with (Z(20) = Z(30) = Z(40) = Z(120)=15), while our search 
for a pair of Z—related Pythagorean triangles went in vain. 








We also looked for dissimilar pairs of Z—related triangles where all the six angles are acute. 

In addition to the second pair listed above, we have the following pairs : 

(i) T(72, 20, 88), T(72, 60, 48) (with Z(20) = 15 =Z(60), Z(88) =32 = Z(48)), 

(i) T(88, 20, 72), T(88, 60, 32) (with Z(20) = 15 =Z(60), Z(72) = 63 = Z(32)), 

(iii) T(54, 42, 84), T(54, 70, 56) (with Z(42) = 20 =Z(70), Z(84) =48 = Z(56)), 

(iv) T(70, 22, 88), T(70, 66, 44) (with Z(22) = 11 =Z(66), Z(88) =32 =Z(44)), 

(v) T(80, 25,75), T(80, 50, 50) (with Z(25) = 24 = Z(50)=Z(75)), 

(vi) T(81, 11, 88), T(81, 55, 44) (with (Z(11) = 10 =Z(55), Z(88) =32 =Z(44)). 

It may be mentioned here that the last four pairs are S—related as well, since 
S(42) =7=S(70) = S(84) =S(56), S(22) = 11 = S(66) = S(88) = S(44), 
S(25) = 10=S(50)= S(75), S11) = 11 =S(55) =S(88) = S(44). 




















Using computer search, we looked for Z—related pairs of triangles under the additional 
condition that a=«a’. Our search resulted in 59 such pairs, of which 25 pairs are S—related as 
well. Our search shows that a= a' cannot take the following values in any pair : 
1, 2, 3, 6, 7, 8, 13, 14, 15, 16, 17, 18, 21, 22, 23, 24, 29, 31, 34, 35, 38, 39, 40, 
41, 43, 45, 46, 49, 50, 51, 52, 53, 56, 57, 58, 59, 61, 62, 65, 66, 67, 69, 73, 74, 
76, 77, 78, 79, 82, 83, 84, 85, 86, 87, 89, 90, 91, 92, 93, 95, 96, 97, 98, 99, 101, 
102, 104, 105, 106, 107, 109, 110, 111, 113, 114, 115, 116, 117, 118, 119, 121, 
122, 123, 124, 125, 126, 127, 133, 134, 135, 141, 142, 143, 144, 147, 148, 
149, 150, 151, 152, 153, 155, 156, 157, 158, 159, 160, 161, 162, 163, 164, 
165, 166, 167, 168, 169, 170, 171, 172, 173, 174, 175, 176, 177, 178. 
Similar search for S—related pairs of triangles (under the same condition that a=«a’) found 1072 
pairs, with the maximum number of 46 pairs when a=a'=37. The search shows further that 
a =a’ cannot take the following values in any pair : 
58, 71, 73, 77, 83, 86, 91, 97, 107, 111, 113, 118, 121, 123, 127, 132, 137, 
139, 141, 142, 144, 147, 148, 149, 151, 153, 154, 156, 158, 159, 161, 162, | 
163, 165, 166, 167, 168, 169, 170, 171, 172, 173, 174, 175, 176, 177, 178. 
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5.6 Some Observations and Remarks 


Theorem 5.2.1 and Theorem 5.2.2 in §5.2 prove respectively the existence of pairs of infinite 
families of 60 degrees triangles that are S—related and Z—related, the corresponding results in 
the case of the 120 degrees triangles are given in Theorem 5.3.1 and Theorem 5.3.2 respectively 
in §5.3, while Theorem 5.4.1 and Theorem 5.4.2 respectively in §5.4 settles the cases with the 
Pythagorean triangles. However, note that, the values of a, b and c, as well as the values a’, b’, 
and c’ in the relevant pairs of triangles T(a, b,c) and T(a’,b’,c’) are quite large, particularly for 
the case of Z—related triangles. This is unavoidable if we want to prove the infinitude of the 
families of pairs of dissimilar 60 degrees, 120 degrees and Pythagorean triangles that are 
S—related or Z—related. 


It may be mentioned that, it is possible to find pairs of dissimilar 60 degrees (and 120 
degrees) triangles T(a, b,c) and T(a’,b’,c’) that are S—related or Z—related, with smaller values 
of a, b, c, and a’, b’, c’. To find such pairs of triangles manually (without using any computer 
program), we have to look at the solutions of the Diophantine equations (5.2.1) and (5.3.1) more 
closely. 


First, we consider the Diophantine equation 
4a’ =(2c—b)’+ 3b’. (5.2.1) 


By Lemma 5.2.1, the problem of finding the pair of dissimilar 60 degrees triangles is equivalent 
to the problem of finding (non-trivial) independent solutions of the Diophantine equation 
(5.2.1). Lemma 5.1.4 guarantees that the solutions of the equation (5.2.1) occur in independent 
pairs. Once we can find a pair of independent solutions of (5.2.1), we can manipulate with them 
to find a pair of triangles that are S—related or Z—related. We illustrate it with the help of an 
example below. 


Example 5.6.1 : Two independent solutions of the Diophantine equation (5.2.1) are 

(1) a1 =7, bi =3, c1=8, (5.2.2) 

(2) a.=7, by =5, c2=8. (5.2.3) 
Using these two solutions, we can form the family of (dissimilar) pairs of 60 degrees triangles, 
T(7k, 3k, 8k) and T(7k, 5k, 8k), where k= 1 is an integer. Now, if we choose k such that 


Z(3k) =Z(5k), (1) 


then the corresponding pair of triangles becomes Z-—related. Choosing k=8 (so that 
Z(3k) = Z(24) = 15 = Z(40) = Z(5k)), we get the pair of 60 degrees triangles T(56, 24, 64) and 
T(56, 40, 64), which are Z-—related. The choice k=14 gives a second pair of triangles 
T(98, 42, 112) and T(98, 70, 112) (since Z(42) =20 =Z(70)). And k=33 gives the third pair 
(since Z(99) = 44 = Z(165)). We can still get more, besides those corresponding to k=29,31 
(from (5.2.4) and (5.2.5) with n= 1), for example, those corresponding to k= 36, 52. 


Thus, for this particular pair of independent solutions of the Diophantine equation (5.2.1), the 
problem of finding pair(s) of (dissimilar) 60 degrees Z—related triangles reduces to the problem 
of finding the solutions of (1). So, the question arises : How to find the solutions of (1)? 
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Note that, since S(42)=7=S(70), the pair of triangles T(98,42,112) and T(98,70,112) is 
S—related as well. That is, T(98, 42, 112) and T(98, 70, 112) are both S—related and Z-related. 
With the solutions (5.2.2) and (5.2.3) of (5.2.1), we can think of other possibilities as well : 


Case (1) : Are there integers k and k,, with k#k, (k, k; = 1), such that 
S(7k) = S(7ki), S(3k) = S(3ki), S(8k) = S(8k,)? 
Case (2) : Are there integers k and k,, with k#k, (k, k; = 1), such that 
S(7k) = S(7ki), S(5k) = S(5ki), S(8k) = S(8k1)? 
Case (3) : Are there integers k and k, (k, k; = 1), such that 
S(7k) = S(7ki), S(3k) = S(5ki), S(8k) = S(8k,)? 
In Case (2), choosing k=2 and k,=2x3=6, we get the pair of triangles T(7,5, 8) and 
T(21, 15, 24), which are S—related (with S(7) =7=S(21), S(5)=5=S(15), 8(8)=4=S(24)). 
In Case (3), choosing k=2x5=10 and kj =2, we get the pair of triangles T(70, 30, 80) and 
T(14, 10, 16), which are S—related (with S(70) =7=S(14), S(30)=5 =S(10), S(80) =6=S(16)). 
In the case of the Z—related triangles, the three possibilities are 
Case (i) : Are there integers k and k,, with k#k, (k, k, = 1), such that 
Z(7k) = Z(7k1), Z(3k) = Z(3k1), Z(8k) = Z(8k,)? 
Case (ii) : Are there integers k and k,, with k#k, (k, k, > 1), such that 
Z(7k) = Z(7k1), Z(5k) = Z(5k1), Z(8k) = Z(8k,)? 
Case (iii) : Are there integers k and k; (k, k; = 1), such that 
Z(7k) = Z(7k), Z(3k) = Z(5k1), Z(8k) = Z(8k,)? 
These cases are more difficult to deal with. Case (i11) with k= 14, k, =42, gives the pair of 
Z-—related triangles T(98, 42, 112) and T(294, 210, 336), since 


Z(98) =48 =Z(294), Z(42) = 20=Z(210), Z(112)=63 =Z(336). # 





Example 5.6.2 : Since 

(1) a3=13, bs =7, c3=15, (2) ag= 13, bg =8, c= 15. 
are two independent solutions of the Diophantine equation (5.2.1) (as can easily be verified), the 
two triangles T(13k,7k,15k) and T(13k,8k,15k) are 60 degrees Z—related if k is such that 
Z(7k) = Z(8k). Since, for k=7, Z(49)=48=Z(56), we get the desired pair of triangles 
T(91, 49, 105) and T(91, 56, 105). Choosing k=11, we get the pair of triangles T(143, 77, 165) 
and T(143, 88, 165), which are S—related. 


Example 5.6.3 : We now consider the following pair : 
(1) ay =7, b, =3, Cy =8, (2) aa 13, b4=7, Ca = 15. 
By Example 5.6.1 and Example 5.6.2, each is a solution of the Diophantine equation (5.2.1). 
Now, using these two solutions, we can form pairs of 60 degrees triangles that are S—related. 
One such pair is T(119, 51, 136) and T(221, 119, 255), since 
S(119)=S(7 x 17)=17=S(13 x 17) =S(221), 
S(51)=S(3 x 17)=17=S(7x 17) =S(119), 
S(136)=S(8 x 17)=17=S(15 x 17)=S(255). 
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Next, we confine our attention to the Diophantine equation 

4a°=(2c +b)’ +3b’. (5.1.2) 
A look at Table 5.1.2 shows that, it is more difficult to form pairs of 120 degrees triangles that 
are S—related/Z—related, even with the two independent solutions of the Diophantine equation 
(5.1.2) corresponding to a=49. From Theorem 5.3.1 with p=17, we get the pair of 120 degrees 
triangles T(833, 272, 663) and T(833, 357, 595) that are S—related. The following example 
illustrates how to construct pairs of 120 degrees S—related triangles, using the solutions of 
(5.1.2). 


Example 5.6.4 : Two independent solutions of the Diophantine equation (5.1.2) are 

(1) a, =7, b) =3, c, =5, (2) a= 13, br =7, c2=8. 
Using these two solutions, we can form a pair of (dissimilar) 120 degrees triangles, T(7k, 3k, 5k) 
and T(13k,, 7k), 8k,), where k= 1 and k, > 1 are integers. Now, if we choose k and k, such that 

S(7k) = S(13k,), S(3k) = S(7k,), S(5k) = S(8k,), 

then the corresponding pair of triangles becomes S—related. Choosing k=17, k;=17 (so that 
S(7k) = S(119)= 17 = 8(221)=S(13k,), S(3kK)= S(51)= 17 = S(119)= S(7k,), S(Sk) = S(85) = 7, 
17=S(136)=S(8k,)), we get the pair of 120 degrees triangles T(119, 51,85) and T(221, 119,136), 
which are S—related. We can now form more; in fact, each member of the family of similar 
triangles T(119m, 51m, 85m), 1<m<6, is S—related to each of the family of similar triangles 
T(221n, 119n, 136n), 1<n<6. @ 


Remark 5.6.1 : To construct a pair of (dissimilar) 120 degrees S—related triangles, using the 
(independent) solutions (13,7,8) and (49, 16,39) of the Diophantine equation (5.1.2), we 
consider the triangles T(13k, 7k, 8k) and T(49k,, 16k;, 39k,), where k>1 and k, >1 are 
integers such that S(13k)=S(49k,), S(7k) = S(16ki), S(8k) = S(39k,). Choosing k=k, = 17, 
we get the desired pair T(221, 119, 136) and T(833, 272, 663). However, if we agree that the 
order of the sides (of the two triangles) can be disregarded (that is, the triangles T(a, b, c) 
and T(a’,b’,c’) are S—related if S(a) equals any one of S(a’), S(b’) and S(c’), S(b) equals any 
one of the remaining two, and S(c) equals the third one), then we can get another pair of 
S—related triangles from T(13k, 7k, 8k) and T(49k,, 16k), 39k;) as follows : We choose 
k=2’x7 and k\=2. The resulting pair, also found by Ashbacher [2] by computer search, is 
T(364, 196, 224) and T(98, 32, 78), where 


S(a) = $(364) = 13 = $(78) = S(c’), S(b) = S(196) = 14 = (98) =S(a’), 
S(c) = §(224) =8 = $(32) =S(b’). 


The construction of a pair of 120 degrees Z—related triangles, using the solutions of the 
Diophantine equation (5.1.2), is much more difficult, particularly because only very little is 
known about the values of Z(n). We illustrate below how this pair, also found by Ashbacher [2], 
can be obtained from the solutions of the Diophantine equation (5.1.2). 


Example 5.6.5 : The pair of 120 degrees triangles T(13k, 7k, 8k) and T(49k,, 16k;, 39k,) 
(considered in Remark 5.6.1) are Z—related if we choose k= 24 and k, = 12. The resulting pair is 
T(312, 168, 192) and T(588, 192, 468), with Z(312) = 143 =Z(468), Z(168) = 48 = Z(588). Note 
that, in this case, the order of the sides of the two triangles is disregarded. 
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We close this last chapter of the book with the following open problems and conjectures. 


Question 5.6.1 : Is it possible to find a general explicit formula for all the solutions of the 
Diophantine equation 4a” =(2c—b)* + 3b”? 


Table 5.1.1 shows that, for 1 <a< 100, the solutions of the equation 4a°=(2c—b)’ + 3b” 
exists when a is a prime of the form 3n+ 1. Note that, if a solution of 4a°=(2c—b)*+ 3b’ is 
known, then a second independent solution of the equation is also known, by Lemma 5.1.4; 
moreover, this enables us to find a solution of the Diophantine equation 4a”=(2c +b)’ + 3b’ as 
well, by virtue of Lemma 5.1.6. 





Question 5.6.2 : Is it possible to find a good upper bound to the number of pairs of 
dissimilar triangles that are S—related/Z—related, in the sense of Definition 5.1? 


Question 5.6.3 : Is it possible to find a good upper bound to the number of pairs of 
dissimilar 60 degrees triangles that are S—related/Z—related, in the sense of Definition 5.1? 


Question 5.6.4 : Is it possible to find better upper bounds to the number of elements of the 
set S'(m|z)? 


Conjecture 5.6.1 : There is no pair of dissimilar 90 degrees triangles that are Z—related, in 
the sense of Definition 5.3. 


Question 5.6.5 ; Given a triangle T(a, b,c), what is the condition that a similar triangle 
T(a’, b’, c’) exists such that T(a, b, c) and T(a’, b’, c’) are S—related/Z—related? 


Given the right-angled triangle T(3,4,5), we can find a similar triangle, namely, T(6, 8, 10), 
such that T(3,4,5) and T(6, 8,10) are S—related; but, there is no triangle which is similar and 
Z-—trelated to T(3, 4,5). However, the right—angled triangles T(18, 80, 82) and T(36, 160, 164) are 
Z-—related. Note that, the triangles T(18, 80, 82) and T(36, 160, 164) are not S—related. 
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193 Appendix A.1 : Values of Z(n) 
APPENDIX A.1 : Values of Z(n) for n = 1(1)5000 


Table A.1.1 : Values of Z(n) for n=1(1)352 


Zn) |n Zn)|n Zn)|n Z| n Zo] n ZH] an ZH] n Zn) 


n 

1 1 |45 9 | 89 88 | 133 56 | 177 59 | 221 51 | 265 105 |309 102 
2 3 |46 23 | 90 35 | 134 67 | 178 88 | 222 36 | 266 56 |310 124 
3 2/47 46/91 13 | 135 54} 179 178 | 223 222 | 267 89 |311 310 
4 7 (48 32 | 92 23 | 136 16 | 180 80 | 224 63 | 268 200 |312 143 
5 4/49 48 | 93 30/137 =136] 181 ~=180 | 225 99 | 269 268 }313 312 
6 3 {50 24 | 94 47 | 138 23 | 182 91 | 226 112 | 270 80 |314 156 
7 6 51 17 | 95 19 |139 = 138 | 183 60 | 227 226 | 271 270 1315 35 
8 15 |52 39 | 96 63 | 140 55 | 184 160 | 228 56 | 272 255 |316 79 
9 8 |53 52 | 97 96 | 141 47 | 185 74 | 229 228 | 273 77 |317 =316 
10 4/54 27 | 98 48 | 142 71 | 186 92 | 230 115 | 274 136 }318 159 
11 10455 101]99 44 | 143 65 | 187 33 | 231 21 | 275 99 |319 87 
12 8 |56 48 |100 24 | 144 63 | 188 47 | 232 144 | 276 23 |320 255 
13. 12 ]57)—-18 }101) = 100 | 145 29 | 189 27 | 233) 232 | 277 +276 |321 = 107 
14 7 (58 28 {102 51 | 146 72 | 190 19 | 234 116 | 278 139 )322 91 
15 5 {59 58 4103 102 | 147 48 | 191 190 | 235 94 | 279 62 |323 152 
16 3160 15 104 64 | 148 111) 192 128 | 236 176] 280 160 |324 80 
17 +16 j61 ~=60 }105 14/149 148} 193 192 | 237 78 | 281 280 |325 25 
18 8 |62 31 |106 52 | 150 24 | 194 96 | 238 84 | 282 47 |326 =163 


42 20 |86 43 1130 39 | 174 87} 218 108 | 262 131 | 306 135 |350 175 
43 42 |87 29 4131 130 }175 49 | 219 72 | 263 262 | 307 306 |351 26 
44 32 |88 32 |132 32 | 176 32 | 220 55 | 264 32 | 308 55 {352 319 
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Table A.1.2 : Values of Z(n) for n=353(1)720 


n Zn)/n Z(n) | n Z(n) | n Z(n) n Zn)|n Zn) | n Z(n) | n Z(n) 
353 = 352 |399 56 |445 89 |491 490 [537 179 |583 264 |629 221 |675 324 
354 59 |400 224 1446 223 |492 287 |538 268 |584 511 |630 35 |676 168 
355 70 |401 400 |447 149 |493 203 |539 98 |585 90 |631 630 |677 676 
356 88 |402 200 |448 384 |494 208 |540 80 |586 292 |632 79 |678 339 
357 84 |403 155 |449 448 |495 44 1541 540 |587 586 |633 210 |679 97 
358 179 |404 303 |450 99 496 31 |542 271 |588 48 1634 316 |680 255 
359 =358 |405 80 |451 164 |497 70 (543 180 |589 247 |635 254 |681 227 
360 80 |406 28 |452 112 |498 83 |544 255 |590 59 1636 159 |682 340 
361 360 |407 110 |453 150 |499 498 |545 109 |591 197 |637 = 195 |683 682 
362 180 |408 255 |454 227 |500 375 |546 104 |592 480 |638 87 |684 152 
363 =120 |409 408 |455 90 |501 167 |547 546 |593 592 |639 71 |685 274 
364 104 |410 40 |456 95 |502 251 |548 136 |594 296 |640 255 |686 343 
365 145 /411 137 1457 = 456 |503 502 |549 243 |595 34 |641 640 |687 228 
366 60 |412 103 |458 228 |504 63 |550 99 1596 447 |642 ~=‘107 |688 128 
367 366 |413 118 |459 135 |505 100 |551 57 1597 198 |643 642 |689 52 
368 160 |414 207 |460 160 |506 252 |552 207 |598 91 |644 160 |690 275 
369 81 |415 165 |461 460 |507 168 [553 237 1599 =598 |645 ~=129 |691 690 
370 =184 |416 64 |462 132 |508 127 1554 276 |600 224 |646 152 |692 519 
371 105 |417 138 |463 462 |509 508 |555 74 {601 600 |647 646 |693 98 
372 216 |418 76 |464 319 |510 84 1556 416 |602 300 |648 80 |694 347 
373 372 |419 418 |465 30 |511 146 [557 556 |603 = 134 649 =176 |695 139 
374 187 |420 104 |466 232 |512 1023 |558 216 |604 151 |650 299 |696 144 
375 125 |421 420 |467 466 {513 189 [559 129 |605 120 |651 62 |697 204 
376 47 |422 211 |468 143 |514 256 |560 160 |606 303 |652 488 |698 348 
377 =116 |423 188 |469 133 |515 205 |561 33 1607 606 |653 652 |699 233 
378 27 |424 159 |470 140 |516 128 |562 280 |608 512 |654 108 |700 175 
379 378 |425 50 |471 156 |517 187 |563 562 |}609 174 |655 = 130/701 700 
380 95 |426 71 |472 176 |518 111 |564 47 {610 60 |656 287 |702 324 
381 126 |427 182 |473 43 |519 173 [565 225 |611 234 |657 72 |703 37 
382 191 |428 320 1474 236 |520 64 |566 283 |612 135 |658 140 |704 384 
383 382 |429 65 |475 75 |521 520 |567 161 |613 612 |659 658 |705 140 
384 255 |430 215 |476 119 |522 116 [568 496 |614 307 |660 120 |706 352 
385 55 |431 430 |477 53 1523 522 |569 568 |615 164 |661 660 |707 202 
386 192 |432 351 |478 239 |524 392 |570 75 1616 175 {662 331 |708 176 
387 =171 |433 432 |479 478 |525 125 1571 570 |617 616 |663 51 |709 708 
388 96 |434 216 |480 255 |526 263 |572 143 |618 308 |664 415 |710 284 
389 388 |435 29 |481 221 |527 186 [573 191 |619 618 |665 189 |711 315 
390 39 |436 327 1482 240 |528 32 |574 287 |620 279 |666 36 |712 623 
391 68 |437 114 |483 69 |529 528 |575 275 |621 161 |667 115 {713 92 
392 48 |438 72 |484 120 |530 159 1576 512 1622 311 |668 #167 |714 84 
393 =131 |439 438 |485 194 |531 117 1577 =576 |623 =266 |669 222 |715 65 
394 196 |440 175 |486 243 |532 56 1578 288 |624 351 |670 200 |716 536 
395 79 |441 98 1487 486 |533 246 |579 192 |625 624 |671 121 |717 239 
396 =143 |442 51 /488 304 |534 267 |580 144 |626 312 |672 63 |718 359 
397 396 |443 442 |489 162 |535 214 |581 83 1627 132 |673 672 |719 718 
398 199 |444 111 | 490 195 |536 335 | 582 96 |628 471 |674 336 |720 224 
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Table A.1.3 : Values of Z(n) for n=721(1)1088 


n Zn)/n Zn)|n ZHm)}|n ZH} n ZM)/n Zo) n Z(n) | n Z(n) 
721 308 |767 117 |813 270 |859 858 |905 180 |951 317/997 996 |1043 447 
722 360 1768 512 |814 296 |860 215 |906 452 |}952 272 )998 499 |1044 144 
723 240 1769 768 |815 325 |861 41 |907 906 |953. 952 )}999 296 |1045 209 
724 543 |770 55 1816 255 |862 431 1908 680 |954 423 |1000 624 |1046 523 
725 1741771 257 |817 171 1863 862 |909 404 |955 190 |1001 77 |1047 = =348 
726 1201772 192 |818 408 |864 512 |910 104 |956 239 }1002 167 }1048 655 
727 726 |773 772 |819 90 1865 345 }911 910 |957 87 |1003 118 |1049 1048 
728 272 |1774 171 |820 40 |866 432 |912 95 1958 479 1004 752 1050 224 
729 7281775 124 |821 820 |867 288 |/913 165 |959 273 {1005 134 1051 1050 
730 219 |776 96 {822 411/868 216 1914 456 |960 255 }1006 503 |1052 263 
731 85 |777 111 |823 822 |869 395 |915 60 |961 960 }1007 265 }1053 324 
732 183 1778 388 |824 720 |870 144 |916 687 |962 259 |1008 63 1054 340 
733, 732 \779 246 |825 99 1871 402 |917 392 |963 107 |1009 1008 }1055 210 
734 367 |780 39 1826 412 |872 544 |918 135 |964 240 |1010 100 |1056 384 
735 195 |781 142 |827 826 |873 387 1919 918 |}965 385 }1011 336 }1057 301 
736 575 |782 68 {828 207 |874 436 |920 160 |966 252 }1012 528 |1058 528 
737 66 1783 377 (829 828 |875 125 |}921 306 |967 966 {1013 1012 |1059 353 
738 287 |784 735 |830 415 |876 72 |922 460 |968 847 {1014 168 |1060 159 
739 7381785 314 |831 276 |877 876 |923 142 |}969 152 |1015 174 |1061 1060 
740 184 1786 131 |832 767 |878 439 |924 231 |970 484 }1016 127 }1062 531 
741 38 |787 786 |833 391 |879 293 |925 74 1971 970 11017 225 }1063 1062 
742 371 |788 591 |834 416 {880 319 |926 463 |972 728 {1018 508 |1064 399 
743, 742 1789 263 |835 334 |881 880 |927 206 |973 139 |1019 1018 |1065 284 
744 464 |790 79 1836 208 |882 440 928 319 |974 487 |1020 119 |1066 532 
745 149 1791 112 |837 216 |883 882 |929 928 |975 299 |1021 1020 |1067 484 
746 372 1792 143 |838 419 |884 272 |930 155 |976 671 11022 364 }1068 623 
747 332 |793 182 |839 838 |885 59 1931 342 |977 976 {1023 186 {1069 1068 
748 407 |794 396 |840 224 |886 443 |932 232 |978 488 {1024 2047 |1070 320 
749 3211795 105 |841 840 |887 886 |/933 311 |979 88 |1025 450 |1071 153 
750 375 1796 199 |842 420 |888 111 |934 467 |980 440 |1026 323 |1072 736 
751 750 1797 796 |843 281 |889 126 |935 220 |981 108 |1027 78 {1073 406 
752 704 |798 56 |844 632 |890 355 |936 143 |982 491 |1028 256 |1074 179 
753 251 1799 187 |845 169 |891 242 |937 936 |983 982 {1029 342 |1075 300 
754 116 |800 575 |846 188 |892 223 |938 335 |984 287 {1030 515 |1076 807 
755 150 |801 89 |847 363 |893 94 1939 312 |985 394 {1031 1030 |1077 359 
756 216 |802 400 |848 159 |894 447 |940 375 |986 203 {1032 128 |1078 440 
757 756 |803 219 |849 282 |895 179 |941 940 |987 140 /1033 1032 }1079 415 
758 379 1804 200 |850 424 |896 511 |942 156 |988 208 |1034 187 |1080 80 
759 230 |805 69 1851 184 |897 207 |)943 368 |989 344 |1035 45 |1081 46 
760 95 |806 155 |852 71 1898 448 |944 767 |990 44 11036 111 /1082 540 
761 760 |807 269 |853 852 |899 434 |945 189 |991 990 {1037 305 |1083 360 
762 380 |808 303 |854 244 |900 224 |946 43 1992 960 |1038 519 |1084 271 
763 217 |809 808 |855 170 |901 424 |947 946 |993 330 {1039 1038 |1085 154 
764 191 |810 80 |856 320 |}902 164 }948 552 |994 496 |1040 64 {1086 = 180 
765 135 |811 810 |857 856 |903 42 1949 364 |995 199 |1041 347 |1087 1086 
766 383 |812 231 /858 143 |904 112 |950 75 |996 248 |1042 520 |1088 255 
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Table A.1.4 : Values of Z(n) for n= 1089(1)1456 


n Z(n)/ n Z(n) | n Zm)} n Zn)| n ZH] n ZH)|] n ZM)/] n Z(n) 
1089 242 11135 454 1181 1180 1227 408 11273 133 1319 1318 {1365 90 1411 663 
1090 435 11136 639 [1182 591 1228 920 1274 195 1320 384 [1366 683 {1412 352 
1091 1090 11137 378 11183 168 11229 1228 {1275 50 1321 1320 {1367 1366 {1413 314 
1092 104 {1138 568 [1184 703 {1230 164 [1276 87 1322 660 [1368 512 |1414 504 
1093 1092 [1139 67 1185 315 1231 1230 1277 1276 1323 539 {1369 1368 {1415 565 
1094 547 {1140 95 1186 592 {1232 384 [1278 71 1324 992 [1370 684 {1416 176 
1095 219 11141 489 1187 1186 1233 548 11279 1278 1325 424 [1371 456 |1417 545 
1096 959 11142 571 11188 296 1234 616 [1280 1024 11326 51 1372 343 {1418 708 
1097 1096 {1143 126 1189 492 1235 285 {1281 182 1327 1326 {1373 1372 |1419 429 
1098 243 11144 143 {1190 84 1236 720 11282 640 1328 415 11374 228 {1420 639 
1099 314 11145 229 11191 396 1237 1236 1283 1282 1329 443 11375 374 {1421 637 
1100 175 11146 191 [1192 447 1238 619 {1284 320 1330 399 1376 128 |1422 315 
1101 366 1147) 185 1193 1192 1239 294 11285 514 1331 1330 {1377 323 |1423 1422 
1102 551 1148 287 11194 596 1240 464 [1286 643 1332 296 {1378 52 [1424 800 
1103 1102 11149 383 11195 239 1241 510 [1287 143 1333 558 1379 196 |1425 75 
1104 575 {1150 = 275 [1196 207 1242 459 [1288 160 1334 115 [1380 344 {1426 92 
1105 169 1151 1150 [1197 189 1243 451 {1289 1288 1335 89 1381 1380 1427 1426 
1106 315 [1152 512 11198 599 11244 311 1290 215 1336 1168 [1382 691 {1428 119 
1107-81 (1153-1152 [1199 109 1245 165 {1291 1290 1337 573 [1383 461 {1429 1428 
1108 831 11154 576 {1200 224 1246 356 {1292 152 1338 668 11384 864 {1430 220 
1109 1108 1155 = =209 [1201 1200 11247 86 1293 431 11339 103 11385 554 {1431 53 
1110 444 11156 288 [1202 600 1248 767 11294 647 1340 200 [1386 252 |1432 895 
1111 505 1157 533 (1203 401 1249 1248 [1295 259 1341 297 (1387 437 {1433 1432 
1112 416 {1158 192 11204 343 1250 624 1296 1215 1342 671 [1388 1040 {1434 239 
1113 105 11159 =304 {1205 240 1251 278 [1297 1296 1343 237 1389 462 {1435 245 
1114 556 11160 144 [1206 468 1252 312 {1298 176 1344 384 11390 139 |1436 359 
1115 445 (1161 = 215 {1207 425 1253 357 {1299 $432 1345 269 11391 428 1437 479 
1116 216 11162 83 1208 1056 1254 132 1300 624 11346 672 1392 608 |1438 719 
1117 1116 11163 1162 [1209 155 1255 = 250 {1301 1300 1347 449 11393 398 1439 1438 
1118 559 11164 96 1210 120 1256 784 11302 216 1348 336 11394 204 {1440 575 
1119 372 1165 465 [1211 518 {1257 419 1303 1302 1349 284 11395 279 |1441 131 
1120 384 11166 264 [1212 303 1258 407 11304 815 1350 324 [1396 1047 |1442 308 
1121 531 1167 389 1213 1212 11259 1258 11305 144 1351 385 {1397 253 {1443 221 
1122 407 11168 511 (1214 607 1260 224 11306 652 1352 1183 [1398 699 |1444 360 
1123 1122 1169 167 {1215 485 1261 194 [1307 1306 1353 164 1399 1398 |1445 289 
1124 280 11170 260 [1216 512 1262 631 1308 327 1354 676 11400 175 1446 240 
1125 125 1171 1170 1217 91216 1263 420 11309 §=153 1355 270 {1401 467 |1447 1446 
1126 563 [1172 879 11218 203 1264 1184 [1310 524 1356 791 1402 700 |1448 543 
1127 391 {1173 68 1219 529 1265 230 (1311 114 1357 413 [1403 183 |1449 161 
1128 47 (1174 = 587 {1220 304 1266 632 11312 1024 1358 679 [1404 351 {1450 724 
1129 1128 1175 = 375 (1221 110 1267) =181 11313 403 1359 603 [1405 280 {1451 1450 
1130 339 11176 48 [1222 376 [1268 951 11314 72 1360 255 {1406 703 |1452 120 
1131 116 1177) = 428 1223) 1222 1269 $188 [1315 525 1361 1360 {1407 335 {1453 1452 
1132 848 1178 247 1224 288 1270 380 11316 328 1362 227 {1408 1023 |1454 727 
1133 308 [1179 261 {1225 49 1271 123 1317 438 {1363 376 1409 1408 /1455 194 
1134 567 {1180 295 |1226 612 |1272 159 |1318 659 {1364 495 |1410 140 |1456 832 
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Table A.1.5 : Values of Z(n) for n= 1457(1)1824 


n Zn }|n ZH) }|n Zn) {}|n Zn) n Z(n) n Zn) |n Zn) n Z(n) 
1457 93 1503 333 1549 1548 1595 319] 1641 546 |1687 482 {1733 1732 | 1779 593 
1458 728 [1504 704 {1550 124 {1596 56 | 1642 820 /1688 1055 1734 288] 1780 800 
1459 1458 [1505 300 {L551 329 [1597 1596 | 1643 371 {1689 563 (1735 694 | 1781 273 
1460 584 11506 251 {1552 96 1598 187) 1644 959 |1690 675 {1736 496 | 1782 648 
1461 486 [1507 274 {1553 1552 [1599 246 | 1645 140 |1691 266 {1737 386 | 1783 1782 
1462 731 (1508 376 {1554 111 [1600 1024 | 1646 823 |1692 423 [1738 395 | 1784 223 
1463 76 1509 503 1555 310 1601 1600) 1647 243 1693 1692 1739 517/1785 84 
1464 671 [1510 604 {1556 1167 [1602 711] 1648 927 |1694 363 {1740 144 | 1786 892 
1465 585 [1511 1510 {1557 692 [1603 686 | 1649 679 |1695 225 {1741 1740 | 1787 1786 
1466 732 [1512 783 {1558 532 [1604 400 | 1650 99 11696 1536 1742 468] 1788 447 
1467 162 11513 356 {1559 1558 [1605 320] 1651 507 |1697 1696 {1743 83 | 1789 1788 
1468 367 [1514 756 1560 480 1606 219 | 1652 944 |1698 848 (1744 544) 1790 179 
1469 338 1515 404 1561 223 [1607 1606 | 1653 57 1699 1698 1745 349] 1791 198 
1470 195 [1516 1136 1562 780 1608 335 | 1654 827 |1700 424 1746 387) 1792 511 
1471 1470 [1517 369 {1563 521 {1609 1608 | 1655 330 |1701 728 {1747 1746 | 1793 814 
1472 896 [1518 252 {1564 391 [1610 160] 1656 207 {1702 184 [1748 551 | 1794 207 
1473, 491 11519 588 {1565 625 11611 179 | 1657 1656 |1703 130 {1749 264)1795 359 
1474 736 {1520 95 1566 783 1612 247) 1658 828 |1704 639 [1750 875 | 1796 448 
1475 649 [1521 675 {1567 1566 [1613 1612 | 1659 = 237 |1705 154 {1751 102) 1797 599 
1476 287 (1522 760 {1568 832 [1614 807] 1660 415 {1706 852 1752 656] 1798 464 
1477 = 210 (1523. 1522 {1569 522 [1615 170] 1661 604 {1707 569 {1753 1752 | 1799 770 
1478 739 [1524 888 {1570 784 {1616 1312 | 1662 276 |1708 671 {1754 876} 1800 224 
1479 203 [1525 549 [1571 1570 {L617 98 | 1663 1662 1709 1708 1755 324 | 1801 1800 
1480 480 [1526 763 1572 392 1618 808 | 1664 767 {1710 360 {1756 439 | 1802 424 
1481 1480 [1527 509 1573 363 1619 1618 | 1665 369 |1711 58 1757. 251 | 1803 600 
1482 455 [1528 191 {1574 787 {1620 80 | 1666 391 }1712 320 [1758 879 | 1804 615 
1483 1482 11529 417 {1575 125 {1621 1620 | 1667 1666 |1713 570 {1759 1758 | 1805 360 
1484 847 11530 =135 {1576 §=591 [1622 811 | 1668 416 {1714 856 {1760 319 | 1806 300 
1485 54 1531 1530 1577 664 1623 540] 1669 1668 }1715 685 {1761 587 | 1807 416 
1486 743 [1532 383 {1578 263 [1624 608] 1670 500 {1716 143 {1762 880 | 1808 1695 
1487 1486 11533 146 {1579 1578 [1625 624] 1671 557 {1717 101 {1763 860] 1809 134 
1488 960 11534 767 {1580 79 1626 812} 1672 208 |1718 859 11764 440] 1810 180 
1489 1488 11535 614 {1581 186 [1627 1626 | 1673 238 {1719 764 {1765 705 | 1811 1810 
1490 595 11536 1023 [1582 112 [1628 296] 1674 216 {1720 559 1766 883 | 1812 1056 
1491 426 [1537 318 {1583 1582 [1629 180] 1675 200 |1721 1720 {1767 341) 1813 147 
1492 1119 1538 768 1584 351 11630 815 | 1676 1256 |1722 287 |L768 272) 1814 907 
1493 1492 11539 323 1585 634 1631 699] 1677 129 {1723 1722 1769 609) 1815 120 
1494 332 {1540 55 1586 792 1632 255 | 1678 839 }1724 431 {1770 59 | 1816 1135 
1495 299 11541 736 {1587 528 {1633 781 | 1679 437 1725 275 {L771 230) 1817 552 
1496 527 (1542 771 {1588 1191 [1634 171 | 1680 224 |1726 863 1772 1328] 1818 404 
1497 498 [1543 1542 {1589 454 {1635 435 | 1681 1680 {1727 627 {1773 197 | 1819 748 
1498 427 11544 192 11590 159 [1636 408 | 1682 840 |1728 512 {1774 887 | 1820 104 
1499 1498 [1545 309 {1591 258 {1637 1636 | 1683 153 {1729 455 1775 425 | 1821 606 
1500 375 [1546 = 772: (1592 1392 1638 468 | 1684 1263 |1730 519 1776 480] 1822 911 
1501 474 [1547 =. 272 [1593 648 1639 «297 | 1685 674 1731 576 1777 1776 | 1823 1822 
1502 751 {1548 =215 {1594 796 1640 655 | 1686 843 _|1732 432 [1778 888 | 1824 512 
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Table A.1.6 : Values of Z(n) for n= 1825(1)2192 


n Z(n) | n Z(n) | n Zin) | n Z(n) | n Zin) | n Zin) | n Z(n) | n Z(n) 
1825 875 {1871 1870 {1917 567 |1963 754 2009 245 2055 410 B101 572 2147. 113 
1826 747 [1872 351 {1918 959 |1964 1472 2010 200 )2056 256 /2102 1051 2148 536 
1827 377 {1873 1872 {1919 303 1965 524 2011 2010 )2057 968 /2103 701 2149 307 
1828 456 [1874 936 {1920 255 |1966 983 2012 503 )2058 1028 |2104 1840 2150 300 
1829 589 [1875 624 {1921 339 |1967 280 2013 549 )2059 638 2105 420 2151 477 
1830 60 1876 335 1922 960 |1968 287 2014 1007 |2060 720 |2106 324 2152 1344 
1831 1830 [1877 1876 {1923 641 |1969 715 2015 155 |2061 458 |2107 343 2153 2152 
1832 687 [1878 312 {1924 480/1970 984 2016 63 |2062 1031 |2108 5272154 359 
1833 234 {1879 1878 {1925 175 |1971 729 2017 2016 )2063 2062 |2109 665 2155 430 
1834 392 [1880 704 [1926 107 |1972 696 2018 1008 |2064 128 |2110 844 2156 440 
1835 734 [1881 341 {1927 328 |1973 1972 2019 672 )2065 294 /2111 2110 2157 719 
1836 135 [1882 940 {1928 240 /1974 140 2020 504 )2066 1032 /2112 3842158 415 
1837 =835 [1883 538 {1929 642 |1975 474 2021 516 )2067 636 /2113 2112 2159 254 
1838 919 [1884 471 {1930 579 |1976 208 2022 336 )2068 704 /2114 755 2160 864 
1839 612 [1885 260 {1931 1930 |1977 659 2023 867 )2069 2068 /2115 234 2161 2160 
1840 160 [1886 368 {1932 552 |1978 344 2024 528 )2070 459 /2116 528 2162 1080 
1841 525 [1887 221 {1933 1932 |1979 1978 2025 324 |2071 436 2117 145 2163 308 
1842 920 [1888 767 [1934 967 |1980 440 2026 1012 |2072 111 |2118 1059 2164 1623 
1843 873 [1889 1888 {1935 215 |1981 566 2027 2026 )2073 690 j2119 325 2165 865 
1844 1383 [1890 539 {1936 1088 |1982 991 2028 168 )2074 731 /2120 159 2166 360 
1845 369 [1891 61 1937 298 }1983 660 2029 2028 |2075 249 |2121 5042167 197 
1846 780 [1892 472 [1938 152 |1984 1023 2030 580 |2076 519 |2122 1060 2168 271 
1847 1846 11893 630 {1939 553 |1985 794 2031 677 |2077 402 /2123 385 2169 963 
1848 384 [1894 947 11940 679 |1986 992 2032 127 )2078 1039 |2124 648 2170 279 
1849 1848 [1895 379 {1941 647 |1987 1986 2033 855 {2079 539 |2125 374 2171 1001 
1850 924 11896 1184 11942 971 |1988 496 2034 791 |2080 64 2126 1063 2172 543 
1851 617 [1897 812 11943 870 |1989 441 2035 110 {2081 2080 |2127 708 2173 901 
1852 463 [1898 364 {1944 1215 |1990 199 2036 1527 )2082 347 |2128 608 2174 1087 
1853. 544 [1899 422 11945 389 /1991 362 2037 581 )2083 2082 |2129 2128 2175 174 
1854 720 11900 399 11946 139 |1992 912 2038 1019 )2084 520 /2130 284 2176 255 
1855-105 {1901 1900 11947 176 |1993 1992 2039 2038 )2085 555 /2131 2130 2177 622 
1856 1536 [1902 951 {1948 487 |1994 996 2040 255 |2086 447 /2132 1312 2178 1088 
1857 618 {1903 692 [1949 1948 )1995 189 2041 156 |2087 2086 |2133 1026 2179 2178 
1858 928 [1904 832 {1950 299 |1996 1496 2042 1020 |2088 144 |2134 484 2180 544 
1859 506 [1905 254 {1951 1950 |1997 1996 2043 908 )2089 2088 |2135 244 2181 726 
1860 279 11906 952 {1952 1280 |1998 296 2044 511 {2090 759 |2136 623 2182 1091 
1861 1860 {1907 1906 {1953 62 |1999 1998 2045 409 |2091 204 |2137 2136 2183 295 
1862 588 [1908 423 {1954 976 |2000 1375 2046 495 )2092 1568 |2138 1068 2184 272 
1863. 161 1909 414 {1955 390 |2001 551 2047 712 )2093 91 |2139 92 2185 114 
1864 1631 [1910 764 {1956 488 |2002 363 2048 4095 )2094 348 /2140 320 2186 1092 
1865 745 [1911 195 {1957 721 |2003 2002 2049 683 2095 419 /2141 2140 2187 2186 
1866 311 [1912 239 {1958 88 }2004 167 2050 1024 |2096 1440 )2142 476 2188 1640 
1867 1866 [1913 1912 11959 653 |2005 400 2051 293 )2097 233 /2143 2142 2189 198 
1868 1400 [1914 87 1960 735 |2006 884 2052 512 |2098 1048 |2144 1407 2190 219 
1869 266 [1915 765 {1961 370 |2007 891 2053 2052 }2099 2098 |2145 65 2191 938 
1870 220 [1916 479 {1962 108 |2008 752 2054 948 }2100 224 |2146 1072 2192 959 
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Table A.1.7 : Values of Z(n) for n=2193(1)2558 


n Z(n) | n Zn) | n Zn) |} n ZM)}] n Zin) | n Zm)} n Zn) }] n Z(n) 
2193 645 | 2239 2238 | 2285 914 | 2331 629 | 2377 2376 | 2423 2422 |2469 822 |2515 1005 
2194 1096 | 2240 384 | 2286 1016 | 2332 264 | 2378 492 |2424 303 |2470 455 |2516 407 
2195 439 | 2241 1079 | 2287 2286 | 2333 2332 | 2379 182 |2425 775 |2471 706/2517 839 
2196 792 | 2242 531 |2288 351 | 2334 1167 | 2380 119 |2426 1212 |2472 720 )2518 1259 
2197 2196 | 2243 2242 | 2289 545 | 2335 934 | 2381 2380 |2427 809 |2473 2472 |2519 1144 
2198 784 | 2244 407 | 2290 915 | 2336 511 | 2382 396 |2428 607 |2474 1236|2520 224 
2199 732 | 2245 449 | 2291 869 | 2337 246 | 2383 2382 |2429 693 |2475 99 }2521 2520 
2200 175 | 2246 1123 | 2292 191 | 2338 167 | 2384 447 |2430 1215 |2476 1856 |2522 1260 
2201 496 | 2247 321 | 2293 2292 | 2339 2338 | 2385 530 |2431 220 |2477 2476 |2523 840 
2202 1100 | 2248 1967 | 2294 1147 | 2340 584 | 2386 1192 |2432 512 |2478 531 )2524 631 
2203 2202 | 2249 519 |2295 135 | 2341 2340 | 2387 154 |2433 810 |2479 1072 |2525 100 
2204 551 | 2250 999 | 2296 287 | 2342 1171 | 2388 1392 |2434 1216 |2480 960)2526 420 
2205 440 | 2251 2250 | 2297 2296 | 2343 638 | 2389 2388 |2435 974 |2481 827 )2527 721 
2206 1103 | 2252 1688 | 2298 383 | 2344 879 | 2390 239 |2436 231 12482 1240 |2528 1343 
2207 2206 | 2253 750 |2299 968 | 2345 335 | 2391 797 |2437 2436 |2483 572 |2529 1124 
2208 575 | 2254 391 |2300 575 | 2346 68 | 2392 207 |2438 1219 |2484 1080 |2530 275 
2209 2208 | 2255 164] 2301 117 | 2347 2346 | 2393 2392 |2439 270 |2485 70 |2531 2530 
2210 220 | 2256 704 | 2302 1151 | 2348 1760 | 2394 531 |2440 304 |2486 451 |)2532 632 
2211 66 | 2257 1036 | 2303 1127 | 2349 405 | 2395 479 |2441 2440 |2487 828 |2533 595 
2212 552 | 2258 1128 | 2304 512 | 2350 375 | 2396 599 |2442 296 |2488 2176 |2534 1267 
2213 2212 | 2259 251 |2305 460 | 2351 2350 | 2397 611 |2443 349 |2489 1178 |2535 675 
2214 1107 | 2260 904 | 2306 1152 | 2352 735 | 2398 1199 |2444 376 |2490 995 |2536 1584 
2215 885 | 2261 322 | 2307 768 | 2353 181 | 2399 2398 |2445 489 |2491 423 |2537 472 
2216 831 | 2262 116 | 2308 576 | 2354 428 | 2400 575 |2446 1223 |2492 623 |2538 188 
2217 738 | 2263 1022 | 2309 2308 | 2355 314 | 2401 2400 |2447 2446 |2493 1107 |2539 2538 
2218 1108 | 2264 848 | 2310 384 | 2356 247 | 2402 1200 |2448 288 2494 1160 |2540 1015 
2219 951 | 2265 150 | 2311 2310 | 2357 2356 | 2403 890 |2449 868 |2495 499 |2541 363 
2220 480 | 2266 308 | 2312 288 | 2358 1179 | 2404 600 |2450 1175 |2496 767 |2542 123 
2221 2220 | 2267 2266 | 2313 513 | 2359 336 | 2405 259 |2451 171 |2497 681 |2543 2542 
2222 1111 | 2268 567 | 2314 623 | 2360 944 | 2406 1203 |2452 1839 |2498 1248 |2544 159 
2223 494 | 2269 2268 | 2315 925 | 2361 786 | 2407 580 |2453 891 |2499 441 |)2545 509 
2224 416 | 2270 680 | 2316 192 | 2362 1180 | 2408 559 |2454 408 |2500 624 |2546 1139 
2225 800 | 2271 756 | 2317 993 | 2363 833 | 2409 219 |2455 490 |2501 122 |2547 566 
2226 371 | 2272 639 | 2318 304 | 2364 591 | 2410 240 |2456 1535 |2502 972 |2548 832 
2227 917 | 2273 2272 |2319 773 | 2365 429 | 2411 2410 |2457 350 12503 2502 | 2549 2548 
2228 1671 | 2274 1136 | 2320 319 | 2366 168 | 2412 1071 |2458 1228 |2504 2191 |2550 900 
2229 743 | 2275 350 | 2321 1055 | 2367 1052 | 2413 380 |2459 2458 |2505 500 |2551 2550 
2230 1115 | 2276 568 | 2322 215 | 2368 1664 | 2414 1207 |2460 615 |2506 895 |2552 319 
2231 873 | 2277 252 | 2323 505 | 2369 206 | 2415 69 |2461 321 {2507 436)2553 666 
2232 495 | 2278 67 |2324 664 | 2370 315 | 2416 1056 |2462 1231 {2508 759 |2554 1276 
2233 231 | 2279 688 | 2325 650 | 2371 2370 | 2417 2416 |2463 821 |2509 1157 |2555 364 
2234 1116 | 2280 95 | 2326 1163 | 2372 592 | 2418 155 |2464 384 |2510 1004 | 2556 71 
2235 149 | 2281 2280 | 2327 715 | 2373 678 | 2419 943 |2465 289 |2511 1053 |2557 2556 
2236 559 | 2282 651 |2328 96 | 2374 1187 | 2420 120 |2466 548 |2512 1727 |2558 1279 
2237 2236 | 2283 761 | 2329 136 | 2375 874 | 2421 269 |2467 2466 }2513 1077 |}2559 852 
2238 372 | 2284 1712 | 2330 699 | 2376 351 | 2422 692 |2468 616 |2514 419 | 2560 1024 
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Table A.1.8 : Values of Z(n) for n=2561(1)2928 


n 


2561 
2562 
2563 
2564 
2565 
2566 
2567 
2568 
2569 
2570 
2571 
2572 
2573 
2574 
2575 
2576 
2577 
2578 
2579 
2580 
2581 
2582 
2583 
2584 
2585 
2586 
2587 
2588 
2589 
2590 
2591 
2592 
2593 
2594 
2595 
2596 
2597 
2598 
2599 
2600 
2601 
2602 
2603 
2604 
2605 
2606 


Z(n) 
1182 
671 
1165 
640 
189 
1283 
1207 
320 
734 
1284 
857 
1928 
248 
143 
824 
160 
858 
1288 
2578 
215 
1246 
1291 
287 
816 
329 
431 
597 
647 
863 
259 
2590 
1215 
2592 
1296 
345 
176 
636 
432 
1242 
624 
288 
1300 
684 
216 
520 
1303 





n 


2607 
2608 
2609 
2610 
2611 
2612 
2613 
2614 
2615 
2616 
2617 
2618 
2619 
2620 
2621 
2622 
2623 
2624 
2625 
2626 
2627 
2628 
2629 
2630 
2631 
2632 
2633 
2634 
2635 
2636 
2637 
2638 
2639 
2640 
2641 
2642 
2643 
2644 
2645 
2646 
2647 
2648 
2649 
2650 
2651 
2652 


Z(n) 
395 
1792 
2608 
144 
1119 
1959 
402 
1307 
1045 
1199 
2616 
560 





n 


2653 
2654 
2655 
2656 
2657 
2658 
2659 
2660 
2661 
2662 
2663 
2664 
2665 
2666 
2667 
2668 
2669 
2670 
2671 
2672 
2673 
2674 
2675 
2676 
2677 
2678 
2679 
2680 
2681 
2682 
2683 
2684 
2685 
2686 
2687 
2688 
2689 
2690 
2691 
2692 
2693 
2694 
2695 
2696 
2697 
2698 


Z(n) 
378 
1327 
530 
2240 
2656 
443 
2658 
399 
887 
1331 
2662 
1295 
779 
1332 
126 
551 
628 
444 
2670 
1503 
242 
763 
749 
1560 
2676 
103 
798 
335 
1148 
1043 
2682 
671 
179 
1343 
2686 
1280 
2688 
1075 
207 
672 
2692 
1347 
440 
336 
434 
284 


n Z(n) 
2699 2698 
2700 999 
2701 
2702 
2703 
2704 
2705 
2706 
2707 
2708 
2709 
2710 
2711 
2712 
2713 
2714 
2715 
2716 
2717 
2718 
2719 
2720 
2721 
2722 
2723 
2724 
2725 
2726 
2727 
2728 
2729 
2730 
2731 
2732 
2733 
2734 
2735 
2736 
2737 
2738 
2739 
2740 
2741 
2742 
2743 





2744 


n Z(n) 
2745 305 
2746 1372 
2747 737 
2748 687 
2749 2748 
2750 1000 
2751 392 
2752 128 
2753 2752 
2754 323 
2755 550 
2756 
2757 
2758 
2759 
2760 
2761 
2762 
2763 
2764 
2765 
2766 
2767 
2768 
2769 
2770 
2771 
2772 
2773 
2774 
2775 
2776 
2777 
2778 
2779 
2780 
2781 
2782 
2783 
2784 
2785 
2786 
2787 
2788 
2789 





2790 





n 


2791 
2792 
2793 
2794 
2795 
2796 
2797 
2798 
2799 
2800 
2801 
2802 
2803 
2804 
2805 
2806 
2807 
2808 
2809 
2810 
2811 
2812 
2813 
2814 
2815 
2816 
2817 
2818 
2819 
2820 
2821 
2822 
2823 
2824 
2825 
2826 
2827 
2828 
2829 
2830 
2831 
2832 
2833 
2834 
2835 
2836 


Zn) 
2790 
1744 
342 
1143 
129 
1631 
2796 
1399 
621 
224 
2800 
467 
2802 
2103 
374 
183 
1203 
351 
2808 
280 
936 
703 
290 
335 
1125 
1023 
1251 
1408 
2818 
375 
650 
663 
941 
352 
225 
1412 
770 
504 
368 
1415 
893 
767 
2832 
871 
405 
2127 





2878 
2879 
2880 
2881 
2882 





2924 
2925 
2926 
2927 
2928 


201 


Table A.1.9 : Values of Z(n) for n=2929(1)3296 


2940 
2941 
2942 
2943 
2944 
2945 
2946 
2947 
2948 
2949 
2950 
2951 
2952 
2953 
2954 
2955 
2956 
2957 
2958 
2959 
2960 
2961 
2962 
2963 
2964 
2965 
2966 
2967 
2968 
2969 
2970 
2971 
2972 
2973 
2974 





n 


2975 
2976 
2977 
2978 
2979 
2980 
2981 
2982 
2983 
2984 
2985 
2986 
2987 
2988 
2989 
2990 
2991 
2992 
2993 
2994 
2995 
2996 
2997 
2998 
2999 
3000 
3001 
3002 
3003 
3004 
3005 
3006 
3007 
3008 
3009 
3010 
3011 
3012 
3013 
3014 
3015 
3016 
3017 
3018 
3019 
3020 


Z(n) 
475 





n 


3021 
3022 
3023 
3024 
3025 
3026 
3027 
3028 
3029 
3030 
3031 
3032 
3033 
3034 
3035 
3036 
3037 
3038 
3039 
3040 
3041 
3042 
3043 
3044 
3045 
3046 
3047 
3048 
3049 
3050 
3051 
3052 
3053 
3054 
3055 
3056 
3057 
3058 
3059 
3060 
3061 
3062 
3063 
3064 
3065 
3066 


Zn) 
741 
1511 
3022 
1728 
725 
356 
1008 
2271 
233 
404 
433 
1136 
674 
1147 
1214 
528 
3036 
588 
1013 
1215 
3040 
675 
357 
760 
174 
1523 
1385 
1904 
3048 
975 
1242 
1743 
1419 
1527 
234 
191 
1019 
1111 
322 
135 
3060 
1531 
1020 
383 
1225 
875 





3078 
3079 
3080 
3081 
3082 
3083 
3084 
3085 
3086 
3087 
3088 
3089 
3090 
3091 
3092 
3093 
3094 
3095 
3096 
3097 
3098 
3099 
3100 
3101 
3102 
3103 
3104 
3105 
3106 
3107 
3108 
3109 
3110 
3111 
3112 





n 


3113 
3114 
3115 
3116 
3117 
3118 
3119 
3120 
3121 
3122 
3123 
3124 
3125 
3126 
3127 
3128 
3129 
3130 
3131 
3132 
3133 
3134 
3135 
3136 
3137 
3138 
3139 
3140 
3141 
3142 
3143 
3144 
3145 
3146 
3147 
3148 
3149 
3150 
3151 
3152 
3153 
3154 
3155 
3156 
3157 
3158 


Z(n) 
1132 
692 
889 
1311 
1038 
1559 
3118 
480 
3120 
223 
693 
1704 
3124 
1563 
530 
1104 
447 
939 
403 
783 
481 
1567 
209 
2303 
3136 
1568 
730 
784 
1395 
1571 
448 
1440 
629 
363 
1049 
2360 
469 
224 
137 
2560 
1050 
664 
630 
263 
286 
1579 
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n Z(n) 
3159 
3160 
3161 
3162 
3163 
3164 
3165 
3166 
3167 
3168 
3169 
3170 
3171 
3172 
3173 
3174 
3175 
3176 
3177 
3178 
3179 
3180 
3181 
3182 
3183 
3184 
3185 
3186 
3187 
3188 
3189 
3190 
3191 
3192 
3193 
3194 
3195 
3196 
3197 
3198 
3199 
3200 
3201 
3202 
3203 3202 
3204 711 





3216 
3217 
3218 
3219 
3220 
3221 
3222 
3223 
3224 
3225 
3226 
3227 
3228 
3229 
3230 
3231 
3232 
3233 
3234 
3235 
3236 
3237 
3238 
3239 
3240 
3241 
3242 
3243 
3244 
3245 
3246 
3247 
3248 
3249 
3250 





3262 
3263 
3264 
3265 
3266 
3267 
3268 
3269 
3270 
3271 
3272 
3273 
3274 
3275 
3276 
3277 
3278 
3279 
3280 
3281 
3282 
3283 
3284 
3285 
3286 
3287 
3288 
3289 
3290 
3291 
3292 
3293 
3294 
3295 
3296 
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Table A.1.10 : Values of Z(n) for n=3297(1)3664 


n 


3297 
3298 
3299 
3300 
3301 
3302 
3303 
3304 
3305 
3306 
3307 
3308 
3309 
3310 
3311 
3312 
3313 
3314 
3315 
3316 
3317 
3318 
3319 
3320 
3321 
3322 
3323 
3324 
3325 
3326 
3327 
3328 
3329 
3330 
3331 
3332 
3333 
3334 
3335 
3336 
3337 
3338 
3339 
3340 
3341 
3342 


Z(n) 
314 
679 

3298 
824 

3300 
507 

1467 





n 


3343 
3344 
3345 
3346 
3347 
3348 
3349 
3350 
3351 
3352 
3353 
3354 
3355 
3356 
3357 
3358 
3359 
3360 
3361 
3362 
3363 
3364 
3365 
3366 
3367 
3368 
3369 
3370 
3371 
3372 
3373 
3374 
3375 
3376 
3377 
3378 
3379 
3380 
3381 
3382 
3383 
3384 
3385 
3386 
3387 
3388 


Z(n) 
3342 
703 
669 
1672 
3346 
216 
985 
200 
1116 
2095 
958 
1247 
549 
839 
746 
1679 
3358 
384 
3360 
1680 
531 
840 
1345 
747 
259 
1263 
1192 
1684 
3370 
1967 
3372 
1204 
999 
1055 
307 
563 
217 
1520 
735 
1424 
1393 
1503 
1354 
1692 
1128 
847 





n 


3389 
3390 
3391 
3392 
3393 
3394 
3395 
3396 
3397 
3398 
3399 
3400 
3401 
3402 
3403 
3404 
3405 
3406 
3407 
3408 
3409 
3410 
3411 
3412 
3413 
3414 
3415 
3416 
3417 
3418 
3419 
3420 
3421 
3422 
3423 
3424 
3425 
3426 
3427 
3428 
3429 
3430 
3431 
3432 
3433 
3434 


Z(n) 
3388 
339 
3390 
1536 
116 
1696 
679 





n 


3435 
3436 
3437 
3438 
3439 
3440 
3441 
3442 
3443 
3444 
3445 
3446 
3447 
3448 
3449 
3450 
3451 
3452 
3453 
3454 
3455 
3456 
3457 
3458 
3459 
3460 
3461 
3462 
3463 
3464 
3465 
3466 
3467 
3468 
3469 
3470 
3471 
3472 
3473 
3474 
3475 
3476 
3477 
3478 
3479 
3480 


Zn) 
915 
2576 
490 
764 
361 
1375 
185 
1720 
626 
287 
689 
1723 
765 
431 
3448 
275 
203 
863 
1151 
627 
690 
512 
3456 
455 
1152 
519 
3460 
576 
3462 
432 
440 
1732 
3466 
288 
3468 
1040 
533 
1952 
1057 
1736 
1250 
1264 
854 
1739 
1420 
144 





n Z(n) 
3481 3480 
3482 1740 
3483 1376 
3484 871 
3485 204 
3486 = 83 
3487 1584 
3488 2943 
3489 1163 
3490 1395 
3491 3490 
3492 872 
3493 1497 
3494 1747 
3495 465 
3496 1311 
3497 806 
3498 264 
3499 3498 
3500 1000 
3501 1556 
3502 1648 
3503 1581 
3504 1824 
3505 700 
3506 1752 
3507 167 
3508 2631 
3509 725 
3510 324 
3511 3510 
3512 3072 
3513 1170 
3514 251 
3515 665 
3516 879 
3517 3516 
3518 1759 
3519 459 
3520 384 
3521 503 
3522 587 
3523 1625 
3524 880 
3525 375 
3526 860 





3556 
3557 
3558 
3559 
3560 
3561 
3562 
3563 
3564 
3565 
3566 
3567 
3568 
3569 
3570 
3571 
3572 





n 


3573 
3574 
3575 
3576 
3577 
3578 
3579 
3580 
3581 
3582 
3583 
3584 
3585 
3586 
3587 
3588 
3589 
3590 
3591 
3592 
3593 
3594 
3595 
3596 
3597 
3598 
3599 
3600 
3601 
3602 
3603 
3604 
3605 
3606 
3607 
3608 
3609 
3610 
3611 
3612 
3613 
3614 
3615 
3616 
3617 
3618 


Z(n) 
396 
1787 
649 
447 
146 
1788 
1193 
895 
3580 
1592 
3582 
3072 
239 
1792 
1054 
207 
716 
359 
189 
448 
3592 
599 
719 
464 
1089 
1028 
1769 
224 
831 
1800 
1200 
424 
720 
600 
3606 
1968 
801 
360 
942 
903 
3612 
416 
240 
1920 
3616 
1808 





3654 
3655 
3656 
3657 
3658 
3659 
3660 
3661 
3662 
3663 
3664 
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Table A.1.11 : Values of Z(n) for n=3665(1)4032 


n Zn) | n Z(n) | n Z(n) | n Z(tn)}] n Z(n) | n Z(n) | n Z(n) | n Z(n) 
3665 1465 |3711 1236 |3757 1156 | 3803 3802 |3849 1283 |3895 779 | 3941 1126 |3987 1772 
3666 611 |3712 1536 |3758 1879 |3804 951 )3850 175 |3896 3408 |3942 1971 |3988 2991 
3667 1158 |}3713 1738 |3759 357 |3805 760 |3851 3850 |3897 432 | 3943 3942 |3989 3988 
3668 392 |3714 1856 |3760 704 |}3806 692 |3852 855 |3898 1948 | 3944 2175 |3990 399 
3669 1223 |3715 1485 |3761 3760 | 3807 1457 |3853 3852 |3899 1113 |3945 525 |3991 1534 
3670 1100/3716 928 |3762 836 |3808 832 |3854 328 |3900 624 | 3946 1972 |3992 2495 
3671 3670 |3717 413 13763 212 |3809 585 |3855 770 |3901 1410 |3947 3946 |3993 1331 
3672 1376 |3718 1352 |3764 2823 |3810 380 |3856 3615 |3902 1951 | 3948 1127 |3994 1996 
3673 3672 |3719 3718 |3765 1004 | 3811 1442 |3857 608 | 3903 1301 | 3949 1077 |3995 799 
3674 835 |3720 464 |3766 1344 |3812 952 |3858 1928 | 3904 1280 | 3950 1500 |3996 296 
3675 1175 |3721 3720 |3767 3766 |3813 123 |3859 680 |3905 780 |3951 1755 |3997 1141 
3676 919 |3722 1860 |3768 1727 | 3814 1907 |3860 1544 |3906 216 | 3952 1728 |3998 1999 
3677 3676 |3723 510 13769 3768 |3815 545 |3861 351 |3907 3906 | 3953 1474 |3999 558 
3678 612 |3724 1519 |3770 260 | 3816 1007 |3862 1931 |3908 976 |3954 659 |4000 2624 
3679 1131 }3725 149 |3771 837 |3817 693 |3863 3862 |3909 1302 |3955 790 |4001 4000 
3680 575 |3726 1863 |3772 368 |3818 1908 |3864 735 |3910 459 |3956 344 |4002 551 
3681 818 |3727 3726 13773 1715 | 3819 1139 |3865 1545 |3911 3910 | 3957 1319 | 4003 4002 
3682 1315 |3728 1631 |3774 407 | 3820 1719 |3866 1932 |3912 815 |3958 1979 | 4004 1000 
3683 1015 |3729 791 13775 150 | 3821 3820 |3867 1289 |3913 559 |3959 962 | 4005 89 
3684 920 |3730 1119 |3776 767 |3822 195 3868 967 |3914 1235 |3960 495 | 4006 2003 
3685 670 /3731 286 13777 1259 | 3823 3822 |3869 583 |3915 405 | 3961 1631 |4007 4006 
3686 1843 |3732 311 13778 1888 | 3824 3584 |3870 §=215 |3916 =88 | 3962 1980 |} 4008 1503 
3687 1229 |3733 3732 13779 3778 | 3825 900 |3871 1421 |3917 3916 | 3963 1320 |4009 1899 
3688 2304 |3734 1867 |3780 944 | 3826 1912 |3872 1088 |3918 1959 |3964 991 |4010 400 
3689 713 |}3735 414 |3781 398 | 3827 1246 3873 1290 | 3919 3918 |3965 610 /4011 573 
3690 §=819 | 3736 2335 13782 1891 |3828 87 |3874 1936 |3920 735 |3966 660 |4012 1887 
3691 3690 |3737 1110 |3783 194 |3829 546 |3875 124 |3921 1307 | 3967 3966 | 4013 4012 
3692 1703 |3738 356 13784 1375 | 3830 1915 |3876 152 |3922 1960 |3968 1023 |4014 891 
3693 1230 |3739 3738 13785 1514 | 3831 1277 |3877 3876 | 3923 3922 | 3969 1862 |4015 219 
3694 1847 |3740 560 |3786 1892 | 3832 479 |3878 1939 |3924 872 |3970 1984 |4016 3263 
3695 739 | 3741 86 |3787 1623 | 3833 3832 |3879 431 |3925 1099 |3971 1804 |4017 1235 
3696 384 | 3742 1871 |3788 2840 | 3834 567 3880 1455 |3926 1208 |3972 992 |}4018 1763 
3697 3696 |3743 1576 |3789 1683 | 3835 649 |3881 3880 |3927 153 |3973 1507 |4019 4018 
3698 1848 |3744 1664 |3790 379 |3836 959 |3882 647 |3928 1472 | 3974 1987 |4020 200 
3699 1781 |3745 749 |3791 1784 | 3837 1278 |3883 352 |3929 3928 | 3975 900 | 4021 4020 
3700 999 |3746 1872 |3792 1184 |3838 303 |3884 2912 |3930 524 |3976 496 |4022 2011 
3701 3700 | 3747 1248 |3793 3792 | 3839 1396 |3885 629 |3931 3930 | 3977 1066 |4023 297 
3702 1851 |3748 936 | 3794 812 | 3840 1535 |3886 1072 |3932 983 |3978 611 |4024 3520 
3703 1057 |3749 1793 |3795 230 | 3841 667 |3887 506 |3933 873 |3979 345 |4025 574 
3704 463 |3750 624 13796 584 |3842 339 | 3888 1215 |3934 280 /|3980 199 |4026 671 
3705 285 |3751 1209 |3797 3796 | 3843 854 |3889 3888 |3935 1574 | 3981 1326 |4027 4026 
3706 544 /3752 335 13798 1476 | 3844 960 |3890 1555 |3936 1599 | 3982 1628 |4028 1007 
3707 1011 |3753 972 |3799 261 |3845 769 |3891 1296 |3937 1270 | 3983 1707 |4029 237 
3708 720 |3754 1876 |3800 399 | 3846 1923 |3892 1112 |3938 715 | 3984 2240 |4030 155 
3709 3708 | 3755 750 |3801 1085 | 3847 3846 |3893 458 | 3939 909 | 3985 1594 | 4031 695 
3710 1484 | 3756 312 | 3802 1900 | 3848 480 | 3894 176 | 3940 984 | 3986 1992 | 4032 1791 























204 


Wandering in the World of Smarandache Numbers 


Table A.1.12 : Values of Z(n) for n=4033(1)4400 


n 


4033 
4034 
4035 
4036 
4037 
4038 
4039 
4040 
4041 
4042 
4043 
4044 
4045 
4046 
4047 
4048 
4049 
4050 
4051 
4052 
4053 
4054 
4055 
4056 
4057 
4058 
4059 
4060 
4061 
4062 
4063 
4064 
4065 
4066 
4067 
4068 
4069 
4070 
4071 
4072 
4073 
4074 
4075 
4076 
4077 
4078 


Z(n) 
1961 
2016 
269 
1008 
1100 
672 
1154 
1615 
449 
516 
311 
336 





n 


4079 
4080 
4081 
A082 
4083 
4084 
A085 
A086 
4087 
4088 
4089 
4090 
4091 
4092 
4093 
4094 
4095 
4096 
4097 
4098 
4099 
4100 
4101 
4102 
4103 
4104 
4105 
4106 
4107 
4108 
4109 
4110 
A111 
A112 
4113 
4114 
A115 
4116 
A117 
4118 
4119 
4120 
4121 
4122 
4123 
4124 


Zn) 
4078 
255 
847 
156 





n 


4125 
4126 
4127 
4128 
4129 
4130 
4131 
4132 
4133 
4134 
4135 
4136 
4137 
4138 
4139 
4140 
4141 
4142 
4143 
4144 
4145 
4146 
4147 
4148 
4149 
4150 
4151 
4152 
4153 
4154 
4155 
4156 
4157 
4158 
4159 
4160 
4161 
4162 
4163 
4164 
4165 
4166 
4167 
4168 
4169 
4170 


Z(n) 
374 
2063 
4126 
128 
4128 
944 
1700 
1032 
4132 
636 
1654 
704 
1182 
2068 
4138 
575 
1312 
436 
1380 
1183 
829 
2072 
637 
1768 
1844 
2075 
1778 
864 
4152 
2076 
554 
1039 
4156 
539 
4158 
1664 
437 
2080 
1448 
1040 
1224 
2083 
926 
3647 
758 
555 





n 


4171 
4172 
4173 
4174 
4175 
4176 
4177 
4178 
4179 
4180 
4181 
4182 
4183 
4184 
4185 
4186 
4187 
4188 
4189 
4190 
4191 
4192 
4193 
4194 
4195 
4196 
4197 
4198 
4199 
4200 
4201 
4202 
4203 
4204 
4205 
4206 
4207 
4208 
4209 
4210 
4211 
4212 
4213 
4214 
4215 
4216 


Z(n) 
387 





Zn) 
4216 
740 
4218 
1055 
468 
2111 
205 
1023 
675 
2112 
1409 
1056 
4228 
1080 
4230 
528 
663 
1971 
1210 
2471 
892 
2119 
1727 
159 
4240 
504 
4242 
3183 
849 
2123 
1643 
944 
1820 
2124 
545 
1063 
4252 
708 
184 
1728 
945 
2128 
4258 
639 
4260 
2131 





4304 
4305 
4306 
4307 
4308 





4350 
4351 
4352 
4353 
4354 


Zn) 
278 
1724 
1916 
1616 
227 
719 
1725 
415 
1439 
1904 
616 
1215 
1043 
2160 
131 
1080 
2075 
308 
4326 
2704 
702 
1299 
426 
360 
1238 
2167 
1155 
4064 
4336 
963 
4338 
279 
1446 
2171 
2020 
543 
395 
1271 
161 
1087 
4348 
899 
228 
4096 
1451 
2176 





4396 
4397 
4398 
4399 
4400 
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Table A.1.13 : Values of Z(n) for n=4401(1)4768 


n Zn) |} n Zn)] n Z(n) | n Z(n) | n Z(n) | n Zn) | n Z(n) | n Z(n) 
4401 162 |4447 4446 |4493 4492 |4539 356 |4585 524 |4631 1683 | 4677 1559 |4723 4722 
4402 496 | 4448 4031 |4494 1176 |4540 680 | 4586 2292 |4632 192 | 4678 2339 |4724 3543 
4403 629 |4449 1482 |4495 434 |4541 1672 |4587 417 |4633 451 |4679 4678 |4725 350 
4404 2568 |4450 800 |4496 2528 )4542 756 | 4588 2479 |4634 1323 | 4680 1520 |4726 2363 
4405 880 | 4451 4450 |4497 1499 |4543 825 | 4589 2118 |4635 720 | 4681 1208 |4727 1304 
4406 2203 | 4452 1007 |4498 519 |4544 639 |4590 135 |4636 304 | 4682 2340 |4728 591 
4407 338 |4453 365 |4499 2045 )4545 404 | 4591 4590 |4637 4636 | 4683 1337 |4729 4728 
4408 608 | 4454 2227 |4500 999 )4546 2272 |4592 287 |4638 2319 | 4684 3512 |4730 1375 
4409 4408 |4455 890 |4501 643 |4547 4546 | 4593 1530 |4639 4638 | 4685 1874 |4731 912 
4410 440 | 4456 2784 |4502 2251 )4548 1136 | 4594 2296 |4640 319 |4686 780 |4732 168 
4411 802 |4457 4456 |4503 474 |4549 4548 |4595 919 |4641 272 | 4687 1634 |4733 4732 
4412 1103 |4458 743 |4504 2815 |4550 1000 |4596 383 |4642 1055 | 4688 3808 |4734 1052 
4413 1470 | 4459 1715 |4505 424 |4551 369 |4597 4596 |4643 4642 |4689 521 |4735 1894 
4414 2207 | 4460 1560 |4506 2252 |4552 3983 |4598 968 |4644 215 |4690 335 |4736 3071 
4415 1765 |4461 1487 |4507 4506 )4553 1884 |4599 657 |4645 929 | 4691 4690 |4737 1578 
4416 896 | 4462 2231 |4508 391 )4554 252 |4600 575 |4646 2323 | 4692 1104 |4738 2368 
4417 630 | 4463 4462 |4509 1836 |4555 910 /4601 214 |4647 1548 | 4693 1443 |4739 2030 
4418 2208 | 4464 1952 |4510 164 |4556 1071 |4602 767 |4648 1743 | 4694 2347 |4740 1184 
4419 981 |4465 94 |4511 1040 )4557 588 | 4603 4602 |4649 4648 |4695 939 |4741 2155 
4420 935 |4466 231 |4512 704 |4558 688 | 4604 1151 |4650 899 | 4696 1760 |4742 2371 
4421 4420 | 4467 1488 |4513 4512 )4559 1551 |4605 614 |4651 4650 |4697 671 |4743 1053 
4422 803 | 4468 3351 |4514 1036 |4560 95 |4606 1127 |4652 3488 | 4698 1943 |4744 592 
4423 4422 |4469 327 |4515 300 |4561 4560 |4607 271 |4653 846 |4699 888 |4745 364 
4424 1343 |4470 744 |4516 1128 |4562 2280 | 4608 4095 |4654 715 |4700 375 |4746 791 
4425 825 |4471 526 |4517 4516 |4563 675 |4609 418 |4655 930 |4701 1566 |4747 2020 
4426 2212 |4472 559 |4518 251 |4564 1792 |4610 460 |4656 96 |4702 2351 |4748 3560 
4427 931 |4473 567 |4519 4518 |4565 165 |4611 318 |4657 4656 | 4703 4702 |4749 1583 
4428 2295 | 4474 2236 |4520 1695 |4566 2283 | 4612 1152 |4658 136 | 4704 2303 |4750 1500 
4429 515 |4475 1074 |4521 1232 |4567 4566 |4613 658 |4659 1553 |4705 940 |4751 4750 
4430 2215 |4476 1119 |4522 475 |4568 1712 |4614 768 |4660 1864 |4706 2171 |4752 351 
4431 210 |4477 1331 |4523 4522 |4569 1523 |4615 780 |4661 236 |4707 522 |4753 97 
4432 831 |4478 2239 |4524 1247 |4570 2284 |4616 576 |4662 1035 |4708 1176 |4754 2376 
4433 1209 | 4479 1493 |4525 724 |4571 1959 | 4617 1215 |4663 4662 | 4709 1938 |4755 950 
4434 2216 | 4480 1280 |4526 1240 |4572 1016 | 4618 2308 |4664 847 |4710 1884 |4756 696 
4435 1774 |4481 4480 |4527 503 |4573 1614 |4619 744 |4665 1244 |4711 672 |4757 1206 
4436 3327 | 4482 1079 |4528 3679 |4574 2287 |4620 384 |4666 2332 |4712 1519 |4758 792 
4437 782 |4483 4482 |4529 1294 )4575 549 | 4621 4620 |4667 1794 | 4713 1571 |4759 4758 
4438 951 |4484 1120 |4530 755 |4576 2431 | 4622 2311 |4668 1167 | 4714 2356 |4760 560 
4439 965 |4485 299 |4531 1379 }4577 597 |4623 804 |4669 1218 |4715 574 |4761 2115 
4440 480 | 4486 2243 |4532 824 |4578 980 |4624 288 |4670 1400 |4716 1440 |4762 2380 
4441 4440 | 4487 1281 |4533 1511 )4579 722 |4625 999 |4671 864 |4717 2225 |4763 1298 
4442 2220 |4488 527 |4534 2267 |4580 1144 | 4626 1799 |4672 511 |4718 336 |4764 1191 
4443 1481 | 4489 4488 |4535 1814 )4581 1017 |4627 1322 |4673 4672 |4719 363 |4765 1905 
4444 1111 |4490 1795 |4536 1295 )4582 2291 |4628 623 |4674 779 |4720 1120 |4766 2383 
4445 889 | 4491 998 | 4537 2093 |4583 4582 | 4629 1542 |4675 374 | 4721 4720 |4767 1134 
4446 1196 | 4492 3368 | 4538 2268 |4584 191 | 4630 2315 |4676 167 | 4722 2360 |4768 447 
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Table A.1.14 : Values of Z(n) for n=4769(1)5000 


n 


4769 
4770 
4771 
4772 
4773 
4774 
4775 
4776 
4777 
4778 
4779 
4780 
4781 
4782 
4783 
4784 
4785 
4786 
4787 
4788 
4789 
4790 
4791 
4792 
4793 
4794 
4795 
4796 
4797 


Z(n) 
1254 
900 
1468 
1192 
258 
868 
2100 
1392 
561 
2388 
648 
239 
1365 
2391 
4782 
896 
725 
2392 
4786 
1007 
4788 
479 
1596 
4192 
4792 
611 
685 
1199 
819 





n 


4798 
4799 
4800 
4801 
4802 
4803 
4804 
4805 
4806 
4807 
4808 
4809 
4810 
4811 
4812 
4813 
4814 
4815 
4816 
4817 
4818 
4819 
4820 
4821 
4822 
4823 
4824 
4825 
4826 


Zn) 
2399 
4798 
2175 
4800 
2400 
1601 
1200 
960 
1512 
759 
4207 
686 
259 
849 
2807 
4812 
580 
855 
1504 
4816 
219 
1342 
240 
1607 
2411 
636 
1071 
1350 
380 





Zn) 
1608 
1207 

439 

644 
4830 
3775 
1431 
2416 
1934 
1208 
2072 

943 
1613 
1935 
2162 
2151 

667 
1903 





n Z(n) 
4856 607 
4857 1619 
4858 1735 
4859 903 
4860 1215 
4861 4860 
4862 220 
4863 1620 
4864 512 
4865 139 
4866 2432 
4867 2355 
4868 1216 
4869 540 
4870 1460 
4871 4870 
4872 608 
4873 1771 
4874 2436 
4875 624 
4876 2967 
4877 4876 
4878 2168 
4879 1189 
4880 1280 
4881 1626 
4882 2440 
4883 513 
4884 296 





Zn) 
1954 
2443 
1809 
1456 
4888 
815 
803 
1223 
699 
2447 
890 
1088 
2241 
868 
851 
1175 
1014 
171 
4902 
1839 
980 
891 
700 
408 
4908 
1964 
1637 
1535 
4912 





n 


4914 
4915 
4916 
4917 
4918 
4919 
4920 
4921 
4922 
4923 
4924 
4925 
4926 
4927 
4928 
4929 
4930 
4931 
4932 
4933 
4934 
4935 
4936 
4937 
4938 
4939 
4940 
4941 
4942 


Zn) 
728 
1965 
3687 
297 
2459 
4818 
1599 
665 
2139 
2187 
1231 
1575 
2463 
2274 
384 
371 
1275 
4930 
1232 
4932 
2467 
140 
4319 
4936 
2468 
2244 
455 
243 
1764 








n 


4972 
4973 
4974 
4975 
4976 
4977 
4978 
4979 
4980 
4981 
4982 
4983 
4984 
4985 
4986 
4987 
4988 
4989 
4990 
4991 
4992 
4993 
4994 
4995 
4996 
4997 
4998 
4999 
5000 


Zn) 
791 
4972 
828 
199 
2176 
315 
2488 
766 
1079 
1172 
423 
1056 
623 
1994 
1107 
4986 
1160 
1662 
499 
713 
767 
4992 
1815 
999 
1248 
1577 
1224 
4998 
624 
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APPENDIX A.2 : Values of Z(np); n= 6, 7, 8, 10, 11, 12, 13, 16, 24, 32, 48, 96 


Table 2.1: Values of Z(6p), Z(7p), Z(8p), Z(10p), Z(11p), Z(12p), Z(13p), Z(16p), Z(24p), 
Z(32p), Z(48p) and Z(96p) for 2<p<181 


P_|Z@p) |Z(p) |Z8p) |Z10p) |Z 1p) | Z2p) |ZA3p) |Z16p) | Z24p) |ZGB2p) |Z48p) | ZO6p) 
2/8 rene) Sele 11 15 12) 63 32 127 | 63 128 
3/8 a sa 11 8 12: || 32 63 63 63 63 
5/15 |14 |15 | 24 10 15 25 | 64 15 64 95 255 
7/20 |48 |48 | 20 | 21 48 13° |.63 48 63 63 63 
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Table 2.2 : Values of Z(6p), Z(7p), Z(8p), Z(10p), Z(11p), Z(12p), Z(13p), Z(16p), Z(24p), 
Z(32p), Z(48p) and Z(96p) for 191 <p <449 








p |Z(6p) |Z(7p) 
191 |191 [573 
193 |192 385 
197 [591 |196 
199 |596  /398 
211 |632 |210 
223 |668 |223 
227 1227 |454 
229 |228 |686 
233 |699 |699 
239 |239 |238 
241 |240 |482 
251/251 |251 
257 |771 |770 
263 1263 /525 
269 [807 |538 
271 [812 |812 
277 |276 |553 
281 |843  |280 
283 [848 |566 
293 1879 = |293 
307 |920 |307 
311 |311 |622 
313 |312 |938 
317 |951 |951 
331 |992 |993 
337 1336 |336 
347 1347 |693 
349 |348 |349 
353 [1059 |706 
359 |359 {1077 
367 {1100 |734 
373 |372 {1119 
379 1136 |378 
383 |383 {1148 
389 |1167 |777 
397 |396  |1190 
401 1203 {1203 
409 |408 | 818 
419/419 | 419 
421 |420 |420 
431 |431 | 861 
433 |432 | 433 
439 |1316 |1316 
443 |443 |1329 
449 |1347 | 448 





Z(8p) 
191 





Z(10p) 
764 
579 
984 
199 
844 
1115 





Z(11p) 
572 





Z(12p) 
191 
192 
591 
1392 
632 
1560 
680 
687 
1631 
239 
240 
752 
1799 
263 
807 
1896 
831 
1967 
848 
879 
920 
311 
312 
951 
992 
336 
1040 
1047 
2471 
359 
2568 
1119 
1136 
383 
1167 
1191 
2807 
408 
1256 
1263 
431 
432 
3072 
1328 
3143 





Z(13p) 
572 
1157 
1182 
597 
844 
1338 
454 
1144 
233 
1195 
481 
753 
1027 
1052 
806 
1625 
831 
1404 
1131 
585 
1534 
311 
312 
1585 
662 
337 
1040 
2093 
2118 
1794 
1468 
1118 
2274 
766 
389 
793 
2405 
818 
1676 
2105 
2586 
1299 
1755 
442 
897 





Z(16p) 
191 
192 
2560 
1791 
1055 
223 
2496 
2976 
1631 
3584 
3615 
3263 
256 
2367 
1344 
4064 
831 
2528 
3679 
3808 
1535 
2176 
2816 
3487 
992 
5055 
4511 
3839 
352 
3231 
5504 
1119 
4927 





Z(24p) 
191 





Z(32p) 
191 





Z(48p) 
191 
192 
3743 
1791 
1055 
6912 
2496 
2976 
1631 
3584 
3615 
3263 
7967 
2367 
1344 
4064 
831 
2528 
5376 
5567 
1535 
7775 
2816 
6656 
992 
5055 
4511 
3839 
10943 
3231 
5504 
1119 
7200 
383 





Z(96p) 
191 
192 

10047 

1791 

5696 

6912 

2496 

10304 

9087 

3584 

11327 

3263 

16191 

2367 

1344 

4607 
831 

11520 

5376 

5567 

1535 

17727 

2816 

6656 

9599 

5055 

15615 

3839 
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Table 2.3 : Values of Z(6p), Z(7p), Z(8p), Z(10p), Z(11p), Z(12p), Z(13p), Z(16p), Z(24p), 


456 
1383 
1388 
467 
479 
1460 
491 
1496 
503 
1527 
1563 
1568 
540 
1640 
1671 
563 
1707 
1712 
576 
587 
1779 
599 
600 
1820 
612 
1851 
1856 
1892 
1923 
1928 
647 
1959 
659 
660 
672 
2031 
683 
2072 
2103 
708 
719 
2180 
732 
2216 
743 





Z(6p) 


Z(32p), Z(48p) and Z(96p) for 457 <p <743 


Z(7p) |Z8p) |Z 0p) | Zd1p) | ZU2p) | Z03p) | Z06p) | Z24p) | ZG2p) | Z48p) |ZO6p) 
1371 B199 |2284 913 456 2742 | 3199 4112 3199 11424 |26048 
461 P2304 | 460 461 1383 922 2304 2304 2304 | 2304 | 2304 
462 |463 |2315 462 3240 | 2314 | 6944 6944 7871 | 6944 | 7871 
1400 2335 |1400 934 1400 467 2335 5136 = |12608 |12608 |12608 
958 |479 | 479 957 479 2873 479 479 14848 | 479 = 15807 
973 B408 |1460 | 1947 | 3408 974 4383 3408 = |11200 | 4383 |19967 
490 11472 |1964 | 1473 1472 | 1963 | 1472 1472 1472 | 1472 | 1472 
1497 R495 | 499 1496 1496 | 2495 | 2495 2495 2495 | 2495 | 2495 
503 B520 |2515 | 2012 503 1508 | 3520 4527 3520 {12575 |28671 
1526 2544 |2035 | 2035 1527 | 3054 =| 5599 2544 |10688 |10688 |10688 
042 B647 | 520 1562 | 3647 520 3647 3647 3647 | 3647 | 3647 
1568 1568 |2615 | 1045 1568 | 2092 | 1568 1568 =|15167 | 1568 {15167 
1623 2704 | 540 2705 1623 | 2704 | 5951 5951 5951 | 5951 | 5951 
546 2735 |1640 | 2188 1640 546 6016 2735 6016 |11487 |28991 
113 2784 |2784 | 1671 1671 | 3341 | 2784 2784 |15039 | 2784 415039 
W126 P815 2815 | 2815 1688 | 1689 | 2815 6192 2815 |15200 |33216 
1707 B983 |2275 | 2276 |3983 | 2275 | 5120 3983 5120 | 5120 | 5120 
W141 9712 |2284 571 1712 571 7423 1712 7423 |10848 29120 
W154 576 |2884 | 1154 576 2885 576 576 576 576 576 

587 {1760 |1760 | 1760 1760 |3522 | 1760 1760 =|17023 | 1760 = |20544 
1778 592 |1779 593 4151 | 2964 | 8895 8895 8895 | 8895 | 8895 
197 4192 | 599 1198 599 598 4192 5391 |14975 |14975 |14975 
601 #207 | 600 1803 600 2404 | 5408 5408 |13823 | 5408 {13823 
1820 607 |1820 | 3035 |4248 | 1820 607 9104 /|18816 {18816 |18816 
W225 1839 |1839 | 2452 1839 | 3678 | 7968 1839 =|11647 | 7968 = |27584 
616 4319 |3084 616 4319 | 1234 | 4319 4319 |15424 | 4319 |24063 
1238 (1856 | 619 2475 1856 | 3094 | 1856 1856 1856 | 1856 | 1856 
630 4416 |2524 | 1892 |4416 | 1261 | 4416 4416 4416 | 4416 |4416 
1281 /640 | 640 2563 | 4487 | 1923 640 9615 640 419871 |40383 
643 B215 |3215 | 1286 1928 | 1286 | 7072 3215 = |13503 |13503 |13503 
1294 4528 |1940 | 3234 647 2587 = | 5823 5823 5823 | 5823 | 5823 
L959 B264 |1959 | 1958 1959 | 2612 | 3264 3264 3264 | 3264 | 3264 
658 B295 | 659 659 1976 | 1976 | 3295 7248 |17792 117792 |17792 
1322 (1983 | 660 660 1983 | 3965 | 1983 1983 1983 | 1983 | 1983 
672 |672 |2019 | 3365 672 2691 672 672 20863 | 672 |22208 
2030 2031 /3384 | 1353 | 2031 676 8800 2031 |12863 |12863 |12863 
1365 R048 |3415 682 2048 | 1365 | 2048 2048 2048 | 2048 | 2048 
2O72 B455 |2764 | 3454 |2072 |4146 = | 3455 3455 3455 | 3455 | 3455 
700 B504 | 700 2804 =| 2103 701 7711 3504 =|14720 |14720 |14720 
2127 P127 )2835 | 1418 | 2127 | 1417 | 9216 2127 9216 | 9216 | 9216 
2156 |719 | 719 2156 719 2157 |10784 719 12223 |10784 |33792 
727 (5088 | 2180 726 5088 727 5088 5088 18175 | 5088  |28352 
2198 B664 {2199 | 2199 2199 | 3665 8063 8063 8063 8063 | 8063 

1477 B695 | 739 3695 2216 | 4433 8128 3695 8128 |15519 |39167 
742 200 {3715 1485 743 4458 6687 6687 17088 | 6687 {17088 
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Values of Z(6p), Z(7p), Z(8p), ZA0p), Z(11p), ZA2p), Z(13p), Z1.6p), Z(24p), 


Z(32p), Z(48p) and Z(96p) for 751<p<1051 


Z(7p) 
2253 
756 
2282 
769 
1546 
1574 
797 
1617 
811 
2463 
1645 
826 
1658 
839 
853 
1714 
2576 
2589 
2631 
881 
882 
2660 
1813 
910 
2757 
2786 
937 
1882 
2841 
952 
966 








Z(8p) 
751 
2271 
5327 
768 
2319 
3935 
3984 
5663 
2432 
2463 
5760 
2480 
4144 
5872 
2559 
5999 
2576 
863 
4384 
880 
4415 
6208 
2720 
911 
6432 
928 
6559 
4704 





Z(10p) 
3004 
3784 
760 
3075 
2319 
2360 
3984 
3235 
3244 
820 
4115 
2480 
3315 
839 
2559 
4284 
859 
4315 
4384 
880 
4415 
2660 
2720 
3644 
919 
3715 
4684 
940 
2840 
2859 
2900 
3884 





Z(11p) 
3003 
3784 
3805 
769 
3091 
1573 
1594 
1617 
3244 
2463 
4114 
4135 
2486 
3355 
1705 
857 
858 
1726 
3508 
880 
3531 
2661 
1814 
4554 
1837 
1858 
4685 
1881 
946 
2859 
967 
3883 
4884 
2948 





Z(12p) 
5256 
2271 
5327 
768 
2319 
2360 
2391 
5663 
2432 
2463 
5760 
2480 
2487 
839 
2559 
5999 
2576 
863 
2631 
6167 
2648 
887 
2720 
911 
6432 
6503 
936 
2823 





Z(13p) 
3003 
3028 
1521 
4614 
1546 
1573 
2391 
3236 
4055 
4926 
2469 
4134 
3315 
1677 
4264 
857 
858 
4315 
1754 
3523 
883 
3548 
3627 
910 
2756 
1858 


Z(16p) 
11264 
2271 
6848 
768 
10048 
3935 
8767 
5663 
2432 
2463 
5760 
LO751 
9119 
7551 
2559 
7712 
11167 
863 
4384 
13215 
4415 
6208 
2720 
13664 
6432 
928 
6559 
4704 
4735 
8576 
8703 
2912 
4655 
6880 








Z(24p) 
11264 
2271 
5327 
768 
2319 
3935 
3984 
5663 
2432 
2463 
5760 
2480 
9119 
7551 
2559 
5999 
2576 
863 
9647 
13215 
4415 
7983 
2720 
911 
6432 
13935 
8432 
4704 
10416 
6671 
6768 
2912 
14655 
8847 
14864 





Z(32p) 
11264 
21952 

6848 

768 

10048 
21248 

8767 
20224 

2432 
23808 

5760 
10751 
17408 

7551 

2559 
19711 
16320 
26752 
23679 
14976 

4415 

6208 
26303 
15487 
22975 
28799 
23424 
25407 

4735 

8576 

8703 
28159 
14655 
24575 
30720 





Z(48p) 
11264 
2271 
6848 
768 
14687 
3935 
16736 
5663 
2432 
2463 
5760 
10751 
9119 
7551 
2559 
7712 
16320 
863 
23679 
13215 
4415 
22175 
2720 
13664 
6432 
28799 
23424 
4704 
25568 
8576 
8703 
2912 
14655 
24575 
30720 





Z(96p) 
11264 
26495 

6848 

768 
39423 
21248 
42240 
31551 

2432 
23808 

5760 
10751 
17408 

7551 

2559 
35136 
16320 
28479 
23679 
14976 

4415 
50559 
26303 
42816 
35840 
28799 
23424 
25407 
55872 

8576 

8703 
33984 
14655 
24575 
30720 
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Table 2.5 : Values of Z(6p), Z(7p), Z(8p), Z(10p), Z(11p), Z(12p), Z(13p), Z(16p), Z(24p), 
Z(32p), Z(48p) and Z(96p) for 1061 <p < 1399 





Z(6p) 
3183 
3188 
1068 
3260 
1091 
1092 
3291 
1103 
3327 
1116 
3368 
1128 
1151 
1152 
1163 
3512 
3543 
1187 
3579 
1200 
1212 
3651 
1223 
3687 
3692 
1236 
1248 
1259 
3831 
3836 
1283 
3867 
3872 
1296 
3903 
3908 
1307 
1319 
1320 
3980 
4083 
1367 
4119 
1380 
4196 


Z(7p) 
2121 
1063 
3206 
3261 
1091 
1092 
3290 
2205 
2218 
2233 
2246 
3387 
2302 
3458 
1162 
3513 
3542 
2373 
2386 
2401 
3639 
1217 
3668 
2457 
1231 
3710 
2498 
1259 
2554 
3836 
3849 
1288 
2582 
3891 
1301 
1302 
3920 
2638 
3962 
2653 
2722 
4101 
1372 
4143 





1399 


Z(8p) 
3183 
7440 
5344 
1087 
5455 
3279 
7679 
1103 
3327 
5584 
5615 
7903 
1151 
1152 
3488 
5855 
5904 
5935 
8351 
1200 
6064 
1216 
8560 
6144 
1231 
3711 
1248 
3776 
6384 
1279 
6415 
9023 
3872 
1296 
3903 
9120 
3920 
9232 
9247 
1327 
1360 
9568 
6864 
4143 





9792 


Z(10p) 
1060 
5315 
4275 
3260 
4364 
3279 
5484 
5515 
4435 
5584 
5615 
4515 
4604 
3459 
5815 
4684 
1180 
3560 
3579 
1200 
3639 
6084 
6115 
4915 
4924 
6184 
4995 
1259 
6384 
1279 
6415 
5155 
5164 
6484 
1300 
6515 
3920 
1319 
1320 
3980 
1360 
4100 
4119 
1380 





1399 





Z(11p) 
2122 
3189 
5345 
5434 
5455 
3278 
4388 
4411 
5544 
2233 
1122 
3387 
3453 
5764 
4652 
2342 
3542 
1187 
2386 
6005 
4851 
3651 
6115 
4916 
1231 
2474 
2497 
2518 
1276 
5115 
3849 
6445 
3872 
1297 
5203 
2606 
6534 
1319 
1320 
3981 
5444 
5467 
6864 
2761 
6995 





Z(12p) 
3183 
7440 
3207 
7608 
3272 
3279 
7679 
1103 
3327 
3351 
3368 
1128 
1151 
1152 
3488 
3512 
3543 
3560 
8351 
1200 
3639 
8519 
1223 
3687 
8616 
3711 
1248 
3776 
3831 
8952 
3848 
9023 
3872 
1296 
3903 
9120 
3920 
1319 
1320 
9288 
9527 
1367 
4119 
4143 
9792 





Z(13p) 
5304 
4251 
4276 
5434 
1091 
1092 
5485 
6617 
3327 
1117 
5615 
6773 
2301 
3458 
2326 
1170 
7085 
3561 
4771 
6005 
3639 
6084 
1222 
2457 
3692 
7422 
1248 
7553 
5108 
6395 
3848 
7734 
3873 
5187 
1300 
5212 
2613 
2638 
6604 
1326 
4082 
8202 
6864 
5524 
6994 





Z(16p) 
13792 
9567 
5344 
1087 
12000 
14208 
7679 
16544 
3327 
12287 
12352 
7903 
1151 
1152 
3488 
5855 
12991 
13056 
8351 
18015 
13343 
1216 
11007 
6144 
18464 
3711 
1248 
3776 
14047 
1279 
14112 
9023 
3872 
19455 
3903 
9120 
16991 
11871 
9247 
19904 
20415 
9568 
15103 
17952 
9792 





Z(24p) 
3183 
7440 

11759 

16304 

12000 
3279 
7679 
1103 
3327 

12287 
5615 

10160 
1151 
1152 
3488 
5855 
5904 

13056 
8351 
1200 

13343 

18255 

11007 
6144 

18464 
3711 
1248 
3776 
6384 

19184 

14112 
9023 
3872 
1296 
3903 
9120 
3920 

11871 

11888 

19904 

20415 

12303 
6864 
4143 
9792 





Z(32p) 
20159 
24448 
28863 
1087 
22911 
14208 
7679 
18751 
3327 
12287 
12352 
28224 
1151 
1152 
33727 
31616 
12991 
13056 
29824 
20416 
25472 
1216 
11007 
6144 
20927 
3711 
38719 
3776 
26816 
1279 
26943 
9023 
37439 
19455 
3903 
32575 
24832 
30336 
33024 
19904 
20415 
34175 
15103 
26239 
9792 





Z(48p) 
20159 
9567 
28863 
33696 
12000 
14208 
7679 
16544 
3327 
12287 
23583 
28224 
1151 
1152 
3488 
5855 
24800 
13056 
8351 
18015 
13343 
37727 
11007 
6144 
18464 
3711 
1248 
3776 
26816 
39648 
14112 
9023 
3872 
19455 
3903 
9120 
16991 
11871 
33024 
19904 
20415 
34175 
28832 
17952 
9792 





Z(96p) 
20159 
43583 
28863 
68480 
22911 
14208 

7679 
51840 

3327 
12287 
59519 
28224 

1151 

1152 
40704 
31616 
62592 
13056 
46527 
56447 
25472 
76671 
11007 

6144 
20927 

3711 
41216 

3776 
26816 
80576 
26943 

9023 
37439 
19455 

3903 
50816 
58815 
30336 
33024 
19904 
20415 
34175 
72768 
62144 

9792 
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Table 2.6 : Values of Z(6p), Z(7p), Z(8p), Z(10p), Z(11p), Z(12p), Z(13p), Z(16p), Z(24p), 





Z(6p) 
4227 
4268 
1427 
1428 
4299 
1439 
4340 
1451 
1452 
4376 
4412 
4443 
4448 
1487 
1488 
4479 
1499 
1511 





Z(7p) 
4227 
4269 
1427 
1428 
4298 
2877 
4340 
4353 
2905 
2918 
1470 
2961 
1483 
2974 
4466 
4479 
1498 
1511 


Z(8p) 
1408 
1423 
7135 
4287 
10031 
1439 
10128 
4352 
7264 
7295 
1471 
10367 
4448 
1487 
1488 
4479 
4496 
0576 








Z(10p) 
5635 
7115 
4280 
5715 
4299 
1439 
4340 
5804 
4359 
1459 
5884 
1480 
7415 
4460 
5955 
4479 
1499 
6044 





Z(11p) 
1408 
4268 
5708 
1429 
5731 
7194 
2893 
1451 
1452 
4377 
5884 
4443 
7414 
7435 
4466 
5972 
5995 
4532 





(12p) 
9863 
9960 
4280 
4287 
10031 
1439 
10128 
4352 
4359 
4376 
10296 
10367 
4448 
1487 
1488 
4479 
4496 
1511 





Z(32p), Z(48p) and Z(96p) for 1409<p<1511 


(13p) 
7045 
2846 
5707 
1429 
5732 
4316 
4341 
7254 
5811 
5836 
8826 
1481 
1482 
7435 
2977 
8957 
4497 
6044 





Z(16p) 
1408 
21344 
7135 
4287 
12896 
1439 
13023 
4352 
7264 
7295 
1471 
10367 
4448 
22304 
22335 
4479 
19487 
13599 





(24p) 
21135 
21344 
15696 
4287 
10031 
1439 
10128 
4352 
15983 
7295 
22064 
10367 
4448 
1487 
1488 
4479 
4496 
13599 





Z(32p) 
1408 
24191 
38528 
4287 
32959 
44608 
33280 
4352 
39231 
7295 
1471 
10367 
43007 
25279 
22335 
4479 
28480 
34752 





Z(48p) 
43679 
21344 
38528 
4287 
12896 
1439 
13023 
4352 
39231 
7295 
45600 
10367 
4448 
22304 
22335 
4479 
19487 
13599 





Z(96p) 
88767 
24191 
38528 
4287 
58752 
47487 
59327 
4352 
39231 
7295 
92672 
10367 
43007 
69888 
22335 
4479 
67455 
34752 
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Appendix A.3 : Values of Z(p.2") 


APPENDIX A.3 : Values of Z(p.2") for p = 11, 13, 17, 19, 23, 29, 31 
P P 


Table A.3.1 : Values of Z(11.2'), Z(13.2'), Z(17.2'), Z(19.2'), Z(23.2'), Z(29.2'), Z(31.2') 


TBSoewm~mrnunsbpwne|* 


12 


Z(11.2*) 


10485760 
12582911 
33554432 
33554432 
33554432 
268435454 
268435454 











268435454 


Z(13.25) | Z(17.2‘) 

12 16 

39 16 

64 16 

64 255 

64 255 

767 255 

767 255 
2560 4096 
4095 4096 
4095 4096 
4095 4096 
49152 65535 
49152 65535 
163839 65535 
262144 65535 
262144 1048576 
262144 1048576 
3145727 1048576 
3145727 1048576 
10485760 16777215 
16777215 16777215 
16777215 16777215 
16777215 16777215 
16777215 | 234881025 
201326592 | 268435456 
268435454 | 268435456 
268435454 | 268435456 








Z(19.25) | Z(23.2‘) 

19 23 

56 23 

95 160 

95 160 

512 575 

512 896 

512 2047 

512 2047 
9215 2047 
10420 2047 
28671 45056 
49152 49151 
49152 49151 
262143 327680 
262143 327680 
262143 1179647 
262143 1835008 
4718592 4194303 
5242879 4194303 
14680064 4194303 
25165823 4194303 
25165823 92274688 
134217728 | 100663295 
134217728 | 100663295 
134217728 | 268435458 
134217728 | 268435458 
298888120 | 268435458 


Z(29.2*) 


24165823 
24165823 
24165823 
167772161 
167772161 
239886426 
239886426 


Z(31.2*) 


31457280 
33554431 
33554431 
33554431 
33554431 
251077228 
251077228 








239886426 


251077228 
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This book covers only a part of the wide and diverse field of the Smarandache Notions, and 

contains some of the materials that I gathered as I wandered in the world of Smarandache. Most 

of the materials are already published in different journals, but some materials are new and 
appear for the first time in this book. All the results are provided with proofs. 

@ Chapter 1 gives eleven recursive type Smarandache sequences, namely, the Smarandache 
Odd, Even, Prime Product, Square Product (of two types), Higher Power Product (of two 
types), Permutation, Circular, Reverse, Symmetric and Pierced Chain sequences 

@ Chapter 2 deals with the Smarandache Cyclic Arithmetic Determinant and Bisymmetric 
Arithmetic Determinant sequences, and series involving the terms of the Smarandache 
bisymmetric determinant natural and bisymmetric arithmetic determinant sequences 

@ Chapter 3 treats the Smarandache function S(n) 

@ Chapter 4 considers, in rather more detail, the pseudo Smarandache function Z(n) 

@ And the Smarandache S-related and Z-related triangles are the subject matter of Chapter 5. 

To make the book self-contained, some well-known results of the classical Number Theory are 


given in Chapter 0. In order to make the book up-to-date, the major results of other researchers 
are also included in the book. 


At the end of each chapter, several open problems are given. 
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